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A method is proposed for smoothing approximate fields of stress-resultants in patches of finite elements.
The method is based on combining Trefftz fields of stress-resultants in a p-version so as to obtain a closest
fit using the strain energy norm as a measure. The local systems of equations are formulated from boundary
integrals. The method is applied to a problem of a square plate modelled by hybrid equilibrium plate
elements using Reissner—-Mindlin theory. Results for the problem indicate that the smooth solution for
stresses can be in close agreement with the analytic solution in the interior of a patch. Proposals are also
included to aid the visualization of tensor and vector continuous fields as stress trajectories.

1. INTRODUCTION

As noted in [10, 15] many methods have been proposed for post-processing stress fields derived from
finite element models. Most have been directed towards the more conventional conforming models
where stress fields are generally neither statically admissible nor continuous. The usual aim is to
improve stress quality by local or global procedures for stress smoothing with two purposes in mind:
(a) to provide a better reference solution for estimating error in adaptive procedures, and/or (b) to
improve reliability of design. Stress fields from equilibrium models may be statically admissible, but
not necessarily continuous, and so again smoothing may be desirable.

Smoothing methodologies are often based on fitting polynomial stress fields by a least squares
fit with discrete values, taking each stress component separately. It is proposed in this paper to fit
local stress fields by minimising the strain energy of the difference between a stress field which is
both statically and kinematically admissible within a patch, i.e. a Trefftz solution, and the finite
element stress field.

The Trefftz patch recovery (TPR) process for obtaining smooth stress-resultants is presented in
Section 2 when the initial stress-resultant field is obtained from a general finite element model but
with special consideration of equilibrating or conforming fields. A hierarchical adaptive procedure
is described in Section 3 for application to plate problems governed by Reissner-Mindlin theory.
An illustrative problem of a square plate representing a reinforced concrete slab as a bridge deck is
presented in Section 4. In this problem stress concentrations exist due to boundary layer effects [14],
and initial stress-resultants are derived from equilibrium models. Section 5 proposes refined methods
for constructing stress-resultant trajectories to aid the visualization of smoothed fields.

2. TREFFTZ PATCH RECOVERY OF STRESS-RESULTANTS

Stress fields are considered within a patch A of elements in which the stresses derived from a finite
element analysis are denoted by opr, . These stresses may satisfy certain conditions, such as those of
kinematic or static admissibility when derived from a conforming or an equilibrium finite element
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model respectively. On the other hand neither of these conditions may be satisfied. In any event,
the stresses opg are generally not fully continuous. The aim with Trefftz recovery is to define within
a patch continuous stresses & which satisfy all the linear elastic equations whilst remaining close to
opg . One way to achieve this aim is to minimize E = |6 — oFg|| over a patch, where E refers to
the strain energy norm [14].

To this end, a vector space Tr is defined which is comprised of homogeneous Trefftz stress
fields &1 , so that & can be expressed as in Eq. (1).

{6} ={61} + {60},  where {51} =[H|{B}. (1)

The columns of [H] contain a basis for Tr, {#} contains stress parameters to be determined, and
{0} contains a particular Trefftz solution for stresses which is in equilibrium with loads distributed
within the domain of a patch. Then E can be expressed as in Eq. (2),

E = %/ {61+ 60— GFE}T[f]{51 + 69 — oFg}dQ
Q

1 3 = L =
= -2— /Q {0’1 + 09 — OFE}T{61 + €& — EFE} dQ

= Uy + Uy + Usg + /Q ({50} {1} — {oFe}T{é1} — {ore} {&0}) dO
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due to the symmetry of the flexibility matrix [f] which represents the constitutive relations. As
a function of {f}, E is re-expressed as

B = LY IFIB} ~ {8)" [ (B[ ){owe — o} df2 + (constants).
Minimization of E for a linear elastic domain is accomplished by solving Eq. (3),
F() =6}, where ()= [ [(HIHIAR and (5} = [ (HI"fl{orn - 0}de. @)

After the minimization,
{BY" {8} = (B} [FI{B} = 201,
and then E is given by Eq. (4),
E = Upg + <ﬁo - /Q {UFE}T{éo}dQ) sl or
= Upg — U1 in the absence of lateral load. (4)

Equations (3) and (4) are now considered for particular cases of finite element models.

2.1. opg is statically admissible

Since {oFg — G0} is now in equilibrium with zero lateral loads,

/ N, }{ (i = &) {i} dr = {8)T 7{ (N7 i — fo} T,
Q N N
(8} = ¢ _(N"{i-&}ar.

onN
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Thus {6} transforms to a form involving only contour integrals as in Eq. (5), where {f} and {fp}
represent boundary tractions in equilibrium with opg and 6 respectively, and the basis for Tr leads
to corresponding displacements on the boundary defined by {@} = [N]{f3}. The latter displacements
are defined to within rigid body movements. The definition of displacements can of course be
extended to cover the whole patch, leading to displacement and strain fields {@} = [N]{g8} and
{é} = [B]{B}. In this case Eq. (3) takes on the form of weak equilibrium equations for a displacement
element representing the whole patch. {d} corresponds to the generalised forces consistent with the
self-balancing boundary tractions {f — #y}, and [F/] has the form of the stiffness matrix in Eq. (6),

(7] = /A (BIT[f]7(B] 42 (6)

The strain energy of the stress solution [H]{3} is thus a lower bound to the strain energy of
this traction driven problem, and it is thus to be expected that the strain energy of [H|{8} will
increase as the space Tr is enlarged in dimension. The general expression for E in Eq. (4) can be
re-expressed as in Eq. (7),

A (ﬁo —/Qw-ﬂodﬂ— ?,{,Q {i}T{ao}dr) i 4 1)

In Eq. (7), the product w - Gy refers to the work done by lateral loads w moving through the lateral
deflection component of %y . It remains to be seen whether E can form a useful local error measure
for the patch.

2.2. opg is kinematically admissible

In this case,

/ {orE — G0} {&1}dQ = / {61} {err — &} dQ = {ﬂ}T}{ [T) {upg — @i} dT,
Q Q o0

. (8)
i ]i Y ur ~ G0}

where {upg} and {@o} represent boundary displacements compatible with opg and & respectively,
and the basis for Tr leads to corresponding tractions on the boundary defined by {t;} = [T]{8}.
Equation (3) now takes the form of weak compatibility equations for a stress based equilibrium
element representing the whole patch. [F] has the form of a flexibility matrix, and for this displace-
ment driven problem, the strain energy of the stress solution [H]{f} is again a lower bound. After

minimization of E, its form can be given by Eq. (9),

E = Upg + (00 - /Qw - upg d) — ?gn {fO}T{uFE}dP) 2N (9)

where %o denotes particular tractions in equilibrium with stresses &y, and a distributed pressure
load w.

2.3. opg is a general stress field

Recent work by Debongnie and Beckers [1] has shown that a general approximate elastic stress field
can be decomposed into two fields as in Eq. (10), one o, which is hyperstatic (self-stressing), and
one o, which is kinematically admissible,

OFE = Oe¢ + 0¢. (10)
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These fields belong to orthogonal complements of the stress space in a patch §2 which has entirely
static boundary conditions. Then,

OFE = O¢ + O¢,

/ A / YT E (5 B s / BT ah
0 Q Q
= / (61} {ec — &0} dQ = {B}T }[ {£1}T {ue — 1ig} dT,
Q on

where u,. denotes a displacement field conforming with o, . In this case,

0} = § 1TV {uc — o}ar. (11)

The expression for E takes a similar form to that in Eq. (9), but with upg replaced by u, .

Thus it can be seen that although the general aim is to recover smooth stresses in a patch, the
Trefftz procedure has an hermaphroditic nature! Its “gender” depends on the nature of the problem.
It should also be noted that in each case, [F] can also be formulated from contour integration as in
Eq. (12), which may simplify the computational aspects of Eq. (3),

7] = ﬁ _(F"Tyar. (12)

3. APPLICATION TO PLATES GOVERNED BY REISSNER-MINDLIN THEORY
3.1. Generation of a basis for a ‘Tr’ space

Stress fields are now interpreted as moment fields, and a basis for Tr can be generated from two
scalar rotation functions g and f [7]. The rotations # of a normal to the plate are defined in Eq. (13),

| 6: 6, |=| —9o -9y ] andfor [ fy —fz]- (13)

The differential equations of equilibrium lead to the biharmonic and/or the “negative” Helmholtz
equations as expressed in Eq. (14),

10
Vig=0 and/or Vif = ok fi (14)

where h is the plate thickness. In the present paper, these rotation functions will be restricted to
polynomials of finite degree, and hence Trefftz type solutions generated by the negative Helmholtz
equation are excluded. :

In terms of g, the transverse deflections w can be derived to within rigid body movements as in
Eq. (15),

h? 9
w=g—5(1—_y)-Vg. (15)
Components of moments and shear forces are derived as in Eq. (16),
My L. 0 9,2z
My ==D|v 1 0 9wy ¢
Mgy 00 i1-v) 254 (16)
{ Z: } = ~——~——-—5(1h_2_ ) - grad(V?g),

where v and D denote Poisson’s ratio and the flexural rigidity of the plate respectively.
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Table 1. A basis for Trefftz moments up to degree 4, and corresponding transverse shear forces
Ref.
No. Mg My Mgy 9z Qy
ik 1 v 0 0 0
2 v ¥ 0 0 0
3 0 0 1 0 0
4 T -z -y 0 0
5 -y Y -z 0 0
6 T Ve 0 1 0
7 vy Y 0 0 {|
8 (—z% +y?) (z% - 9?) 21y 0 0
9 —2zy 2zy (=22 +y?) 0 0
10 (22 — vy?) vz? —y? 0 2z -2y
11 2(1+v)zy 2(1+v)zy (1 -v)(z® +9?) 4y 4z
12 (-2 + 3zy?) (z3 - 3zy?) (3z%y — y°) 0 0
13 (—=3z%y + y3) (3z%y — %) (=23 + 3zy?) 0 0
14 |vz? +3(1-2v)zy® | 22 -32-v)zy? | (1-v)Bz?y—24%) | 3(2® —y?) —6zy
15 | =32-v)z’y+y® | 3(1 — 2v)z%y + vy® | (1 — v)(—22% + 3zy?) —6zy 3(—z% +y?)
16 | (z* — 622y +y*) | —(z* — 622y +¢%) 4(—23y + zy%) 0 0
17 (z3y — z1%) (—zy® + zy3) (z* — 62%y% + y1) /4 0 0
(3 -v)zt (-1 + 3v)z?
18 —6(1 + v)z%y? —6(1 + v)z%y? —4(1 - v)(z’y + zy®) | 8(z® — 3zy?) | 8(—32%y +y°)
—(1-3v)y* —(-3+v)yt
19 (z°y — vay®) (va’y — zy°) (1-v)(z*-y*)/4 | B2%y-9®) | (z° - 3z3?)

A complete set of biharmonic polynomials has been derived using complex variables and tabulated
for degree n up to n = 8 [6]. With these functions the dimension of Tr is 3 when n = 2 (constant
moments), and it increases by 4 for each unit increase in n. Thus the dimension of Tr is (4n — 5)
for n > 2. The same Trefftz functions appear as Airy stress functions in plane stress, and transverse
deflections in plates governed by Kirchhoff plate theory.

As with the case of plane stress, an alternative approach to establishing this dimension can be
illuminating as well as providing alternative means to generate the basis functions [8]. This approach
focuses directly on the moment fields and their physical characteristics. Moment fields defined by
complete polynomials up to degree p form a vector space MP with dimension 1.5(p + 1)(p + 2) in
a similar way to plane stress fields [8]. In the case of plane stress, a Trefftz subspace of dimension
(4p + 3) was created by imposing three sets of constraint equations: two sets from the equations
of equilibrium div (¢) = 0, and one set from the equation of compatibility V2(o, + 0y) = 0. Now
for moment fields three sets of constraint equations are also imposed on the coefficients of the
polynomial terms: one set from the equilibrium equation (17),

Ma,zz + 2Mgyay + Myyy =0, (17)
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Table 2. Trefftz deflections and rotations corresponding to the basis in Table 1; N.B. p = (1 —v),
a = h?/5p, and all expressions should be divided by the flexural rigidity D

Ref. = 9, 6,
No.
1 —z%/2 z 0
2 -y*/2 0 y
3 —zy/p y/p : z/p
4 (—z* + 3zy?) /6p (2 —y®) /2 —zy/p
5 (3z%y — y°)/6u —zy/p (—2% +9°)/2u
6 (—z* + 6azx)/6 z2/2 0
7 (—y* + 6ay)/6 0 y?/2
8 (z* — 62%y® +y*)/12p (—2® + 3zy%) /3p (3z%y — y°)/3p
9 (z®y — zy®)/3p (—3z%y +9%)/3p (—2® + 3zy?) /3u
10 (—z* +y*)/12 + az? — ay? z3/3 -4%/3
11 (—z%y — zv°)/3 + dazy (3z%y +9°)/3 (=3 + 3zy?)/3
12 (25 — 102%y? + 5zy*) /20 (—z* + 62%y® — y*) /4p (z3y — zy°) [
13 (5z*y — 10z%y® + y°) /20 (—z%y + 29°) [ (—z* +62%y° —y*) /4p
14 | (=2%y? + zy?)/2 + az® — 3azy® (3x%y% — y*)/2 z3y — 2z33
15 (zty — 2%9°)/2 — 3az®y + ay? —223y + zy? (—z* + 322y?)/2
16 | (—z® + 1524y — 152%y* + %) /30p | (0.22° — 223y* + zy*)/p | (—z'y + 22%y° — 0.29°) /p
17 —(z5y + zy®)/20p + 23y /61 (5z%y — 10z2y® + y°)/20p | (z° — 1023y? + 5zy*)/20u
18 _($6+—22f;i12__622:;2::_;f:)/10 (0.6z° — 2z%y® — zy*) (—z'y — 22%y3 + 0.6y°)
19 | (2% +2y°)/20 + a(z* — y*)/4 (5z*y — y°)/20 (z° — 5zy*)/20

which leads to a subspace M¥ , of statically admissible moments having dimension
L5(p+1)(p+2) — 0.5p(p — 1) = (p” + 5p +3);

and two sets from the compatibility equations (18),

h2
—UMg g+ My — (L +V)mgyy + iﬁ((mz — My) zyy — May,zzy + May,yyy) = 0,

h2 (18)
Uy My = (L D)ty 25 (7 = i)y + Mz = Miaya) = O

which leads to the Trefftz subspace of dimension (p? + 5p+3) —p(p+ 1) = (4p+ 3). This dimension
agrees with that of Tr when n = (p+2) which is required for the biharmonic polynomials to generate
moment fields of degree p.

A basis for Tr for moments up to degree 4 (n = 6) is given in Table 1 together with the
corresponding shear forces. It should be noted that when p > 1, each set of 4 additional moment
fields includes 2 which are free of transverse shear. The displacements which are derived from these
kinematically admissible moments, to within rigid body movements, are listed in Table 2.






