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Computational problems of FE-analysis
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The paper contains a review of problems connected with numerical analysis of elastic-plastic surface
structures. Given is detailed information about finite elements as well as about the algorithm of physically
non-linear analysis using the incremental-iterative Newton-Raphson method with the consistent modular
matrix. The main goal of the paper is to compare numerical results obtained with elements based on
either the volume or area approach to the formulation of physical relations. The presented examples are
obtained with the use of computer code MANKA. They illustrate some numerical problems induced by
elastic-plastic deformation of chosen types of plates.
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NOTATION

B.SEP — the level of analysis: structure (body), cross-section, element, point,
respectively,

GPLY — Gauss point with co-ordinates (¢,7,¢) in a layer { = const,

LBPT — Lobatto point with co-ordinates (£,7,() on a thickness director,

GPMS — Gauss point with co-ordinates (£,7,0) on the midsurface,

=100 NE — numbers of finite elements,

ILY =1,...,NLY - numbers of layers,
ILB =1,...,NLB - numbers of Lobatto integration points,

IGLY =1,...,NG - numbers of Gauss integration points over a layer surface,
IGMS =1,...,NG - numbers of Gauss integration points over the midsurface,
[m] — number of an increment of a control parameter (time-step),

(4)
(k)

— number of a global equilibrium iteration,

- number of an iteration for integration of constitutive relations,
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& n — isoparametric co-ordinates in a parent finite element,

F¥a — co-ordinate along the thickness direction (dimensional and dimensionless),

Xp, X - position vector of a point on a reference surface (midsurface), orientation of a vector
initially normal to the reference surface,

> — position vector of a point with co-ordinates (¢,7,(),

dg,d - displacement vector of a midsurface point; relative displacement vector of point Z,

d — displacement vector of a point with co-ordinates (§,7,{) — GPLY or LBPT point,

Jo,J - Jacobian transformation matrices from local to global co-ordinate system for

a midsurface point or a distant surface point, respectively,

o, Ao - stress and stress increment vectors at ILY layer or at ILB point,

€, Ae - strain and strain increment vectors at ILY layer or at ILB point,

AgP! — plastic strain increment vector,

S, S — dimensional and dimensionless resultant stress vector at IGMS point,

e, € — dimensional and dimensionless generalised strain vector at IGMS point,

E — elasticity matrix,

D — constitutive resultant matrix,

P — plasticity matrix,

P, €p, Kp — hardening parameter, the Odquist parameter, equivalent plastic curvature,

AN — plastic multiplier,

q, Aq - nodal displacement vector and its increment on level E,

Q, AQ - nodal displacement vector and its increment on level B in R space,

T=A, 7=(Q; - control parameter (load or displacement control),
A — load parameter (multiplier),
p* — reference load,

*

pcn — reference external nodal load vector,

Fint(Q) — vector of internal forces dependent on current displacements,
R(Q,A) = Fin(Q) — AFy,; - residual forces vector,

Kr — tangent stiffness matrix,

t — control vector.
Y1

y vector is a one-column matrix, y = : = { Y1 o YN }
Yn

1. INTRODUCTION

The aim of the paper is to present all steps of a numerical analysis of elastic-plastic surface struc-
tures. Hence, we describe the strategy of the incremental-iterative solution on the level of discretised
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structure, which is coherent with integration of the incremental physical relations on the point level
where the consistent tangent matrix is employed. Three types of finite elements are used within
the displacement finite element formulation. Two approaches are compared in the paper — volume-
based and area-based — each referred to a different definition of stress vector or resultant stress
vector. The volume approach means that the constitutive equations are formulated and solved at all
discretization points along the thickness and then stresses are integrated to obtain the generalised
stresses on the middle surface. The area approach means that the constitutive relations are formu-
lated and solved in terms of the resultant stresses directly and no along-the-thickness integration
is performed. The degenerated-continuum-theory or the plate theory is applied for finite element
formulation. For the latter case the Reissner—Mindlin formulation is applied to moderately thin
surface structures with transverse shear included. The presented description of finite elements gives
a complete set of definitions and relations which are necessary for computational implementation
(i.e. approximation of geometry, displacement field, strains, stresses). The displacements, rotations
and strains are assumed to be small and material non-linearity is only analysed. The plastic flow
rule associated with the Huber—von Mises plasticity condition is employed. The plastic hardening
is included in models based on the volume approach whereas for those based on the area approach
perfect plasticity is assumed. The employed formulae and flow charts of algorithms are collected.
The collections are intended to make the computer implementation straightforward. The described
elements are implemented in the MANKA code. Numerical examples deal with either the bending
state or coupling of bending and membrane states.

The authors realise that there are many other problems to be encountered when the class of prob-
lems is broadened beyond linear elasticity. This paper, addressed mainly for ‘beginners’, puts a stress
on some problems connected with non-linear, elastic-plastic physical laws and known algorithms of
solving them. For more details and discussion of geometrical nonlinearities (large displacements,
large strains), relaxing the Reissner-Mindlin assumption, thermal effects, numerical problems of
different types of locking and other related problems, the reader is referred to literature — for ex-
ample [6, 13, 14, 30] and lists of references therein. However, one should realise that there are a lot
of books, papers and conference proceedings dealing with these subjects, not invoked here.

2. THEORETICAL BACKGROUND
2.1. Strategy of numerical analysis of elastic-plastic surface structures

The numerical analysis of non-linear elastic-plastic surface structures combines computational tech-
niques with surface structures mechanics, theory of plasticity and finite element method algorithms.
The authors have been involved for some years in numerical analysis of such structures [1-3, 10, 17,
28].

Aiming at lucidity of the presented computational algorithm the different levels of analysis are
named after the monograph [31]: i) point P, ii) cross-section S, iii) finite element E, iv) assembled
system of finite elements also called body B. Using the incremental-iterative algorithm for the non-
linear analysis one deals with repetitive transitions between the levels: B +E -+ S =+ P —- S —
E—-+B— ...

Tracing the deformation of a structure is based on the formulation and solving of the initial-
boundary value problem. Implementation of the FE method demands both spatial and time dis-
cretization. For the incremental formulation of the materially non-linear problem the sequence of
following states of a structure is determined for the increasing value of a time-like parameter [ml .
For a sequence of increments A7 the Newton method is applied on the structure level B, as well as on
the point level P while integrating the elastic-plastic constitutive relations. Various formulations of
finite elements are possible for the analysis of surface structures. Even for the elastic range the anal-
ysis of plates and shells (thin, moderately thick, thick) is based on either two- or three-dimensional
treatment. Beyond the elastic range, in general, one deals with the three-dimensional discretization,
despite the assumption that the thickness is considerably smaller than the midsurface dimensions.



20 J. Bielski and M. Radwariska

That is the result of the fact that the along-thickness stress distribution is not known in advance.
Moreover, it is usually necessary to determine the spread of the plastic zones with respect to all
three dimensions of a structure.

The transition between two following states of a structure is described by the incremental rela-
tions coming up from the virtual work principle [26, 27, 28]

NE NE
>3 / (6Ae)T (0 + Ac)d2 = 3 / (6Ad)” (p + Ap) d€2. (1)

When using the displacement-based finite element method it is assumed that incremental kine-
matic and physical relations are satisfied, Ao = Ao (Ae(Ad)), whereas finite element approxima-
tion relates to the generalised displacement field d = d(q). Combining translational and rotational
nodal degrees of freedom the vectors q and Q together with their increments are built on the element
level E and the structure level B, respectively. The solution of so-called extended set of incremental
equations is sought for in the displacement-load subspace of RV+! [27]

Kr AAQ =R, (2)
where the following notation is used:

AAQ = {AAQ, AA}, R =({R, A7},

AAQ - subincrement of displacements,

AT - increment of a time-like control parameter,

AA - increment of a load parameter.

The extended set consists of equations for finite elements

Kr-AAQ - AAF,, =R (3)
completed with the constraint equation

tT AAQ +tyy1 AN = AT, (4)

The structure of the extended set of incremental equations is illustrated in Fig. 1.

_Fe*xt AAQ
Kr R
1+ NI AA AT
RT - AAQ = R

Fig. 1. Structure of extended set of incremental equations

The continuation process is controlled by means of the control vector £ = {t, tn4+1}. Usually,
either a specified nodal displacement or the load parameter is chosen.

For the discrete continuation method we use, the iteration procedure induces intermediate con-
figurations, which in turn implies introduction of subincrements for the generalised displacements
(Fig. 2). Hence, on level B one starts from known displacements ™ Q for a given [m]-th equilibrium
state in order to obtain a new displacement vector [mH]Q in an iterative way

Q= MQ + AQ = [MIQ + AAQW T AAGR) 1.0 AAQUD 4 AAQ®
= [mHQt-1) 4 AAQ®. (5)
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Fig. 2. Notation for calculations with Newton-Raphson method
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Fig. 3. Sketch of iteration process; a) on structure level B, b) on point level P

Two different increment schemes are illustrated in Fig. 3a,b. The first relates to level B (and
simultaneously, to the displacement space) whereas the second — to level P (stress space). The
latter scheme is employed to update stresses basing on the obtained displacement field for the
[m]-th equilibrium state. The scheme is constructed in order to ensure the path-independence of
the calculated deformations during the iteration process. The incremental equations on level B are
coupled with the incremental physical and kinematic relations Ao = Ao (Ae(Ad)) formulated on

level P. The iterative scheme for updating stresses is

(6)

1] g6) — [mlg 4 A,

It is emphasised that all level P variables are only updated after the iteration process for level B is
completed.

The general incremental-iterative algorithm is shown by the flow chart in Box 1. It presents
the sequence of calculations performed between levels B and E for a sequence of incremental steps
[1,2,...,m,(m+1)] and iterative steps (1,2,...,1%, (i +1)). The matrix K7 and vector Fint used in
the Box 1 are calculated according to a finite element model applied.



29 J. Bielski and M. Radwarnska

Box 1. Flow of computations between B — E levels

INPUT: data for discretised structure (geometry, material, boundary conditions, loads),
the way of control for continuation process (time-like parameter),
data for control parameter increments ™7, m =1,2,. ..,
admissible errors for displacements and residual forces e , g .

 GLOBAL LOOP ON LEVEL B OVER INCREMENTAL STEPS 1,...,m,m +1
For [m + 1]: Compute the actual time-like parameter [m+1l7 = [mlr 4 m+1 A7
Recall from memory the vector F},,
Compute the actual external force vector and its increment (if 7 = A)
[riige <t i (AR ste M AL o R0
[m+1]Fext S [m]Fext + [m+1]AFext

— GLOBAL ITERATION LOOP ON LEVEL B, 1,...,i,i+1,...

Recall displacement vector [™Q(2st) for § = 1 or [m+1UQU-1) for > 1

Compute the actual tangent stiffness matrix [m“]Kgf)
loop over finite elements IE = 1,..., NE
recall information on previous [m]-th element state

Box 2, 3 or 4 — OUTPUT a) k{y),,

assemble k(qf(e) — Kg) (E—B)
end of loop over IF
Compute the actual residual force vector R
(mHIR(D) = mIp{last) for (i) =1
[m+RG) = [m+1]p . F2 — [mHURE-D - for () > 1
Build and solve the set of incremental equations (indices [m + 1], (i) omitted)
Kr ARQZFY, “ARER
tT - AAQ+tn41 - AA = AT
Calculate the subincrement of the displacement vector [m+HAAQ(®
Add subincrement to the total displacement vector
m+1]Q() = [m+1]Q(i-1) 4 [m+1]AAQ®X

Compute the actual internal force vector [m“]Fi(ﬁjl)

}AKT-AAQ:R

loop over finite elements IE = 1,..., NE
use information on [m + 1]-th element state

Box 2, 3 or 4 — OUTPUT b) £{})

assembling f((:;rl) — [m+URGE+) (E - B)
end of loop over IE

Check convergence

[m+1AAQW| <eq and ||RI| = ™+ F ey — " HUFSVN < en
0 ] 1
l {

Inext iteration () — (2 + 1) ] store information on current

[m + 1]-th structure state

go to next increment
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2.2. Finite element discretization of surface structures

Even within the frame of displacement finite element models various approaches to the foundations
of plate/shell elements are possible. For example, there are either three-dimensional or continuum-
based plate and shell elements or continuum-based resultant elements [11, 22, 25, 29]. Also, two-
dimensional elements based on a chosen surface structure theory are possible. So, various elements
based on so-called ‘volume’ or ‘area’ approaches are distinguished.

In the present paper three types of elements are described in detail. They are referred to as:
1. CBSE-V - continuum-based surface element/volume approach, 2. RSE-V — resultant surface
element /volume approach, 3. RSE-A — resultant surface element/area approach (Fig. 4). The de-
tailed explanation of the above models is given below in Subsections 2.2.1 through 2.2.3. For com-
pleteness, all definitions and relations which are an important supplement of this point are collected
in Boxes I-VII in the Appendix.

The basic items different for particular models are discussed below, whereas the schemes of
calculations on the level E are presented as flow charts in Boxes 2, 3 and 4. The charts in boxes are
recalled in the main algorithm of numerical analysis. The calculation schemes for element matrix k.
€

and vector f£, are also given in the boxes.

Fig. 5. Description of geometry and kinematics






