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In the paper a crack growth analysis in quasi brittle materials in plane stress state coupling the Fictitious
Crack model to meshless Element-Free Galerkin method is presented. The FC model has been generalized
and as a result a uniform algorithm of the analysis of crack propagation, which is a combination of
elementary states mode I and mode II has been prepared. The problem is nonlinear because the traction
forces contain, besides external loads, cohesive forces on the boundaries of the crack which depend on
the actual state of the displacement field. The efficiency of the method has been tested on two standard
examples.

1. INTRODUCTION

Design of civil engineering structures often needs special analysis of crack propagation to ensure its
safety over a long lifetime. Such regulations take place for example when the structure is made from
quasi-brittle materials like concrete or different kind of refractory ceramics [28]. In solid mechanics
there is a large number of methods of analysis of cracked structures, however the crack growth is
generally based on damage mechanics or fracture mechanics. In damage mechanics the continuity
of material is assumed and the response of the material with cracks is modeled with the help of
an equivalent homogeneous material [20, 26]. In fracture mechanics, discontinuity of the cracked
material is taken into account [18].

In the paper, the nonlinear fracture mechanics is explored and crack growth analysis of a structure
up to failure is performed using ideas of the fictitious crack model (FC model) originally developed
by Hilleborg et al. [16]. This model is generalized on the stress state cases which are combinations of
elementary states, called opening mode I and sliding mode II , and is based on the idea of replacing
the scalar measure of the crack opening displacement with relative crack displacement vector. Such
extension of Hilleborg’s model is important in the discrete analysis of the crack propagation in
concrete and usually needs formulation of more complex form of the cohesive law, see [1, 29].
Separate research problems is the occurrence of pure mode II and dependence of the mixed-mode
fracture on the so-called size effect. These questions are still open and under experimental and
numerical investigations [3, 14, 17, 23].

An effective application of this method to the analysis of more complex structures needs a nu-
merical (approximated) method of analysis. Up to now, the problem of the mixed-mode fracture has
mainly been considered in the context of the finite element method (FEM) and theory of plasticity.
Such approach is however not so productive if the crack propagates in an a priori unknown direction.
A standard approach is, in that case, remeshing in the vicinity of the crack tip [30].

The crack in concrete was analysed in [24] and the initial yield surface expressed with the help
of is introduced and softening is defined in terms of traction against relative crack displacements.
Implementation of a plasticity-type constitutive law to the mixed-mode fracture was also proposed
in [8] where interface finite elements were used. An interesting numerical model, limited however to
mode I crack growth analysis only, was presented in [9] where the effective stiffness matrix, which is



544 C. Cichori and J. Jagkowiec

a difference between the stiffness matrix and the softening matrix, was introduced and the problem
was solved iteratively.

It should be noted that an alternative to the Hilleborg’s discrete model can stand the crack band
model (CB model), developed by Bazant and Oh [2] where it is assumed that crack formation in
the concrete occurs in the form of a blunt smeared crack band. This model is practically limited to
mode I cracks and its extension needs introducing a high number of parameters, thus completely
losing computational simplicity which is the most attractive fashion of the CB model [13].

In recent years there have been intensively developed computer methods to the analysis of
boundary-value problems based on nodes rather than on elements and known under the common
name of meshless methods. Some of these methods have been known for at least 25 years but only
recently they have found effective applications [4, 19, 21, 22, 25].

Among the meshless methods probably the most popular and useful in fracture mechanics is
the so-called Element-Free Galerkin method (EFG method) developed mainly by Belytchko and
co-workers [6, 7]. This method links the idea of local approximation based on the weighted moving
least square method with the well known Galerkin method.

In the paper, the generalized FC model is coupled to the EFG method and the uniform algorithm
of the crack growth analysis is presented. The extension of this work will be coupling the EFG
method to the FEM. Such coupling was originally proposed by Hegen in [15] where Linear Elastic
Fracture Mechanics (LEFM) was used to the simulation of quasi-static crack propagation in brittle
materials.

In the present paper the following assumptions are adopted. The structure is in the plane stress
state. The material of continuum is linearly elastic and displacements and their gradients are small.
External load is static and proportional to a one parameter.

The paper is organized as follows. In Section 2 a short description of the weighted moving least
square approximation is presented. Basic equations of the EFG method are derived in Section 3.
In Section 4 generalized FC model is derived and the algorithm of solution is presented in Section 5.
The paper is closed with two examples of crack propagation in concrete beams and some conclusions
are included.

2. WEIGHTED MOVING LEAST SQUARE APPROXIMATION

Let us assume that function u(z), defined on a plane domain (2, is approximated by function u”
given by

u"(x) = p(x)" a(x) (1)

where x contains spatial coordinates, p(x) is a vector of base functions and a(x) is a vector of
unknown coefficients.

Vector a(x) can be obtained by minimizing the weighted moving least squares sum I that relates
uP to u; at nodes x;,

n

I(x) =Y w(llx - xill) [p(x;) a(x) — u;]?, 2)

=1

where w(x — x;) is the weight function associated with node i and n is the number of nodes.
Minimization of (2) with respect to a(x) yields

a(x) = A7}(x) C(x)u (3)
where

A(x) =PW(x)PT, C(x)=PW(x) 4)
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and
P= [p(xl) ) p(x2) CRARE, p(xn)] ’ W(X) = dla‘g [UJ(’I‘]) ) w(r2) s CE S0 'w('rn)] ) (5)
with weight functions w(r;), m=|x—x;||, 1=1, ..., n.

The weight function has the compact support also called the domain of influence of node i in
such a way that weight function w is zero outside the domain of influence and w > 0 inside the
domain of influence.

Substitution of (3) into (1) gives

u(x) = N(x)u (6)
with the shape functions N defined as
N(x) = p(x)” A~} (x) C(x). ™)

In the following shape functions expressed by formula (7) will be applied to EFG method. In
the context of this method it must be stressed that opposite to finite element shape functions, EFG
shape functions do not have the selective property, i.e. Nj(x;) # &;; with d;; the Kronecker delta.
The second problem is connected with calculations of the derivatives of the shape functions, which
is rather a time consuming numerical operation [5].

In the paper, the derivatives of shape functions are computed in the standard way using the
formula

ON(x)  ap(x)" OA~1(x) dC(x)

Bo = on A (O +P(R) =5 C) + R AT ) (8)
with M computed by
ox;
OA~!(x) s OA(x) , _
e P 1(X)WA (). (9)

Finally, for the unique identification of crack discretization it is necessary to determine the
position of nodes in relation to crack.
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Fig. 1. Determination of the position of a node in relation to crack
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Let us assume that the crack is made up of line segments ... A—B—C, where C is the crack tip,
and [ is the integration point and J, K, L are nodes, see Fig. 1. To distinguish the position of the
node in relation to the crack segment a simple but effective method is proposed. For example, as
shown in Fig. 1, on the base of known values of angles ap; , apc and lengths of vectors ||I.J||, ||T |
it can be concluded that node J is on the opposite side of the crack segment to point I. Points L
and K are, however, on the same side of the crack segment as point I.

Specification of the position of nodes in relation to the crack is necessary for the proper description
of displacement discontinuities over the crack. Different methods of introducing the discontinuities
into meshless approximations are well known in literature. In the paper so-called diffraction method
has been used. The main idea of this method is to treat the line of discontinuity as opaque but
to evaluate the “distance” r; between two nodes by a path which passes around the corner of the
discontinuity [5].

3. BASIC EQUATIONS OF THE EFG METHOD
The equilibrium equations on a plane domain  has the form

L’c +b=0 (10)
with the natural boundary conditions on boundary Iy, of €,

oing =15, 1,7=12, (11)

where

1}
= ( J11 022 012 ) — stress vector,

b=(b b )T — body forces vector,
n=(n ny )T — vector of the outward normal to I',,
b )T — vector of the prescribed tractions forces.

Using the matrix of differential operators L, the geometrical equations can be written as

e=Lu (12)
with the essential boundary conditions on boundary I, of

u; = uj, 1=1,2, (13)
where

¥ 2
e =(en €2 e12) - strain vector,
u= ( Uy Ug )T — displacement vector,

o — vector of the prescribed displacement.

u= ( Uy Uy )
According to the standard procedure, Eq. (10) formed the starting point to the Galerkin weak
formulation. Applying next the divergence theorem the virtual work equation of the problem under
consideration is obtained,
/ ol dQ — f sul't(p,u)dl’ — / subdQ — ¢ AT (u—1u) dl' - }{ AMgudlr =0. (14)
Q n Q Te ; e
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To overcome the problem that the method lacks the selectivity property the Lagrange multipliers
method has been used. Other methods are also possible and derived in literature [4]. It must be
noted that the above equation is nonlinear because traction forces t contain, besides external loads,
cohesive forces on the boundaries of the crack which depends on the actual state of the displacement
field u (see Section 4). This fact has been stressed in Eq. (14) by writing t = t(p, u), where p is the
load parameter. The next problem is that in the process of loading, bothe geometry of the crack
and, as a result, the boundary I'y, , have changed.

In the following the continuous problem is changed into discretized one. The approximation of
the displacement has the form:

U2

where N = [Nu1 Nu, ] — shape functions matrix.
The approximation of Lagrange multipliers can be written as:

A=N)A, (16)

where
A — vector of the discretized Lagrange multipliers,

N, — part of matrix N to which the nodes of I'e apply.

It is assumed that the material of continuum is elastic and the constitutive relation is of the
form:

oc=De, (17)

where D - constitutive stiffness matrix.
The displacements and their gradients are small, which enables us to write the geometrical
equation in the discretized form as

e=Bq, (18)
where
B=LN. (19)

Substituting Eqs. (15)-(18) into Eq. (14) and taking into account that this equation must hold
for all dq, the following matrix equation is obtained,

(I;T (5] [X] 4 [feztg,q)] (20)

where the following matrices and vectors are used,

K=/BTDBdQ, G=—f NTNdr, (21)
Q e

o0 = f NTt(p,q)dI" + / NTbdQ, g= ?{ NT@dr. (22)
Ts Q Pe






