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The topological derivative of an arbitrary shape functional is introduced in [29] for 2D elasticity. The
optimality conditions for general shape optimization problems are established in [30] using the shape
variations including boundary and topology variations. The topology variations result in the presence
of topological derivatives in the necessary conditions for optimality. In the present paper we derive the
necessary optimality conditions for a class of shape optimization problems. The topological variations of
shape functionals are used for the numerical solution of inverse problems. The numerical method uses
neural networks. The results of computations confirm the convergence of the method.
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1. INTRODUCTION

In classical theory of shape optimization the first order necessary optimality conditions account
for boundary variations of an optimal domain. On the other hand the relaxed formulation based
on homogenization technique is used [1, 2, 19] in the topology optimization of energy functionals,
the so called compliances in structural optimization. For such a formulation the coefficients of an
elliptic operator are selected in an optimal way and the resulting optimal design takes the form
of a composite microstructure rather than any geometrical domain. On the other hand the so-
called bubble method is used for the topology optimization in structural mechanics [6, 23] which
leads to numerical methods. We refer also to [7, 14, 18] for the related results. Further applications
in mechanics can be found in [5, 15-17]. It seems that in the literature on the subject there is
a lack of general method or technique that can be applied in the process of optimization of an
arbitrary shape functional for simultaneous boundary and topology variations. Such an approach
would be very useful for numerical solution of e.g. optimum design problems in structural mechanics.
In the paper [25] the so called topological derivative (TD) of an arbitrary shape functional is
introduced. Such a derivative is evaluated by an application of the asymptotic analysis with respect
to geometrical singularities of domains [13], for a class of elliptic equations including 2D elasticity
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system [25] and 3D elasticity system [28]. TD determines whether a change of topology by creation
of a small hole, or in similar setting of a small inclusion, at a given point x €  would result in
improving the value of the given shape functional. In general, the form of topological derivatives
is established [25, 28] by using the asymptotic expansions of solutions to elliptic systems obtained
by the method of matched (or compound) asymptotics. In the case of cavities in the form of two
dimensional circles or three dimensional balls (in the case of Laplace equations in the form of balls
in R" for an arbitrary space dimension n > 2) the constructive results are obtained [25, 28] by using
the shape calculus combined with the asymptotic expansions of solutions.

In the present paper the approach of [25] is extended to the case of a finite number of circular
holes treated by means of TD combined with simultaneous boundary variations by an application
of the speed method [24] applied to Frechet differentiable shape functionals. Therefore, the general
set of optimality conditions is established for a class of shape optimization problems in more general
setting compared to the classical theory [4, 24].

To deal with various types of domain modification we introduce the following general notation
for different types of variations of shape functionals and of solutions to partial differential equations:

Shape derivative - is used in order to determine the variations of solutions to boundary value
problems resulting from the boundary variations of geometrical domains. In particular, first the
Frechet differentiability of shape functionals is established, and then the speed method is applied
to determine the shape derivatives. We refer to [24] and the recent book [4] for general description
of the speed method and the related results on Frechet differentiability of shape functionals.

Topological derivative — also topological differential accounts for variations of shape function-
als resulting from the emerging of one or several small holes or cavities in the interior of the
geometrical domain. We refer to Section 2.1 for description of topological derivatives of shape
functionals in the case of the Laplace equation.

Domain differential - unifies the influence on shape functionals of boundary variations and, at
the same time, of the nucleation of internal holes or cavities. We refer to Section 2.3 for the more
detailed discussion in the case of the Laplace equation.

In Section 2 optimality conditions are established for general shape modifications, including
shape and topological variations. In Section 3 topological derivatives are given for shape functionals
associated with an inverse problem. The inverse problem is considered for the identification of
small inclusions. The numerical solution of inverse problems uses neural networks. The numerical
procedure is described in Sections 4,5. The results for test examples are provided in Section 5.

2. SHAPE AND TOPOLOGY MODIFICATION

In this section we shall recall certain results concerning the shape and topology derivatives and
formulae for their computation. Let us consider a bounded domain Q@ C R? with the boundary
consisting of a finite number of smooth arcs and vertices. This boundary is divided into three parts:
I'P, TV and T'V. The part I'V will be subject to variation, and for simplicity we assume on it the
homogeneous Neumann condition. As a result we have the model problem

S5 in Q,

U = gp T

ou N (1)
Fooogimd on I'",

o on IV,

on
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with f € H*(Q), gp € H'/2('p), gv € H*?(T'y). The goal functional we shall consider in the
following general form:

J(Q) = /Q [F(u) + G(Vu)] ds, )

where F(t), t € R, and G(q), q € R?, are differentiable functions satisfying additional condition
IG(q)| < A+ Alq/* (A - generic constant),

assuring the existence of (2).

2.1. Shape derivative

First we shall define the shape derivative of J. To this goal we consider the transformation
T(r,") : R?® — R?
defined by
T(1,x) =x + 70(x), (3)

where @(x) is a C*-smooth vector field on R? with the support concentrated on the part of the
tubular neighbourhood of I'Y + B(d), namely the set

U= +B@)\ TNur? + B(20)), (4)

for some fixed small § > 0. Thus the vertices of Q2 do not move and the angles between adjacent
arcs do not change.
Such a transformation has for |7| small enough the following properties:

e T(r,-) is an identity on Q \ U;
e T'(7,-) is a bijection of U onto itself.

The geometry of the problem may be seen in Fig. 1.

FN

Fig. 1. The configuration of the internal hole and variable boundary
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Next we define the boundary value problem for u,, similarly to Eq. (1):

Aae = h in {1z ,

Ur = 9D on FD,

681:: =gN on ]_"N, (5)
ou

BnT =0 on I‘,‘./,

where Q, = T(7,Q), I'Y = T(,T'V). In accordance with this we take
I = I = [ [Flur) +G(Vur)] da, (6)
Q.

where J(0) = J(£2).
Now we may define the shape derivative of J(Q,) at Q (7 = 0) in the direction of the field ©,

SJ(;©) = lim = [J(Q,) - J(Q)]. (7)

70 T
The following result is well known [24]:

Theorem 1. Under the assumptions stated above the shape derivative exists and is given by the
formula

§1®,0)= | [F(w)+G(Vu) + (Vu:V0)|(© n)ds, (8)

where v is the adjoint state satisfying the following boundary value problem: find v € H},() such
that

- [(90-90)do = [ (Fuw)é + (V4G(Tu)- V) do 9)

forallg € Hy(Q)={p € H(Q)|¢=00nTP}.

The assumptions formulated in this subsection are stronger than necessary for the validity of the
above result, but we shall need them later.

2.2. Topological derivative

Let us now take the point x° €  and the ball B(x?, p) C Q. Similarly as in the previous subsection,

we define by ©, = Q\ B(x0, p) the domain with changed topology and formulate the boundary
value problem for u, ,

Au, = f in ,,
Up = gD on I‘D,

0 10
B_nup =gN on 'V, (10)
0

e = 0 on dB(x%,p)uT?,

see again Fig. 1.
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The appropriate value of the functional (2) has now the form
Iy =) = [ 1F(w) +G(Vu) da. (11)
P

The topological derivative of the functional J is defined as a limit

TJ() = 1_i)r(§1+ %‘](—Q) 2
p

In [30] there has been proved the following theorem.

Theorem 2. The topological derivative TJ(x°) exists and is given by the formula

TI) = - [F(u) +G(Vu) + fv+2(Vu- w)] o (13)

xX=

where v is an adjoint variable defined by Eq. (9) and

sl
T o

2m
G(Vu(x%)) / G( asin?6 — bsinfcosf , —asinfcosd + bcos? ) do. (14)
0

Here
ou

:—6:1;—l

so that [a,b] = Vu(x?).

a (XO) ) b= _(XO) )

2.3. Simultaneous topology and shape modification

Having defined both the shape and topological derivatives it is natural to raise the following ques-
tions:

e is the topological derivative additive, i.e. can we use it for approximation of the joint effect of
the finite number of holes simultaneously?

e can the effect of the simultaneous change of topology and external boundary be described by
the combination of shape and topology derivative?

Both of these questions have been answered positively in [30]. Let us make two non-overlapping
holes in the domain € at points x!,x? and of radii p;, ps such that B(x!,p1) C , B(x2,p2) C Q.
Define the solution u,, 5, in Qp, 5, = @\ (B(x!, p1)UB(x2, p2)) in an obvious way and the functional
J(p1, p2) = J(Qp,p,) by the formula (11). Then we have the following.

Theorem 3. For p; , p2 small enough the topological variation of the functional J has the repre-
sentation

J(p1, p2) = J(0,0) + TI(x") - mp} + TJ(x°) - mp3 + 0(pt + p3). (15)
Thus, by analogy to topological derivative, we may call the vector
TI () Py =Yy F Hxh)

a topological gradient. Extension to any finite number of holes is obvious.
Now let us make a hole B(x?, p) at the point x° € Q and simultaneously move the part of the
boundary I'V by means of the transformation T'(7,-) defined by the field ©(x), as in Section 2.1.
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Our assumptions ensure that for p,7 and & small enough the neighbourhood of the hole is not
transformed. The domain €., is defined in an obvious way (hole at x° and 'V transformed to Y
and the corresponding u,, satisfies homogeneous boundary conditions on dB(x°,p) and T'Y. The
functional J is defined as in Eq. (11)

i SRPE v / [F(ups) + G(Vu,)] da. (16)

pT

Using this notation we are able to formulate the theorem justifying the combined use of both
topological and shape derivatives.

Theorem 4. For |7|,p > 0 small enough the variation of the functional J has the representation
J(py7) = J(0,0) + TI(x°) - mp® + ST(Q;©) - 7 + o(|7| + p?). (17)
This theorem justifies the name domain differential for the expression
TJI(x°) - 7p? +SJ(Q;0) - 7.

The validity of the formulae given by Theorems 3 and 4 allow us to formulate new, stronger
optimality conditions, see [30], as well as to approximate the values of J(p; , p2) or J(1, p) for finite
p, 7. We shall use the last fact in the next sections.

The assumption about homogeneous Neumann condition on I'V is used here for simplicity and
may be omitted. However, the condition concerning the constancy of angles at the vertices of 99
and positions of these vertices is important in Theorem 4. The strong regularity of data is also used
in proof.

3. NUMERICAL EXAMPLE OF SHAPE FUNCTIONALS

We consider the following test examples.
We consider four boundary value problems defined in the same domain Q = (0,1) x (0,1). It
means, that fori =1,2,3,4

Aui =if) in Q.
These problems differ with respect to the boundary conditions. For i = 1 they have the form

1
up =1 on {0} x (§ 5 g) ; up =0 on {1} x (0,1); %% =0 otherwise.
For i = 2,3,4 they are obtained from the above conditions applying the successive rotation by the
angle /2.
The shape functionals J; = J;(f) are defined as follows: for izhwwld s =hHa 3.4

Ou; 3 Ou; 2
J(1+3(-1)} =/Qu?dQ, J2+43(i-1)) =/Q((9:E1) dqQ, J(3+3(i-1)} Z/Q (33;2) Q2

In the domain Q, = Q\ B(y,p), y = (y1, ¥2), see Fig. 2, we add the homogeneous Neumann
boundary conditions on the boundary [, of the ball B(y, p). For clarity of further derivations let
us denote

.mm=4%w, i=1934,

P

6u,,,- »
i b ) = a2'
Toi(p) Awadx k1







