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The stress model of the hybrid-Trefftz finite element formulation is applied to the elastoplastic analysis of
solids. The stresses and the plastic multipliers in the domain of the element and the displacements on its
boundary are approximated. Harmonic and orthogonal hierarchical polynomials are used to approximate
the stresses, constrained to solve locally the Beltrami governing differential equation. They are derived from
the associated Papkovitch-Neuber elastic displacement solution. The plastic multipliers are approximated
by Dirac functions defined at Gauss points. The finite element equations are derived directly from the
structural conditions of equilibrium, compatibility and elastoplasticity. The non-linear governing system
is solved by the Newton method. The resulting Hessian matrices are symmetric and highly sparse. All
the intervening arrays are defined by boundary integral expressions or by direct collocation. Numerical
applications are presented to illustrate the performance of the model.

1. INTRODUCTION

The paper reports on the application of the hybrid-Trefftz stress finite element to the elastoplastic
analysis of solids. It shown in [4, 7] that this element performs rather well when applied to the
solution of elastic three-dimensional benchmark problems. It exhibits a negligible sensitivity to
geometric irregularities and to gross mesh distortion, it is free from locking in the incompressibility
or near incompressibility limit and produces accurate estimates for both stresses and displacements.

The non-linear application reported has been selected to assess the combination of the high
levels of performance that can be attained with three-dimensional hybrid-Trefftz finite elements
with the robustness and proven reliability of the implicit Euler backward stress integration and the
Newton-Raphson method, as applied to the elastoplastic analysis of solids, e.g. [8, 9].

The formulation is based on the independent approximation of three fields. Stresses and plastic
multipliers are approximated in the domain of the element and the displacements are approximated
independently on its static (Neumann) boundary. A polynomial basis for the stress field is derived
from the Papkovitch-Neuber potential that solves locally the homogeneous Navier equation. This
polynomial basis is free of spurious modes and involves 186 degrees of freedom for a complete
sixth-degree stress approximation.
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The resulting Hessian matrices are symmetric and highly sparse. All intervening matrices and
vectors are either defined by boundary integral expressions, which is typical of the Trefftz approach,
or computed from direct collocation, as a result of the Dirac approximation of the plastic multiplier
field.

The tests presented here for the elastoplastic analysis of solids confirm the high efficiency that
can be attained in the solution of both linear and non-linear problems reported in [10,12-17] two-
dimensional applications.

2. FUNDAMENTAL RELATIONS

Let V and I' denote the domain and the boundary of a typical finite element and let I'y, and Iy

identify the kinematic (Dirichlet) and static (Neumann) boundaries: I' =T, UT4; 0 =T, N T, .
In the equilibrium and compatibility conditions (1) to (4), w is the displacement vector and

vectors o and € collect the independent components of stress and strain tensors, respectively,

Do =0 in V, (1)
e =D"u in V, (2)
No =tr ondly; (3)
u = ur orFy (4)

For simplicity, the body forces are neglected in the domain equilibrium condition (1), where D
is the differential equilibrium operator. In the domain compatibility condition (2), D* is the adjoint
operator for geometrically linear problems. In the Neumann condition (3), IV is the boundary
equilibrium matrix that collects components of the unit outward normal vector to I' and #r is
the prescribed traction vector. In the Dirichlet condition (4), vector ur defines the prescribed
displacements.

The decomposition of the strains into elastic and plastic addends is defined by Egs. (5) and (6)
states the elasticity condition in terms of the flexibility matrix, f,

€=¢c+Ep inV, (5)
Seiid O in V. (6)

In the perfect plasticity equations (7)—(10), F(o) is the yield function, A is the plastic multiplier,
and n (o) is the outward normal vector to the yield surface and F(o) = 0.

F(o) <0 inV, (7)

€, = An(o) in'V, (8)
__ 0F(a) :

n(o) = e inV, ©))

A>0 in V. (10)

3. FINITE ELEMENT APROXIMATIONS

The hybrid finite element formulation used here is based on the direct approximation of the stresses
and plastic multiplier increments in the domain of the element and, also, of the displacements on
its Neumann boundary,

o=58X in V, (11)
A\ = E,e, inV, (12)
u=2q onT,. (13)
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In the definitions above, S, E, and Z are the matrices that collect the approximation functions.
As generalised (non-nodal) variables are used, the weighting vectors X, e, and q define generalised
stresses, plastic multipliers and boundary displacements, respectively.

Neither the formulation nor the approximation bases used here constrain the geometry of the
finite element, which may not be convex, bounded or simply connected. However, and for simplicity,
only one master element is tested in this report, namely the right 8-node hexahedron. The shape
functions adopted in the mapping operations typical of isoparametric elements are used here only
to support the geometric transformations, as the finite element approximation is implemented on
the independent bases defined below.

3.1. Stress approximation

In the Papkovitch-Neuber solution (14) of the (elastic, homogeneous) Navier equation, G is the
shear modulus, v is the Poisson ratio, r and V are the position and gradient vectors and operators
¥ and ¢ are vector and scalar harmonic displacement potentials, respectively,

2GU = —4(1 —v)yp + V(riap + ¢). (14)

This solution is used to establish the stress approximation matrix. Equations (2) and (6) yield
the following expression, where k = f~1,

8§=KD"U. (15)
The following displacement potentials are used to build this basis,

oF = " Bil&); (16)
¢r = ri exp(f), (17)
or = zkr) exp(Ok). (18)

In the definitions above, P, is the associated Legendre function of order n, r = {/ :cﬁl + mg + xg :
Pe =/t + w?, OrI tan~'(z;/z;), I is the imaginary unit, & = x4 /r and ) represents the local
(baricentric) system of co-ordinates assigned to the element.

When n is integer and an even permutation of 4, j and k is used, the real and imaginary parts of
definitions (16) to (18) define polynomial potential functions [7]. The fifteen functions thus defined
are inserted in Eqgs. (14) and (15) to generate sixty polynomial approximation functions for each
degree, n. Although it is complete, this Papkovitch-Neuber basis may contain linearly dependent
modes, which are detected and eliminated from the stress basis (15) a priori.

As it shown in [7], the stress basis generated in this manner is self-equilibrated, and described by
186 complete, linearly independent polynomial stress modes of the sixth degree. Higher degree bases
are possible, but complete extensions are yet to generated. For Instance, the potential functions (16)
to (18) generate stress basis with completeness deficits of 6, 16 and 31 modes for the known totals
of 237, 294 and 357 independent modes present in complete bases of degree seven, eight and nine,
respectively.

3.2. Boundary displacements approximation

The approximation matrix, Z, present in the boundary displacement approximation (13) is built on
a complete, linearly independent and naturally polynomial bases directly extracted from the Pascal
triangle [7]. This basis is written in the local co-ordinate system assigned to each face of the master
element. The number of boundary displacement modes that are thus generated for a complete basis
of degree n is defined by

n, =3[1/2(n+1)(n +2)]. (19)
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3.3. Plastic multiplier approximation

The plastic multiplier increment in definition (11) is approximated by Dirac functions 4(z). Prelim-
inary tests have shown that, as expected, the Gauss integration points provide the best choice for
the control of plastic deformation [4]. Therefore, the plastic multiplier approximation matrix and

the associated plastic multipliers vector are defined as follows, where @1, 2, ..., N denote the
Gauss points,
Eow [3(:1:1), §(z2), ...S(ZN)], (20)
e. = [AX®1) AA®mg) ... Az (21)

4. FINITE ELEMENT EQUATIONS

Different approaches can be followed to establish the finite element equations resulting from the
basic approximations (11) to (13), namely duality, virtual work and variational approaches.

For instance, the weak form (22) of the virtual work equation can be used to derive Eq. (23),
which enforces on average, in the sense of Galerkin, the compatibility conditions (2) and (4) and
the elasticity condition (6) for decomposition (5),

/ dole dV =/ (Néo)'u dF+/ (Néo)tur dr, ; (22)
1% u

o

FX - Aq+ / Ste,dV =v. (23)
v

In the equation above, F' and A are the finite element flexibility and compatibility matrices,
respectively, and vector v defines the contribution of the prescribed displacements,

P= / StfSav, (24)
Vv

A= (NS)zdl, (25)
T

o5t / (N'S)tup dT. (26)

Additionally, the weak form (27) of the Neumann equilibrium condition (3) leads to the (Z-
weighted, Galerkin) finite element description (28), where vector Q defines the contribution of the
prescribed tractions,

Su!Nodl'= [ Su'trdrl, (27)
! 1874
~A'X = -Q, . (28)
Q= [ Z'trdl. (29)
Iy

It is noted that the domain equilibrium condition (1) is locally satisfied by the self-equilibrated
stress approximation (11), DS = 0. This property, together with condition (15), can be used to
obtain the following boundary integral definition for the finite element flexibility matrix (24) [7], as
it is typical of the Trefftz variant of the finite element method,

_ 4
F = /F (NS)tudr. (30)
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4.1. Time discretisation of the plastic strain

It is assumed that the loading programme is applied in N time steps [¢;, t;+1]. The response of the
structure is fully determined at instant ¢; and at instant ¢; 1, either the loads or the displacements
applied to the structure are prescribed. The following non-linear system is obtained combining, at
instant #;1, Egs. (23) and (28) and the plastic yield condition (7),

FXi+1 s Aq'l+1 + A StspH_l dV = vi"rl ) (31&)
—A'Xi1 = -Qiy1, (31b)
F(0i+1) <0. (31c)

The plastic strain increment in time step [t;,¢;11] is given as follows, where Epip1 = Ep; + Agp,

tit1 tit1
Ag, = / épdi = / An dt. (32)

t; t;

The implicit backward Euler integration of the above relation leads to definition Epiyr = Ep; +
AXn;;1, which is enforced in Eq. (31a) to yield

FXiy— Aq; + / S'ni i ANAV = vy — ey, (33)
v
€p; = / Step, AV. (34)
v

The following results are obtained combining Egs. (12), (20) and (33),

/ S'n; 1 ANdV = N,e,, (35)
v

N* = /VStn,-HE* dV, (36)
N, = [S'(z)nin(o(z1)), S'z)nip(o(@), ..., Szy)nia(o(zn))]. (37)

The weak form (38) of the yield condition, written for the modes that are active at instant tiv1
and for approximation (12), leads to the finite element description (39)

/ SANF (i) dV = 0. (38)

v

/ E'F(0is1)dV = 0. (39)

v ;

The following is the resulting expression for the finite element solving system at instant #;, ,
FX;. — Aqi+1 + N.e. = Vi1 — €p,;, (40&)
—AtXi_;.l = —Qi+1 ) (40b)

E!F(oiy1)dV =0.
/V F(oit1) (40c)

System (40) is non-linear due to Eq. (40c). This equation assumes that the set of active collocation
points, F(0i1(xx)) = 0, is known at instant t;; . The inactive points, for which F(oj41(zx)) < 0,
are not represented in system (40). The selection of the active and inactive control points at each
step of the elastoplastic analysis is discussed in Section 4.4.
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4.2. Linearisation

The non-linear system (40) can be recast in the residual form (41) and linearised by the Newton—
Raphson Method, to yield, for each iteration j, the solving system (42),

[ Ri(Xit1,841,6+) = FXiy1— Agip + Naex —vip1 + €, (41a)
; Ry(Xi41,441) = -A'Xin+ Qi (41b)
Rs(X 1) - [ BiF o), (41c)

\ v
C FiMI —A NP | (AXI R (42a)
0 0 A b={ R, 3. (42b)
| Symmetric 0 Ael R; (42¢)

The following definitions are used in systems (41) and (42), respectively,

N
€p; -5 Z (Stepi)’ (43)
k=1
N
M, = /V S'V2F(0ir1)SE.e,dV = Z [S(zk) V2 F (0i41(zk)) S (k) AX(zk)].- (44)

k=1

System (42) is symmetric and highly sparse. Matrices M, and N, as well as vector e, collect
information on the so-called active collocation points xj. The iterative search method used to
identify this set of points is presented in Section 4.4.

According to approximations (11) and (13) and to the elasticity condition (6), the stresses,
displacements and elastic strains are defined at instant ;41 by the following expressions,

oit1 = SXiy1, (45)
Uit1 = Zq;y1; (46)
Ef—{—l == fSXH_l . (47)

4.3. Load step
The alternative method for controlling the load step proposed in [11] is adopted here. It consists in
accepting variable load and displacement increments by controlling directly a prescribed increment

of the external work. In the system (41), definition (29) for the load vector @, is replaced by the
expressions below, where ¢r final is an (arbitrary) final load, and ;41 is an unknown positive scalar,

Qiy1 = ain1Qr, (48)

Qr = /F Z'tr fina1 dT. (49)

The external work (50) at instant ¢;41 is defined by Eq. (51) for the finite element approxima-
tion (13),

Wi = Wi+ AW = / t%‘,ﬁnal wjy1 dl, (50)
Ly

Wipi = Wi+ AW = / tt final Zqi41 AT (51)
s







