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Professor Jirousek has been a very important driving force in the modern development of Trefftz method,
contributing to its application in many different fields such as elasticity, shells and plates theory, Poisson
equation and transient heat analysis. This article is dedicated to him. The focus of the paper is to
incorporate Jirousek method into a very general framework of Trefftz method which has been introduced
by Herrera. Usually finite element methods are developed using splines, but a more general point of view
is obtained when they are formulated in spaces of fully discontinuous functions — i.e., spaces in which
the functions together with their derivatives may have jump discontinuities — and in the general context
of boundary value problems with prescribed jumps. Two broad classes of Trefftz methods are obtained:
direct (Trefftz—Jirousek) and indirect (Trefftz—Herrera) methods. In turn, each one of them can be divided
into overlapping and non-overlapping.

1. INTRODUCTION

This paper is dedicated to Professor Jirousek who has been a very important driving force in the
modern development of Trefftz method, contributing to its application in many different fields such
as plates and shells theories [41-45, 49, 54, 55, 70|, elasticity [48, 50, 71, 72], and transient heat
analysis [46]. Jirousek and his collaborators have carried out the developments which are necessary
for applying his approach in a reliable and adaptive manner [47, 51, 52]. In this respect, an important
feature is the possibility of applying h and p convergence (see [53, 56] for recent surveys).

Taking as a starting point a precise and quite general definition of the procedure originally
introduced by Trefftz [68], the method that has been developed by Jirousek together with a related
method due to Herrera [5-7, 19-29, 32, 33, 36-38, 67|, are revised in this framework and it is
shown that when Trefftz methods are conceptualized in this manner they include many of the basic
problems considered in numerical methods for partial differential equations, becoming fundamental
for that subject. One avenue of this approach includes domain decomposition methods, but many
other aspects may be illuminated.

Trefftz methods can be classified firstly into two broad categories: direct and indirect methods.
The first one is essentially Jirousek’s method in which the local solutions are used directly as bricks
to build the global solution. However, this procedure is more general if one is not restricted to
use analytical methods for the production of the local solutions, but instead resorts to numerical
methods, as well. The second category is constituted by Trefftz—Herrera methods, in which local
solutions of the adjoint differential equations are used, in an indirect manner, as specialized test
functions which have the property of concentrating the information about the sought solution in
the internal boundaries defined by the partition.

From another point of view, just as domain decomposition methods [8, 9, 15-17, 57, 58, 66],
they can be classified into two very broad classes: overlapping and disjoint (or non-overlapping)
methods. This terminology derives from the corresponding properties of the partitions. Since these
two classifications are independent of each other, they can be combined to yield four categories
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of Trefftz methods: direct-overlapping, direct-non-overlapping, indirect-overlapping and indirect-
non-overlapping, In this paper, these four categories are outlined and of some their main features
discussed.

2. JIROUSEK METHOD

In 1977 [41, 44], Jirousek started the development of a generalization of Trefftz method [68], in
which non conforming elements are assumed to fulfill the governing equations ‘a priori’ and the
inter-element continuity and the boundary conditions are then enforced in some weighted residual
or point wise sense. As in the case of Trefftz, Jirousek in his early work used variational principles
related to the differential equations considered. However, their use is not essential — collocation
and least-squares, for example, are also suitable [73] — and many alternative formulations can be
applied in order to generate “Trefftz-type” finite elements, which in more recent work have been
referred to as T-elements [53].

This method — Jirousek’s Method — has been quite successful because of its generality and
efficiency. Recent states of the art are available [53, 56] from which we draw. Jirousek’s method
has been applied to the biharmonic equation [41, 44], plane elasticity [48] and Kirchhoff plates [45,
48, 63]. Later the approach was further extended to thin shells [70], moderately thick Reissner—
Mindlin plates [54, 55, 63], thick plates [65], general 3-D solid mechanics [64], axisymmetric solid
mechanics |71, 72|, Poisson equation [74] and transient heat conduction analysis [52].

Just as in FEM, in Jirousek’s method one has h-convergence and p-convergence. Thus, this leads
to developing the h-version and the p-version of T-elements, as was first suggested by Jirousek and
Teodorescu in 1982 [48], and implemented and studied several years later [42, 49]. According to
Jirousek [53], the superiority of this version over the h-version has been so overwhelming that most
of the new developments refer to the p-version. One of its most important advantages has been the
facility with which a simple a posteriori stress error estimator [50] can be developed [52] and, using
it, derive a procedure for adaptive reliability assurance [47, 51, 52].

3. PRELIMINARY NOTIONS AND NOTATIONS

In what follows a region 2 C R will be considered and {Q;, Q2, ..., Qg} will be a partition
(or domain decomposition) of  (Fig. 1); more precisely, this will be a pair-wise disjoint family of
manifolds with corners [4, 62], such that the union of its closures is the closure of 2. The inner
boundary ¥, is defined to be the closed complement of 9Q in (J; 9€;. In addition, the following
notations will also be used in the sequel:

0,0 = (89) N (BQl), Yi=XN (89,), and Eij =3;N Ej > (1)
A unit normal vector n, pointing outwards, is defined almost everywhere in 02, in the standard
manner. Similarly, a unit normal vector n, will be defined almost everywhere on ¥;; — this is

unique, except for the sense which is chosen arbitrarily.
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Fig. 1. The region
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Two linear spaces of functions defined in €2, D;(2) and D(f2), will be considered. For every 4
(i=1,...,E) and a = 1,2 let D,(f2) be the space whose elements are the restrictions to §;, of
functions belonging to Dy (€2). Then

Do(R) = Do(21) & - - - ® Do(Q); a=1,2. (2)

In view of this definition, with every function v € Dy(R), @ = 1,2 there is a finite sequence of
functions {v!,v?,...,v¥} such that for each i = 1,2,..., E, v' is defined in €, . It will be assumed
that for every v = {v',v2,...,vF} € Do(Q), @ = 1,2, the trace on ¥ of v’ (:1=1,2,...,E), is well
defined. However, on each X;; = ¥; N X; two traces are defined — one corresponding to »* and the
other one to vY — and in order to distinguish them the following notation is here introduced,

vy = trace of (v?) (3)
when (2; lies on the positive side of and
_ = trace of (vY) (4)
otherwise. The jump of u across ¥ is defined by
[v] = vy —v- (5)

and the average by

V= %(v+ +v_). (6)

More generally, whenever such a sequence of functions is associated to a function defined in Q,
it is possible to define two traces on ¥ and the notations of Egs. (5), (6) will be used in such cases.
Observe that the average, ¥, of a function and the product, [v]n, are not dependent on the sense
chosen for the unit normal vector n.

4. BOUNDARY VALUE PROBLEM WITH PRESCRIBED JUMPS

To formulate this problem some additional notation is here introduced. The symbols £ and £*
will stand for a linear differential operator and its formal adjoint, respectively. Also, B(v,w) and
C(w, v) will be bilinear functions defined point-wise on 9, for every v € D, () and w € Dy().
In a similar fashion, J(v,w) and K(w,v) will be bilinear functions defined point-wise, on ¥. When
dealing with bilinear functions and functionals, a star on top will be used to denote its transpose;
thus, for example,

C*(v,w) = C(w,v) and  K*(v,w) = K(w,v). (7

In addition, gs(-) and jx(-) are linear functionals defined point-wise on 9§ and ¥, respectively,
whose values at any w € Dy(9) will be written as gs(w) and js (w). Given any function v € D;(9),
B(v,-) and J(v,-) will denote the linear functionals whose values at any w € Dy() are B(v,w)
and J (v, w), respectively.

The general boundary value problem with prescribed jumps (BVPJ), to be considered is defined
by

Ly = f& = Lub inQ;, i=1,2,...,E, (8)
B(“’? ) = 96() = B(Uz% ) in aQa (9)
and

J(u,) =7s() =I(ug,)) inZ, . (10)
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where ug € D1(R), ug € D1(Q), us € D1(Q) and f§ (i = 1,2,..., E) are given functions, while g5(-)
and jx(-) are given linear functionals. They constitute the data of the problem and it is assumed
that they fulfill Egs. (8)—(10).

An important property is that, in applications, such functions can be constructed solving local
problems, if necessary. For simplicity, in what follows it will be assumed that the BVPJ poses
a unique solution fulfilling Eqs. (8)-(10) and the notation u € D;(£2) will be reserved for it.

As an illustration consider the general elliptic equation of second order. It will be assumed
that the coefficients of the differential operator may have jump discontinuities across the internal
boundary X. Then, the boundary value problem with prescribed jumps to be considered is:

Lut=-V-(a-Vu)+V-(bu')+eu'=fy in®Q, i=1,.. E, (11)
subjected to Dirichlet boundary conditions

U= Uy on 0f2 (12)
and jump conditions

[u] = [us)] and [a, - Vu] = [a, - Vug)] on X. (13)

Here a,, = a-n. When the coefficients of the differential operator are continuous, it may be seen that
the conditions of Eq. (13), are equivalent to prescribing the jump of the function and its normal
derivative. Define the bilinear functions

B(u,w) = u(a, - Vw + byw), (14)

and the linear functions g(-) and j(-) by g(-) = B(ug, -) together with j(-) = J(uy, -). Then, the
BVPJ of Egs. (11)-(13) take the form given by Egs. (8)-(10).

5. GENERAL VARIATIONAL FORMULATIONS

By the definition of formal adjoint, there exists a vector valued-bilinear function D(u,w) which
satisfies

wlu —ul*w =V - D(u,w). (16)
It will also be assumed that

D(u,w)-n = B(u,w) —C(w,u) on 02, (17)

—[D(u,w)] - n = T (u,w) — K(w, u) on X. (18)

Applying the generalized divergence theorem [4, 62], this implies the following Green—Herrera for-
mula [25, 30, 32, 35]:

/wﬁudm— B(u,w)dx—/J(u,w)dx=/u£*wdx— C*(u,w)dx—/lC*(u,w)da:.
Q N = Q P

o0
(19)

A weak formulation of the BVPJ is
/wﬁudm— B(u,w) dx—/j(u,w) dz
Q o0 b))

= / wlug dz — B(ug,w)dz — / J(ug,w)dz  Vw € Dy(Q) (20)
Q onN b



On Jirousek method and its generalizations 329

in which in view of Eq. (19), is equivalent to
/uﬁ*w dz — C*(u,w)dz — / K*(u,w) dz
Q a0 5

= / wlugq dz — B(ug, w) dz —/ J (ug,w)dz Yw € Dy(Q). (21)
Q a0 5]

Equations (20)-(21) supply two alternative and equivalent variational formulations of the BVPJ.
The first one is referred as the variational formulation in terms of the data of the problem, while
the second one is referred as the variational formulation in terms of the sought information.

Introduce the following notation,

(Py,w) = / wludz, (Q*u,w) = / ul*wdz, (22)
Q Q

(Bu,w) = 1o B(u,w)dz, (Gl w) = /an C*(u,w) dz, (23)

(Tu,am) = / J (u,w)dz, (K*u,w) = / K*(u, w) dz. (24)

With these definitions, each one of P, B, J, Q*, C* and K*, are real-valued bilinear functionals
defined on D; () x Dy(€2) and a more brlef expression for Eq (19) is the identity

P-B-J=Q*-C*-K"* (25)
When the definitions
fEPUQ, gEB’u,a, 1 =Juyp (26)

are adopted, Egs. (20), (21) can also be written as equalities between linear functionals,

P-B-Jju=f-g—j (27)
and

(@-C—-K)'u=f—-g—j (28)
Notice that Egs. (27), (28) may be written as

(P—=B-Ju,w)=(f-g~-jw), VYweD,, (29)
and

(Q-C-K)'uw,w)=(f-g—jw), VweD, (30)

respectively. These equations exhibit more clearly their variational character.

Generally, the definitions of B, C, J and K, depend on the kind of boundary conditions and the
smoothness criterion of the specific problem. However, for the case when the coefficients of the
differential operators are continuous, Herrera [30 32, 36| has glven very general formulas for
J and K, they are:

J(u,w) = —D([u],w) - n and K(w,u) = D(u, [w]) - n. (31)
The fact that they fulfill Eq. (18) is easy to verify, when use is made of the algebraic identity
[D(u, w)] = D([u], w) + D(d, [w]). (32)

The case when D;(Q) = Dy(Q) = D(), the differential operator £ is formally symmetric and, in
addition, B = C and J = K, will be referred as the symmetric case. Since £* = £ and therefore
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P = Q, it is seen that the bilinear functional P— B —J is symmetric; i.e., P-B-J=(P-B-J)*,
and P—B—J = Q—C — K by virtue of Eq. (25). Using these facts, it is clear that in the symmetric
case the variational principles of Egs. (29), (30) are derivable from the potential

X(ﬂ)z<§(P—B—J)a—(f—g—j),a>z<§(Q—C—K>a—<f—g—j>,a> (3)

where i is any function belonging to D(£). More precisely, Eqs. (29), (30) can be written as
(X'(u),w) =0  Vwe Dy(R) ; (34)

where X'(u) is the derivative of the functional X (u); or more briefly, as X'(u) = 0. In particular,
when P — B —J = Q — C — K is positive definite, in a subspace N C D(Q) such that u € N,
then the functional X (@) yields a minimum principle for the BVPJ; i.e., X (4) attains a minimum
at @ € N C D(Q), if and only if, 4 = u.

In the case of the general elliptic equation of second order, in which the differential operator £
is given by Eq. (11), one has

L'w=-V-(a-Vw)—b-Vw+cw (35)
for the formal adjoint, and Eq. (16) is fulfilled with

D(u,w) = a- (uVw — wVu) + bw, (36)
and therefore, Eq. (31) yields

T (u,w) = tfa, - Vu] - [u](@, - Vo + byw),

: (37)
K(w,u) = ufa, - Vu] — [w](a, - Vu — byu).

Using these functions one can apply the previous definitions and obtain the two equivalent weak
formulations of Eqgs. (29), (30). In particular when b = 0, a symmetric case is obtained, because
the differential operator £ is formally symmetric and in addition B'= C and J = K. Even more,
let N C D(R) be the subset of functions which satisfy v = 0 on 99 and [v] = 0 on X, then it can be
shown that P — B —J = Q — C — K is positive definite in N C D(9). Thus, a minimum principle
is applicable when the sought solution is continuous across ¥ and vanishes on 952.

6. SCOPE

The generality of the methodologies presented in this article is great, since they are applicable to
any partial differential equation or system of such equations, which are linear, independently of its
type. The coefficients of the operators can also be discontinuous across the internal boundary 2. 1o
illustrate the wide applicability of theory the following cases are next presented: the general elliptic
equation of second order, the biharmonic equation, Stokes problem and the equations of equilibrium
of linear elasticity.

6.1. Second order elliptic operators

The formulas here presented are applicable when the coefficients of the differential operators are
discontinuous across the internal boundary .

a) Lu=-V-(a-Vu)+ V- (bu)+cu, while L'w=-V-(a:Vuw)+V-(bw)+ cw

b) Di() = D2(Q) = D() = H(Q)






