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The work presents the application of heat polynomials for solving an inverse problem. The heat poly-
nomials form the Trefftz Method for non-stationary heat conduction problem. They have been used as
base functions in Finite Element Method. Application of heat polynomials permits to reduce the order of
numerical integration as compared to the classical Finite Element Method with formulation of the matrix
of system of equations.

1. INTRODUCTION

Heat polynomials have been presented for the first time in [5], and their application is reported
in [1, 2, 3, 6]. These polynomials solve the heat conduction equation, and their linear combination is
used to solve non-linear stationary heat conduction problems by the Trefftz method. Completeness
of their polynomial basis ensures a very good approximation of the temperature function in a finite
element. The essence of the work presented here consists in introducing space-time elements and in
defining a functional for the solution of the non-stationary heat conduction equation by the Finite
Element Method implemented on a heat polynomial basis. The resulting stiffness matrix is still
symmetric and positive definite but its dimension of integration is reduced by one order.

The calculation of a boundary condition based on the measurement of the temperature at a point
inside the domain is important in many applications. This inverse problem is solved here with the
use of heat polynomials. An inverse problem of non-stationary heat conduction in a planar layer is
solved to investigate the numerical properties of heat polynomials.

2. GOVERNING EQUATION AND SOLUTION OF SIMPLE PROBLEM

Consider the one-dimensional linear heat conduction equation for a layer

2
p-c%z)\%ﬁ—g, 7 € (0,00), z€(0,l), Te€C?*0,l)nC(0,00), (1)

with constant coefficients p, ¢, A and the following conditions:

e initial condition
T(z,0) = f(2), z € (0,1), (2)

e boundary condition (Fig. 1)

T(z=0,7) = g(7), 7 € (0,00), (3)
e N, T € (0,00). (4)
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The auxiliary variables (5) are used to write the heat conduction equations in the non-dimensional
form (6),

(5)

Do —tia ¢€(0,1), te(0,00). (6)

The following result is obtained by expanding the function T'(§,t) € C* in a Taylor series on
point (&, , t,) and eliminating even derivatives on £ using Eq. (6),
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=T, 1 T=zxz—120, t=t—1g.

It is noted that the derivatives of equal order with regard to the same variables are located at the
diagonal, from the left to the right side in Eq. (7). Hence, grouping of the terms of the expansion (7)
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with the same derivatives yields the following solution for Eq. (6).
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The polynomials in expansion (8) solve Eq. (6). Solution (8) can be written in the following form,

=, o"T g o~ i - o AT s
T(é‘vt) :Z otn '”2n(f’t—)+28§w'vzn+1(f,ﬂ = a_gﬁ'vn(é‘,EL (9)
n=>0 n=0 n=0
where
s [%] en—2k {lc
un(§,1) = (_fjk)ﬁ (10)
k=0

The univocal character of the Taylor expansion of function T'(¢, t) gives

N

T(&,t) — Z w (€, 5) = Sniy and lim Sy =0 (11)
4 e o : N—-oo
meaning that the system of functions {v,, v1, ..., vy, .. .} is complete.

Functions vy (€, t) are called heat polynomials [5]. The determination of values of function vn(€,1)
using expression (10) may be charged with considerable numerical errors. The values of function
vn(&,t) can be determined by recurrence formulae. In order to derive the recurrence formulae one
should notice that the function W = exp(p£? + p?t) solves Eq. (6) for any value of parameter p.
The generating function, W, can be expanded into a power series with regard to parameter p,

00
W = ePEtp’t — Zvn(&t) ¥ i) pER. (12)

n=0

Expansion of the generating function W leads to the following relations,

'Uo(f,t) =1, 'Ul(fvt) o 67 ’U2(§’t) = %§2 +1, U3(§)t) = %63 L §’

L 11, epeels S
'U4(£at) 9% ﬁf =) 25 t+ Zt ) v5(§,t) by 120§ . 65 t+ 2§t )
1 6 1 4 1 2,2 1 i 1 4 1 5 1 342 1 3
= — Pr— —_ —_ T = —— [— [— -
& 2t
vnt1(§,t) = E"Un(fat)"'z‘vn—l(f,t)a n 21 (13)

The following relationships are satisfied for the derivatives,

@%?Q=%4@w,n2L 20D — vualet) n22. (14)
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The polynomials vy, (£,t) identically satisfy the heat conduction equation (6). The solution of the
heat conduction equation can be presented in the form

n=0 =l

The unknown coefficients, A, , in the approximate solution,

N-1
T(E,) = Y An-va(§,8) = {4} - {0}, (16)
n=0

are sought through the minimization of the mean square distance of solution (16) from the initial
and boundary conditions. The functional form of this distance is as follows,

1 tr tg
J({A}) = /0 (T(€,0) — F(€)]2dé + /0 (T(0,7) — g(r)] dr + /0 [T, - (). (17)

It is noted that at the initial time ¢ =0 (¢, = 0)

S S D =
TE0) =D An (6, 00=D An=—F—=) An g
n=0 s n=0 :

n=0

Hence, the initial condition f(£) is approximated by linear combination of functions 1, £
g3, ..., that leads to Hilbert matrix elements in the matrix of the coefficients {A}. Therefore,
stable numerical results can be obtained for N ~ 12. In the case of rapid heating or cooling of
bodies, the large gradients of the function & that occur require the number N of heat polynomials
in approximation (16) to be increased. This increase leads to ill-conditioning of the system of
equations defining coefficients {A}. A solution of this problem consists in dividing the solution in
finite elements and approximating the solution of Eq. (6) in the form of linear combination of heat
functions (16).

Division of the solution range in the elements is shown in Fig. 2. Physical properties of heat
conduction process result in the fact that both temperature and heat flux at common element
boundaries are continuous functions. Due to a finite linear combination (16) of the solution ap-
proximation one may require continuity of temperature and possibly small differences in heat fluxes
gj—1 — ¢; at the common boundary. Figure 3 shows an approximation of the function T'(¢,t) in the
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element of 4, 6, and 8 nodes. The order of polynomial in the direction of t-axis is strictly related
with the order of polynomial in the direction of ¢-axis.

Let us determine the form of the solution (16) in a finite element (}; as a function of the tem-
perature at the finite element nodes. The temperature function is expressed by the relationship

N
Tj(g,t):ZA%'wn(E’t), (§7t)€Qja £=§—£ja éjS€S£j+1a (18)
n=}

where for simplicity of programming the condition w, = v,_; has béen assumed.
Function wy, (¢, 1) satisfies also the following equation,

S . iy
ot g’

The solution at the finite element nodes,

Wy =Vn1, in=1,2,:..

N
T, te) =Tk =) An-wal&, %), k=12...,N

n=1

provides the system of equations used to define the coefficients {A,} for each element,

wi (&1, t1) wa (&1, t1) w31, 1) - wn (&1, 1) Ay T
wi(&2,t2)  wa(&e, ta) w3(€2,t2) - wn (€2, t2) Ay i
wi(€s,t3)  wa(&s,t3) ws(és,t3) - wn(és, ts) e g T
w1(§_1\;, tn) w2(§_1\;, tn) ws(fzx;, tn) .- 'wN(gI;I, tn) A.N T.N
The solution of this equation,
[wl{4} = {T}, (20)
N :
{4} =[] ™T} = [UNT}, A=) Uy T
k=1
yields the following results,
N /N : N /N f N
T(E’ t) 5 Z (Z Unk . Tk) " wn(fat) S Z ( Unk : wn(§7t)) 5 Tk - Z‘Pk(g’ t) A Tk (21)
n=l \ke1l Rezel” A=l k=1
N

Sok(f—,t) ZZUnk'wn(gvt)v te (tia tH—k), k:(N_Z)/?'
=i
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The basic functions ¢y (é,t), i = 1,..., N are characterized by the following properties,

8ol Ao op 8 & g
(_a_t—a_g‘é_) (Pk(gat)—o as (a—ggg) wn(ﬁ,t)—O, =1 Y (22)
(ét)— 1 I{,‘:J, k:l,...,N, j:l,‘__’N, (23)
st k#34, (&, t;)— element nodes,
N
Zwk(é, =1, o)
0 o n
*"’* zunk - ZUnk wai(6,1), s
a(Pk ZUnk a'Un ZUnk Wy 2 ) (26)

The defect of the heat flux flowing between the elements caused by the approximation process
is defined in [1] by

- Ot ) 0t -

8g;(t) = ——* 8J§+ Cpty 3§J+ ) =qj — gj+1- (27)
It provides a basis for formulation of a functional of heat flux error on the boundary between
elements, Fig. 4. The functional is a sum of heat flux defects at the element boundaries and takes
the form

t+ i+k
1, —Z/ (645 (r dT—Z/ i) s (DA A N (28)
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Fig. 4

The unknown temperatures at the nodes of finite element mesh are determined by minimizing
the expanded functional (29) as compared to (17),

BGie titk
J—Z / [Ty(&, ) — TP(E, 8 dé + / (T1(0,7) — g(r)]? dr + / [T(1,7) — h(r)] dr

1.+k
/ (o el )Pl S0 EIR . K=IN[2-1, (29)
[ :

where T"(f ,t;) is the initial temperature for time ;.
The minimization of functional (29) leads to a solution at each mesh node, which depends on

the initial and boundary conditions assumed.







