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In the 1" International Workshop, devoted to Trefftz Method, the author presented an indirect approach
to Trefftz Method (Trefftz—Herrera Method), while in the Second one some of the basic ideas of how to
integrate different approaches to Trefftz method were introduced. The present Plenary Lecture, corre-
sponding to the 3" International Workshop of this series, is devoted to show that Trefftz Method, when
formulated in an suitable framework, is a very broad concept capable of incorporating and unifying many
numerical methods for partial differential equations. In this manner, the unified theory of Trefftz Method
that was announced in the second publication of this series, has been developed. It includes Direct Trefftz
Methods (Trefftz—Jirousek) and Indirect Trefftz Methods (Trefftz—Herrera). At present, the unified theory
is fully developed and an overview is given here, as well as a brief description of its numerical implications.

1. INTRODUCTION

Trefftz Method is a very broad concept capable of incorporating and unifying many numerical
methods for partial differential equations [1, 2]. In the first publication of this series [3] (see also [4]),
Trefftz—Herrera method was introduced and, for the first time, presented as a domain decomposition
procedure. Later, in the second one [1, 5], the author announced a unified theory of Trefftz methods.
Since then, considerable progress has been made both in the systematic formulation of Trefftz—
Herrera method [6, 7] and in the conceptualization of the unified theory of Trefftz methods [2, 8.
The present publication, which corresponds to the Third International Workshop on Trefftz Method,
is devoted to describe Herrera’s unified theory of Trefftz Method, as it is today, including recent
numerical applications [6-12].

Let us start by explaining, very concisely, the main ideas of such framework. Consider a boundary-
value problem — or an initial-boundary-value problem — for a partial differential equation, or system
of such equations, formulated in a domain {2 (Fig. 1), with boundary 9£2. When an initial-boundary-
value problem is discussed, {2 is a space-time domain and 02 contains the space domain, at the initial
time. Thus, in the theory, for initial-boundary-value problems the initial conditions are incorporated
as part of the boundary conditions. The general problem to be discussed consists in, given a partition
II = {$,...,02g} of 2, establishing procedures that permit solving the global problem, defined in
2, by solving exclusively local problems, defined in each one of the subdomains of the partition, {2;,
i =1,...,E. The notion of internal boundary, to be denoted by X' (Fig. 1), is extensively used in
the developments. This is the boundary that separates the subdomains of the partition from each
other. The basic and unifying strategy of the theory consists in defining well-posed local problems,
which the restrictions of global solution must satisfy in each one of the subdomains of the partition.
To this end, a target of information on X' — the sought information — is chosen beforehand. And a
search is carried out for obtaining the sought information. Different formulations of Trefftz method
correspond to different procedures for gathering the sought information.. Two very broad categories
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of searching procedures are identified by the theory: ‘direct’ and ‘indirect’ (or Trefftz—Herrera)
methods [1, 2, 6, 10].
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Fig. 1. Partition of the domain 2

An essential property that the sought information must possess is to be sufficient for defining
well-posed local problems in each one of the subdomains. But a choice of the sought information may
satisfy this condition and yet contain additional information — referred as redundant information —
that is not required for defining the well-posed local problems. When this happens, the corresponding
method necessarily handles more information than necessary, which is numerically inconvenient.
Thus, it is generally better to define the sought information in such a manner that only essential
information is included and redundant information is eliminated. When the definition of the sought
information enjoys this property, it is said to be an optimal definition. Once the sought information
is known, the solution can be reconstructed by solving local problems exclusively. This latter process
is called optimal interpolation [13]. This terminology is justified by the fact that, when the definition
of the sought information is optimal, it is the only interpolation procedure that is compatible with
the available information.

In the usual interpretation of direct methods — referred as Trefftz—Jirousek method [5] - as
they were originally introduced by Trefftz [14] and later extensively developed by Jirousek and his
collaborators [15-17], they are seen as techniques for building the global solution by putting together,
just as ‘bricks’, the local solutions. In Herrera’s unified theory of Trefftz method, however, a slightly
more sophisticated point of view is adopted, since the local solutions of the differential operator are
only used to establish compatibility relations that the sought information must fulfill [10]. These
relations give rise to the global system of equations from which the sought information is obtained.

In Trefftz-Herrera methods, on the other hand, a system of weighting functions of a special
kind - the optimal test functions [18] — with the property of yielding the sought information in
the internal boundary, exclusively, is developed and applied [6]. The idea of constructing such test
functions stems from the observation that in the method of weighted residuals the information about
the exact solution that the approximate one contains, depends on the system of weighting functions
that is applied (see, for example, [19]), exclusively. However, in order to establish the conditions,
which the optimal test functions must fulfill, it is necessary to have a procedure for analyzing such
dependence. Green-Herrera formula [20-22] constitutes such basic tool. Using it, necessary and
sufficient conditions for a weighting function to be an optimal test function are established [6]. Also,
a characterization of the sought information in terms of a variational principle is supplied, which
holds when the optimal test functions are applied [6, 7]. This principle constitutes a very general,
although abstract, formulation of Trefftz—Herrera methods. In general, the optimal test functions
fulfill the adjoint differential equation in each one of the subdomains of the partition. Thus, an
important difference between direct and indirect methods is that, in the latter, the global matrix
is derived using local solutions of the adjoint differential equation while, in the former, the same is
done using local solutions of the original differential equation. Techniques to fabricate the optimal
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test functions have also been developed [2], but many open questions remain and the field, calling
for future research, is quite wide.

In the unified theory discontinuous trial and test functions are systematically applied, and the
general problem that is considered is a boundary value problem with prescribed jumps (BVPJ).
More precisely, in addition to the boundary conditions, which are prescribed in the outer boundary
of the domain, jumps are prescribed at the internal boundary, X. Thus, a systematic framework
for the use of discontinuous functions in numerical methods for partial differential equations is also
supplied. In addition, the theory is applicable to any linear differential equation or system of such
equations, independently of its type, and the coefficients of the differential operators involved may
be discontinuous.

The general problem of Trefftz Methods, when formulated in the above manner parallels that of
Domain Decomposition Methods (DDM) [23], but the resulting theory is quite general, elegant and
systematic. It subsumes many numerical methods for partial differential equations and constitutes a
powerful tool for analyzing such methods. It is very effective, both as a discretization methodology
and as a domain decomposition procedure [11], and the area of its potential applications is quite
broad.

2. FUNCTION SPACES

Consider a region §2, with boundary 842 and a partition {{21,...,2g} of 22 (Fig. 1). Let

X = U (ﬁz ﬂﬁj) . (1)

then X will be referred as the internal boundary and 92 as the external (or outer) boundary. For
each i = 1,...,E, Dy (§2) and D5 (£2;) will be two linear spaces of functions defined on §2;; then
the space of trial (or base) functions and that of test (or weighting) functions are defined to be

D1 EDl (Ql)@...EBDl (.QE) (2)
and
DgEDQ(Ql)GB...GBDQ(QE), (3)

respectively. Observe that members of either Dy or Dj are finite sequences of functions, each one
of them defined at one sub-domain of the partition. The fact that no matching condition across
X is required of such sequences generally implies that the function-spaces D; and D, contain
discontinuous functions. It will be assumed that for each 1 = 1,..., FE, and a = 1,2, the traces on
X of elements of D, (§2;) exist, and the jump and the average of test or weighting functions are
defined by

[u]| =uy —u— and 115%——_2*;2:. (4)

Here uy and u_ are the traces from one and the other side of X'. Throughout this paper, the unit
normal vector to X, n, is chosen arbitrarily but the convention is such that it points towards the
positive side of Y.

The case when for each i = 1,...,F, and each o = 1,2, D, (£;) = H® (§2;), with s > 0 has
special interest. If one defines

H (Q)=H* ()& ...® H® (25), (5)

then Dy = D, = H* (£2). This is the special class of Sobolev spaces that was considered in [24].
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3. TREFFTZ PROBLEM

The general boundary value problem with prescribed jumps (BVPJ), considered in the unified
theory of Trefftz methods, consists in finding u = (ul, c5 ,uE) € D; such that

Lu=Lug=fo in A (6)

Bju = Bjug = g; on 0f2 (7)
and

[Jiu] = [Jrug] = jk on X. (8)

The notation used here is similar to that of [25]: the B/s and .J},s are certain differential operators
(the j's and ks run over suitable finite ranges of natural numbers). In addition, here as in what
follows up = (uf, ..., ul), us = (u}, ... ,uf) and uy = (u,,. .. ,uk) are given functions belonging
to Dy (i.e., trial functions), which fulfill Egs. (6), (7) and (8), respectively. Moreover, fq, g; and jj
may be defined by Egs. (6) to (8). Let, u = (u',...,u”) € Dy, be the solution of the BVPJ, which is
assumed to be unique. Then, Trefftz problem consists in finding the sequence u = (ul,...,u) € Dy;
i.e., it consists in finding u® € D’i, e STLGRR

As an example, consider the BVPJ for Laplace equation

Lu= -V -Vu=fp, 9)
subjected to Dirichlet boundary conditions

u=uy on O0f2, (10)
and the jump conditions

[u] = ug] = 5% and [u/dn]-n = [Bus/On] -n=3jL on X. (11)

4. THE SOUGHT INFORMATION AND REDUNDANT INFORMATION

Some notions related with the concept of sought information, of the general framework of the
unified theory that was explained in the Introduction, are here discussed and illustrated for
the case of Laplace equation. Two broad categories of information, relating to the solution
u= (u',...,uP) € Dy of Trefftz problem, will be distinguished. They are

i. Data of the problem. This is information that is prescribed beforehand. In particular: fo, g;
and ji, in Egs. (6) to (8).

ii. Complementary information. Any information that is not prescribed is included under these
terms.

Within the complementary information, several classes are distinguished. Firstly, complementary
information in (2, such as the values of the solution in the interior of each one of the subdomains.
Secondly, complementary information in the outer boundary, 852. The normal derivative at the outer
boundary belongs to this category, when considering the Dirichlet problem for Laplace equation of
Section 3. Thirdly, complementary information in the internal boundary, X - and this class of
complementary information plays an important role in the unified theory of Trefftz methods. In the
example of Section 3, the jumps of the function [u] and that of its normal derivative [Ou/0n] are data
of the problem, on X. In this case, the average of the function and that of its normal derivative —

T
U= 5 (u4 + u—) and Qu/dn, respectively — are complementary information on X. A choice for the
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——
target of information on X' — the sought information — may be the pair < @,0u/0n » everywhere on

Y. This pair possesses the required property of being sufficient, when complemented by the data of
the problem, for defining a well-posed problem at each one of the subdomains, separately. Indeed,
using the identities

-1 1 —— 1
up = U+ [u] and (Ou/On), = Ou/On + 3 [Ou/0n] , (12)

the values of u and (Gu/dn) on both sides of X' can be derived, since the definitions of the positive
and negative sides of X can be interchanged and, both, [u] and [0u/0n] are data of the problem. In
addition, it can be seen that the knowledge of these values together with Egs. (6) and (7) permit
formulating well-posed boundary value problems in each one of the subdomains of the partition.

However, knowlgdge of the average 4, or alternatively m, would be sufficient for this purpose.
Thus, either m or_u is redundant information. Therefore, if the sought information is defined
to be the pair u,m everywhere on X, such definition is not optimal. On the contrary, if
the sought information is defined to be the average everywhere on X, eliminating the redundant
information m, such definition is indeed optimal. Similarly, if the sought information is defined

A e, e .
to be Qu/0n, on X, such definition is also optimal.

5. THE DIRECT TREFFTZ METHOD

The direct approach, using the point of view of the unified theory of Trefftz Method, was first
presented in [10] from which we draw. Consider the one-dimensional version of the BVPJ of a
second order elliptic equation. The notations are those of Section 2, with 2 = (0,1), 2; = (zi—1, %:),
D1 (.Qz) = D2 (.Q,) = H2 (.Ql) and i = 1, o isi's ,E. Then

Luz——m<a—>+ad;(bu)+cu=fg W= (180 V= Liea s (13)

The boundary and jump conditions are:

u(0) = gao, u(l) = gar, [u] = j; =[us] and

du F1a3y- L du;; ¢g 1
[dm]_‘?i—[dx]’ ek mepas 8 (14)

It will be assumed that the Dirichlet problem is well-posed in 2 and in each one of the subdo-
mains (2.

In every subinterval (z;_1,zit1), define the function ui(z) to be the restriction of u(z) to £2;.
Then, for every i = 1,...,E — 1, ui(z), is the unique solution of a boundary value problem with
prescribed jumps defined in the subinterval (z;—1,Z;+1), which is derived from the following condi-
tions:
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Lui zfn in (xi—11$i+1)a g i 1,...,E'— ]., (15)
; du?
[u]l Ji s [dd)]z Ji s ? 1:"'aE 1) (16)
: . B ;
u’(a;i_1+) = u(:vi_1+) = ’U,(.'L‘i_l) + 5_]?_1 ; =2 (17)
: : i ;
u(Zit1—) = u(@it1—) = W(Tit1) — §J?+1 ,  i=1,... (18)
u'(0) = u(0) = goo and uw"7(1) = u(l) = gar (19)

Let the functions ul;(z) and ub(z) be defined in (z;—1,zi11) by the following conditions:

Ry s 00tn o @ik )y v bl B,
; dut
i H :

| = = =i1ih & i
[U'H]l [dx] Oa 1 ) 7E 1a

1

; y 1 !
Uy (zic1+) = u(zi—1+) = 4(zi-1) + 5]?_1 : f= 2l

1

Uy (@ip1—) = w(@iy1—) = W(Tip1) — §Jzo+1, 1=1,...

ugr(z0) = u(0) = gao,

and
ufy N(zE) = u(l) = gar,

together with

Lu‘}): fo in (zi—1,z;) and (z;,zi41), separately,

Up(Tio1+) = ub(zi41—) =0 for i=1,...,E—1,

. g du? : ;
wph=? wd [GE| =i i=..E-L
Then, it can be verified that
u'(z) = uby(z) + ub(z), i=1,...,E—1.
Even more:
uly (2) = uly(zi1-)oL (2) + uly(zipa+) 8l (x),
when ¢' (z) and ¢ (z) are defined by the conditions:
L =0,  ¢i(zim) =0,  4(zin) =1,
Lo =0, ¢ (zi-1)=1, ¢ (ziy1)=0,

together with

otk =it = [22] =[] -o.

dz dz
From Egs. (29), (30), (22) and (23), it follows that

(i) — Up(:) = Wy (2:) = {ﬂ(fvi—l) 2 %j?q} ¢ (i) + {ﬁ(wm) .

?+1} ¢i($i) .

(20)

(21)

(34)
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Hence
— P i + U — P i1 = i, i=2,...,B-2, (35)
Ui — Py liv1 = pi, =1, (36)
and
P+ =p, i=E-1, (37)
where
p=¢"(z:), pL=¢(z), i=1,...,E-1, (38)
P PR P jo ;=9,...,E—2 39
#z——z‘Ji—1+UP($i)—73i+1, 1=2,...,0 -2, (39)
Hi = pgoo +ip(wi) = Frit, =1, (40)
and
= L o .q i L
pi = —=Jio1 + Up(xi) + Py gar i=F-1. (41)

Equations (35) to (37) constitute an E — 1 three-diagonal system of equations, which can be
solved for @; (i = 1,...,E — 1). Once the averages u; (¢ = 1,...,E — 1) are known, all that is
required to reconstruct the exact solution of the BVPJ is to apply optimal interpolation. To this
end use is made of the identities

a3 L: (ol Lol L yiidel
u(zi+) = u; + E[u]1 = ui+§j9 and u(z;—) =1 — E[u] =1 — EJ?' (42)

1

When these values are complemented with the prescribed boundary values of Eq. (14), well-posed
local problems in each one of the subintervals of the partition can be defined. Using the previous
developments, one can apply Eqgs. (29) and (30), to obtain u(z) in the interior of the subintervals
of the partition. Up to now, all the developments have been exact. However, the construction of
the functions ¢° , d)ﬂ_ and u’};., ¢t =1,...,E — 1, requires resorting to numerical approximations.
Although any numerical method can be used for this purpose, collocation was applied in [10] giving
rise to a non-standard method of collocation (Trefftz—Herrera Collocation).

6. TREFFTZ-HERRERA APPROACH TO DDM

Trefftz-Herrera indirect method has a long history [20-22, 26, 27|, although its interpretation
and development as a domain decomposition procedure is more recent [3, 4]. In particular, it has
been known by a variety of names. An early version of it is known as Localized Adjoint Method
(LAM) [22]. It was combined with the method of characteristics to treat advection-dominated trans-
port; the resulting procedure has been quite successful and has been extensively applied and it is
known as Eulerian-Lagrangian LAM (ELLAM) [18]. In particular, the presentation given in this
Section is based on [6]. Given a differential operator, £, and its formal adjoint, £L*, the vector-valued
bilinear function D(u,w), is such that

whu — ul*w =V - D(u,w). (43)
The bilinear functions B(u,w), C(w,u), J(u,w) and K(w,u), are such that

D(u,w) -n = B(u,w) — C(w,u) on 812, (44)

- [D(w,w)]-n=3(u,w) —K(w,u) on X. (45)
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Then, the following Green-Herrera formula holds:

/wLudx—/ B(u,w)dx—/ J(u,w)dz =

o] N b5
/uL*wdx—— G*(u,w)dx—/ K*(u, w)dz . (46)
2 an z

The choice of B and J depends on the kind of boundary and jump conditions considered. When
the coefficients of the differential operators are continuous, J and K, are:

J(u,w) = =D([u),w) -n, and X(w,u)= D(u,[w]) - n. | (47)

Introduce the following notation:

(Pu,w)=/ﬂw£udx, (Q*u, w) =/Qu£,*wdx, (48)

(Bu, w)= /69?3(u,w)dx, (C*u,w) = 5 C*(u, w)dz, (49)

(Ju,w) =/ J(u,w)dz, (K*u,w)=/ K*(u, w)dz . (50)
x X

With these definitions, each one of P, B, J, Q*, C* and K™, are real-valued bilinear functionals
defined on D; x D3, and Eq. (46) can be written as

(P-B-Juw)=(Q -C*-~K"uw), VY(ww)eD xDy. (51)
Or more briefly, as an identity between two bilinear functionals:
P-B-J=Q"-C*"—-K"*. (52)

From now on: u € D; is the solution of the BVPJ, while f, g and j € DJ are defined by f = Pug,
g = Bug and j = Juy. It is assumed that a weak formulation of the BVPJ is

(P-B-J)u,w)=(f—g-—j,w), Yw € Dy. (53)
Eq. (53) can also be written as
(Q-C-K)'uww)=(f-g-jw), VYweD;. (54)

These equations supply two equivalent variational formulations of the BVPJ. They are the vari-
ational formulation in terms of the data and the variational formulation in terms of the comple-
mentary information, respectively. According to their definitions, the linear functionals Q*u, C*u
and K™*u, represent complementary information in $2; (i =1,...,E), 82 and X, respectively. As
explained in the Introduction, in the unified theory of Trefftz Methods one chooses a target of in-
formation on X. Such target could be K*u itself. However, generally such choice would lead to a
definition of complementary information that is not optimal, since usually K*u contains redundant
information. Thus, to develop more efficient numerical methods, one needs to eliminate redundant
information. To this end introduce a decomposition {S, R} of the bilinear functional K, such that

Ki=S+R. (55)

Here, S is such that a function u € 131 contains the sought information when S*u = S*u, with
u € D; the solution of the BVPJ. Then, w € Dy, is an optimal test function when w € N =
Ng N N¢ N Ng, where Ng, N¢ and Np are the null-subspaces of @, C' and R, respectively. At this
point it is convenient to introduce an auxiliary concept:
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Definition 1. A subset of optimal weighting functions, & C N Ng N N¢ N Ng, is said to be
TH-complete for S*, when for any 4 € D1, one has:

(576,%) =0, Vo €€ =85 =1 (56)

Using this concept it is possible to give a rather concise formulation of Trefftz—Herrera Methods.
This is given in the next Theorem.

Theorem 1. Let EC N be a system of optimal weighting functions, TH-complete for S*. Then, a
necessary and sufficient condition for 4 € Dy to contain the sought information, is that

_(S*ﬁvw)=<f—g_]7w>a Ywe €. (57)

Proof is given in [6], by substitution in Eq. (54).

Theorem 1, supplies a General Formulation of Indirect Trefftz—Herrera Methods which
can be applied to any linear equation or system of such equations, independently of its type (elliptic,
parabolic or hyperbolic), including the case when the coefficients are discontinuous. In particular,
when the differential operator is symmetric and positive definite, then the bilinear form S*, is also
positive definite on the linear subspace of optimal test functions, N = Ng N N¢ N Npg.

7. TREFFTZ-HERRERA METHOD IN SEVERAL DIMENSIONS

Throughout this Section the results of Section 6, will be illustrated with the BVPJ of the general
second order elliptic equation

Lu=-V-(a-Vu)+V-(bu)+cu=fq. (58)
Here g is symmetric and positive definite. The boundary and jump conditions are

u=uy on O0f, (59)

[u] = [ug] = 7% and [a-Vu]-n= [_Q_-VUE]-QE]% on X. (60)

The developments that follow apply even if the coefficients of the differential operator are dis-
continuous. In particular, when the coefficients are continuous the second of the jump conditions of
Eq. (11), in the presence of the first one, is equivalent to

ou ou 3
[-a—ﬁ] = [—8;] ons X3 (61)
When L is given by Eq. (9), the adjoint differential operator L* is:

L'w=-V-(a-Vw)—b Vu+cw, (62)
while
D(u,w) =g (uVw—wVu) + buw. (63)

For Dirichlet boundary conditions, a possible choice for B is:

B(u,w) = (a, - Vw)u. (64)
In such case, Eq. (44) implies

C*(u, w) = w(a, - Vu — bpu). (65)
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Above a,, = a-n and b, = b-n. Apply Eq. (45), to define

I(u,w) = 3°(u,w) + I (u,w) and K(w,u) = KO(w,u) + K (w,v). (66)

With

8u,w) = ~ful(@ Vot bw)-n and §(u,w)=wla- Vil n, (67)
and

XO(w,u) = ifa- Vw+bw]-n and K}(w,u) = ~[w)(@-Va)-n. (68)

Observe that J = J°+J' and K = K%+ K, if

(J%, w) '="/ 3° (u,w)dz and (J'u,w) E/ 7' (u,w)dz, (69)
2 ¥

(KOw,u) = / X% (w,u)dz and (Klw,u)= / X (w,u) dz . (70)
X 5

There are several options for the definition of the sought information. Here, our target of infor-
mation will be the average of the solution across X, u. Such information is enough to define well
posed problems in each one of the subdomains of the partition, when it is complemented with the
data of the BVPJ. Even more, this definition of sought information is optimal, For this choice,
S =KO%and R= K

—(S*u,w) = —/ tla - V] - ndz, (71)
s =
and the system of equations for the sought information is
—/a[gn.w]dx=<f—g—j,w) Ywe & c N =NgnNenNg. (72)
5,

Here, w € Ng & L*w =0, 0n $2(i=1,...,E),w € No & w =0, on 812, and w € Np &
[w] =0, on X. In addition,

(f,w )_/wagda: / B (up,w)dz and (j,w /3 (ug,w (73)

Because of the continuity condition that the optimal test functions must satisfy, the application
of this procedure leads to an overlapping DDM; i.e., the support of test functions includes more
than one subdomain of the partition.

When b = 0 and ¢ > 0, the differential operator L is symmetric and positive definite and the
following relations hold:

P=Q, B=C, J=K. (74)

Even more, when @ € Nandwe N , it can be verified that
—(S*,w) = —/ tla - Vw] - ndz = / {Vw-a-Vi+ cwildz. (75)
536 4 0

Therefore, S* is a symmetric and positive definite bilinear functional on N.
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8. TH-COLLOCATION

For simplicity, here the procedure is only explained for the case of vanishing jumps; i.e., j% = j1 =0
(see [6], for more general results). The system of equations for the sought information — which has
been chosen to be the average of the function, across X; i.e., the function on X, since it is continuous -
are derived by direct application of the variational principle of Eq. (72), with a suitable TH-family
of optimal test functions, € C Dy:

—/u[@-g-Vw]dg=/wadg—/ ugn - a - Vwdz Yw € €. (76)
> i 2 o .

8.1. The weighting functions

For one-dimensional problems like the one considered in Section 5, TH-complete systems are finite
and Eq. (76) can be applied using a whole TH-complete system. On the other hand, in numerical
applications to multidimensional problems one can not apply TH-complete systems in full since, in
that case, they are infinite. Instead, one truncates a TH-complete family and applies Eq. (76) with
a finite subset of it, only. The numerical construction of optimal test functions, for the case when
the region {2 is a rectangle and the subdomains of the partition are also rectangles, Fig. 2, proceeds
as follows. One can associate with each internal node (z;,y;), four rectangles {Q}J, .ij }, Fig. 3,
and the notations £2;;, 062;; and X;; are adopted for the interior of the union of the four rectangle
closures, the boundary of §2;; and the intersection X'N §2;;, respectively. Associated with each node,
(zi,y;), several optimal test functions can be constructed. The support of each one of them is
contained in §2;;. They vanish identically on 042;; and, so, they are determined uniquely by their
restrictions to X;;.

0Q2

YE
< %

YE, 1 /
h
N I 4

Yo

X
X0 1 o a5 8 xE,—l Xg

X

Fig. 2. Partition of the domain {2 = [Zmin, Zmax| X [Ymin, Ymax] in rectangular E, x E, elements, where
Rt @i iy = Ly s ey Bop-and-Ry = Yj-—Yjet-yf-=dyeiy oy

In [6], associated with each node (z;,y;) three optimal test functions wf;(z,y), « =0,1,2, were
built. The general expression, separately in each one of the four basic subdomains, for the optimal
test functions is (for « = 0,1,2, vy =1,...,4):

wiy(z,y) = Bij(z,y) JrZC"ﬂ (=97,  (z,y) € 92. (77)
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Fig. 3. Subregion ¥¥ = B” + Z‘;:l C¥ N7 associated with the node (zi,95)

Here, C{;’B (7), ¥ = 1,...,4, are suitable real numbers. The values of wn, on Y;;, are determined
by the functions Ba(x y) which were taken successively, as piecewise linear and cubic, on X¥. In
addition, they vanished on d£2;;. The functions N; A ;(z,937), 8 =1,...,4, with support in (27 for each
v =1,...,4, were introduced in order to be able fulﬁll the adJ01nt dlfferentlal equation, L* 5 =0
at four Gauss1an collocation points, of each basic rectangle, without modifying the values at their
boundaries. For each v = 1,...,4, N (:c ;) was taken to be a bi-cubic polynomial vanishing

identically on the boundaries of the basm subdomains. The functions B (z,y) and Ng (z,y;7) are
given in Tables 1 and 2.

Table 1. Definitions of functions B, (:1: Y),8=0,...,4, where HY(z), H}(z), H(y) and H}(y) are Hermite
CllblC polynomlals in z and y, respectively

o} 2 o, o4
0 T—T; Y—Yj+1 T—T;— Y—Yj+1 T—Tj— Y—Yj-1 T—T; Y—Yj-1
B; ( Y) (mi'mi—:-ll) (yj—'!jj+l) (Ei-xi—ll) (yj—yjjttl> (wi—zi-lx) (yj—;j—l) (mz‘_zi:-ll) (yj_yjj—l)
Bji(z,y) H}(z)H(y) H}(z)H)(y) H}(z)H)(y) H}(z)H](y)
B}i(z,y) H)(z)H} (y) H)(z)H}(y) H)(z)H}(y) H)(z)H}(y)

Table 2. Definitions of functions N (%, y),8=1,...,4, where H}(z) and H}(y) are Hermite cubic
polynomxa.ls in x and Yy, respectively

y 1 2 3 4
Nij(@,57) | H{@)H}y) | HL,(2)H}(y) | HL (2)H,(y) | H} (z)H;_;(y)

@) | Hn@Hj@) | H@HNy) | BH@H @) | ) @H @)
Nij@yiv) | Hin(@)H]a (@) | HY2)H @) | B @)HNy) | HL,( z)H} (y)

(@:9:7) | Hi@Hja@) | B (@)H,0) | B @HN ) | HA@)HX(y)
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8.2. Solution approximation on X

In Trefftz—Herrera indirect method one retrieves information about the solution of the BVPJ on
the internal boundary X, exclusively. On X, one has to distinguish two sources of information,
about the solution of the BVPJ; the optimal test functions, when they are used in the variational
principle of Eq. (76), and the boundary conditions, at intersection points of 92 and X. In ad-
dition, the solution approximation has to be defined there only. There is considerable freedom of
choice for the base functions to be used on X, except for the fact that their number has to be
equal to that of the weighting functions. This is required in order for the system of Egs. (76) to
be determined. However, it is frequently advantageous to use, as base functions, the restriction
of the test functions to the internal boundary, X. In particular, for the symmetric and positive
definite case this leads to symmetric and positive matrices. When the base functions are cho-
sen in this manner, the general expression for the approximate solution of the BVPJ, to be used
on X, is

NF-1
=Y Y vhwhiy) + Y we(Enys)wns@y), (@y) €. (78)
(k,l)en v=0 (T,S)Ena

The reader is warned that Eq. (78) holds at the internal boundary X, only. Here, 7 is the collection
of nodes for which the set of weighting functions that vanish identically on 0f2 is not void. In
addition, 75 is the set of nodes lying on the external boundary. More precisely, 1 is the set of pairs
(r,s) such that (z,,ys) € 882. Corner-nodes need not be included, in the second sum of Eq. (78),
because when (z,,ys) is a corner then w2 = 0, on X. In addition, NF'is the number of functions
associated with the node (zx,%;). Although this number generally varies with the particular node
considered, this variation is not incorporated in the notation for the sake of simplicity. Finally, Uy,
are coefficients that are determined by application of the variational principle of Eq. (76). In Eq. (78)
the two sources of information, mentioned before, are clearly separated. Indeed, in the right-hand
side member of that equation, the coefficients of the second sum contain information supplied by
the Dirichlet boundary conditions, while the coefficients of the first one contain information that
will be derived by application of the optimal test functions in the variational principle of Eq. (76).
This is explained next.

8.3. The system of equations

Applying the expression for the approximate solution of Eq. (78), the global system of equations is
obtained:
M“klUkl Ff;, (k, 1) —and . {&3) € n, p V=0, NE.—1. (79)

The matrix of the system is given by

M = - / wfy [n-a- Vo] dz. (80)
b o

The right hand side of Eq. (79) is

F{J‘.:/ﬂwfjfgdg—/(muan a- Vuwt, ;dz + Z uars/ W Q a- Vuy, ]dx

(r,8)€ns

(k,)) and (i,5)€n, pv=0,...,NF—1. (81)
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When the differential operator, is symmetric and positive definite (this corresponds to b = 0
and ¢ > 0), then so is this global matrix of Eq. (80). In [6] two algorithms were developed and
tested:

Algorithm I.

The family of test functions contains only one member, whose values on the internal boundary
are piecewise linear. Only one degree of freedom is associated with each internal node and a nine-
diagonal global matrix. This matrix is symmetric and positive definite when so is the differential
operator.

Algorithm II.

The full family of three test functions (or less, at those nodes in which some of the functions
of this family do not satisfy the required zero boundary condition on the external boundary)
was applied at each node, including boundary nodes. This leads to an algorithm in which the
optimal test functions are piecewise cubic on the internal boundary and the global matrix is
block nine-diagonal. The blocks are 3 by 3.

8.4. The error

For problems in several dimensions the error of numerical solutions, derived using Trefftz—Herrera
method stems from two sources. Firstly, the differential equations are only fulfilled in an approximate
manner in the interior of the subdomains of the partition. Secondly, an additional error is introduced
by truncation of the TH-complete systems. For the above-mentioned algorithms the error introduced
by the differential equation is O (h4); the truncation errors are O (h2) and O (h4), for Algorithms I
and II, respectively, and so are the overall errors are O (h2) and O (h4).

8.5. Optimal interpolation

To extend the information on the internal boundary to the whole domain, 2, one solves the local
problems by collocation. When the differential operator is symmetric, the optimal test functions are
used for this purpose.

8.6. The numerical experiments

The numerical experiments that were performed in [6] consisted in applying two algo-
rithms (I and II), for solving the BVPJ of Eqs. (58) to (60). In Algorithm I, linear base func-
tions on X are used, while in Algorithm II the whole set of cubic piecewise polynomials, which
are C! (X) are applied. The examples treated correspond to several choices of the coefficients in
Eq. (58), which are given in Table 3. In addition, Table 4 exhibits the analytical solutions for each
one of them.

In all cases the domain of definition was the unit square [0,1] x [0, 1], except for Example 2, in
which the problem domain was the square [1,2] x [1,2]. The analytical solutions imply the boundary
values that were imposed. Only in Examples 6 and 7 the jumps conditions were different to zero
and they are indicated in Table 4.

The numerical results are summarized in Figs. 4 to 10. Each one of the examples was solved
in a uniform rectangular partition (E = E, = E,) of the domain (Fig. 2), using Algorithm I and,
subsequently, Algorithm II. The convergence rate of the error -measured in terms of the norm
Illoo = is O (h?) and O (h*) respectively, as shown in those figures.
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Table 3. Coefficients and right hand term of the examples treated
Example a b C fo

1 ajl =agp =1 by =by=0 1 (1—z% —y?)e™v
a2 =ag =0

2 aj] = age = xY by =by=0 0 0
a2 =az =0

3 ayn =1+ z? by=b=0 1 6(y? — z?)
ag =1+ y?
ajz =a =0

4 a1 =axn=1 b =by=0 1 —2(4m)? cos(4mz) sin(47y)
a2 =az =0

5 a;n =1+ z? bi=y—2|2(z+y) —(z* + y*)e™
aze =1+y? bp=xz—2
ajz =a =0

6 ajl =agp =1 bp=b=1 0 0
ajzg =az =0

i aj] = agg = by =by=0 0 (=gi=yjet . D2p=l)2

(1-422 —4y%)e®™ 1/2<y<1

1 0<y<1/2
4 1/2<y<1
aj2 =ag =0

Table 4. Coefficients and right hand term of the examples treated

Example

Exact solution

1

ey

2;2__y2

2:2__y2

cos(4mz) sin(4my)

ey

DO |W N

e“+e¥y<l1/2
e+ely=1/2

with jump conditions:
§9-6a0,0.5) =4

e+eV+2y>1/2

z € [0,1]

e*y
with jump conditions:
ju(z,0.5) = 3ze®/?;

€ [0,1]
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10

o

i
TH Collocation (linear)
TH Collocation (cubic)

slope= 1.98
| : I : [
0.4 0.8 12 1.6
LogE =-Logh

24

Fig. 4. Example 1: Convergence rate of Trefftz—Herrera collocation method using linear and cubic

10

weighting functions

Example 2:
TH Collocation (linear)
TH Collocation (cubic)

slope=1.97
7 v
I | I I T I
0.4 0.8 1.2 1.8
LogE=-Log h

24

Fig. 5. Example 2: Convergence rate of Trefftz—Herrera collocation method using linear and cubic

weighting functions
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10

(o]

Example 3:

TH Collocation (linear)
TH Collocation (cubic)

0.4

0.8 1.2

LogE=-Logh

Fig. 6. Example 3: Convergence rate of Trefftz—Herrera collocation method using linear and cubic
weighting functions

-Log ERROR
w
|

Example 4:
TH Collocation (linear)
TH Collocation (cubic)

Fig. 7. Example 4: Convergence rate of Trefftz—Herrera collocation method using linear and cubic
weighting functions

0.4

I
0.8

1.2 1.6

Log E=-Logh
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10
Example 5:
| v TH Collocation (linear)
o TH Collocation (cubic)
8 —
slope=3.90
% 6 —
= o
slope=1.98
P -
v
2 T | T I T | T | T
0.4 0.8 1.2 1.6 2 24
LogE=-Logh

Fig. 8. Example 5: Convergence rate of Trefftz—Herrera collocation method using linear and cubic
weighting functions

10
e 6:
i v TH Collocation (linear)
o TH Collocation (cubic)
8 —
% %
1 4 1
_ slope=1.96
2 —
0 T ] 4 l I l I
0.4 0.8 d:2 1.6 2

LogE=-Logh

Fig. 9. Example 6: Convergence rate of Trefftz—Herrera collocation method using linear and cubic
weighting functions




Unified theory of Trefftz methods and numerical implications 513

10
Example 7:
v TH Collocation (linear)
7] ° TH Collocation (cubic)
8 —

0.4 0.8 1,2 16 2
LogE=-Logh

Fig. 10. Example 7: Convergence rate of Trefftz—Herrera collocation method using linear and cubic
weighting functions

9. CONCLUSIONS

It has been shown that Trefftz Method, when it is formulated as in Herrera’s unified theory, is quite
broad and capable of incorporating and unifying many numerical methods for partial differential
equations. It is a valuable tool both as a discretization procedure and as a domain decomposition
method.

The unified theory of Trefftz Methods is quite systematic and possesses outstanding generality. It
is applicable to any differential equation, or system of such equations, which is linear, independently
of its type. This includes the case of discontinuous coefficients. The general problem treated is one
in which, in addition to the conditions prescribed in the external domain boundary, jumps are
prescribed in some internal boundaries. In this paper the basic concepts of this unified theory
have been presented. Using this general framework two very wide classes of Trefftz Methods were
identified: direct and indirect (or Trefftz—Herrera) methods. A brief description of each of these
procedures has been presented. As an illustration, the indirect method was used to produce a
non-standard method of collocation (Trefftz—Herrera Collocation) for elliptic problems, of second
order, in several dimensions. TH-collocation exhibits several advantages with respect to standard
collocation. Among them:

1. A dramatic reduction in the number of degrees of freedom associated with each node. In the
standard method of collocation that number is two in one dimension (1-D); four in 2-D; and
eight in 3-D. For some of the TH-collocation algorithms, this is one for all space dimensions.

2. In the standard method of collocation, using Hermite cubics, the global matrix is non-symmetric
even when the differential operator is formally symmetric. In TH-collocation, the global matrix
is symmetric and positive definite when the differential operator has these properties.

3. When Hermite cubics are used to approximate the local solutions, in the problems treated in this
paper, the error is O (h*), if the test functions are piece-wise cubic on X, and it is O (h?) when
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the test functions are only piece-wise linear. From theoretical considerations, an error O (h3) is
expected for piece-wise-quadratic test functions.

4. The construction of the test functions and optimal interpolation are quite suitable for parallel
computation.
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