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The macroscopic equations describing the process of solidification in binary systems are usually introduced
via the volume averaging technique. A different approach to obtain these equations, based on the ensemble
averaging technique, is proposed in the paper. This technique was used to derive energy and solute
conservation equations and the basic constitutive relations appearing in the macroscopic description of
the solidification phenomena occurring in the mushy region. In general these relations are non-local and
account for non-equilibrium processes. Problem of thermodynamic equilibrium (thermal and chemical) is
also discussed. Formulae for enthalpy and porosity of the mushy zone, in the latter case, are given.

1. INTRODUCTION

Solidification problems play an important role in material processing (like casting of steel, non-
ferrous alloys, metal-matrix composites) [1, 24|, the ground freezing technique, in phase change
materials used in thermal energy storage systems, etc. In most of these processes multicomponent
solutions are present. These multicomponent solutions undergo solidification over a range of tem-
peratures which causes a solid-liquid mixture to be formed.

The solid-liquid zone, where solidification takes place and known as a mushy region, consists
of solid and liquid phases of varying proportions and often makes a substantial part of the whole
system [1, 23]. As properties of this system undergo step-wise variation when crossing the phase
boundaries, the mushy zone can be treated as a heterogeneous medium. This heterogeneous medium
has however some specific, distinct features which are not met in other heterogeneous media like
composites, granular or porous media. Within the mushy region proportions of solid and liquid
vary in time and space. Thus porosity of the heterogeneous medium is varying from place to place
and its determination makes part of the problem [1, 16]. Moreover, transport phenomena occurring
in the individual phases and the mutual interactions between solid and liquid are assisted by the
phase-change phenomenon with heat generation at the solid-liquid interface. Thus the mushy zone
is a heterogeneous medium with local heat sources [9].

Complex microstructure of the mushy region is the main reason for carrying out the analysis on
the macroscopic scale, the scale that smoothes out local variation of field variables caused by presence
of dendrites or equiaxed crystals formed during the solidification. Thus, before any numerical imple-
mentation, a problem of macroscopic modeling of heat and mass transfer phenomena in the mushy
region should be addressed. Replacement of the transport phenomena occurring in a two-phase
medium with step-wise varying properties (referred as microscopic description) with corresponding
transfer phenomena occurring in a single phase continuum with constant or smoothly varying effec-
tive properties (macroscopic description) is often known as the homogenization [8]. When carrying
out homogenization two basic problems should be answered: (i) how the macroscopic equations look
like and (ii) how to determine the effective properties?

Different methods (spectral, variational, volume averaging, ensemble averaging, etc.) were used
to obtain macroscopic description of phenomena occuring in heterogeneous media. The volume aver-
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aging method and the ensemble averaging are the most common and claim generality of application.
It should be however stressed that they are different and, in general, lead to different results.

The macroscopic equations describing the process of solidification are usually introduced via the
volume averaging technique (2, 12, 17, 16, 19]. The volume averaging method is based on the concept
of a representative elementary volume (REV). Any macroscopic, physical quantities appearing in
equations obtained as a result of this method are understood as spatially integrated over the REV
and related to the centroid of the REV. Speaking about variation of the macroscopic quantities over
distances smaller than dimensions of the REV makes no sense within this approach. Limitations of
the volume averaging are realized by some investigators and extensions of this approach are sought
which are based on introduction of some weighing functions and using the theory of distributions [18].

A different approach to describe solidification process in the mushy region, based on an ensemble
averaging, is proposed in the paper. The ensemble averaging comes from theory of random fields
and stochastic processes where it has proved to be useful in finding solution of many problems
that appear both in description and understanding of the transport phenomena [3, 4, 13, 14]. The
approach is based on the concept of an ensemble of realizations of the microstructure [5, 8, 11,
20] and does not need the notion of the REV. Any macroscopic, physical quantities appearing in
the macroscopic equations obtained with this method are understood as statistically mean values
(awaited values) defined in any point in the medium. Although the ensemble averaging method has
been applied to macroscopically nonhomogeneous media [20], i.e. with effective properties varying,
to the author’s knowledge it has been not used in solidification problems.

The scope of the paper has been limited to presentation of the solute concentration and the
energy equations. In both cases the microscopic constitutive equations in both solid or liquid phase
have the same form (Fourier and Fick’s laws). The case of the macroscopic momentum equation
has been set aside as the microscopic constitutive relations are different in both phases (solid is
rigid) [1, 2, 10]. .

The paper has been organized in the following way. The second section presents basic ideas and
definitions associated with the ensemble averaging method. The third section containes derivation
of the solute concentration equation and shows how assumption of local, macroscopic equilibrium
effects description of the solute transport in the mushy region. The next section discusses the energy
equation and limitations in its form introduced by the assumption of local, macroscopic thermal
equilibrium. The fifth section presents formulae for the macroscopic enthalpy of the mushy zone
when treated as the single phase continuum and derives a formula for the local porosity (liquid
fraction) in the mushy zone when both local thermal and chemical equilibrium are valid. Finally the
last section gives a brief summary of the main results and suggests problems to be further resolved.

2. FUNDAMENTALS OF THE ENSEMBLE AVERAGING

Let us assume that solidification of the binary mixture occurs in a volume V' containing two phases —
solid (S) and liquid (L). A set of characteristic points, which may be treated as nucleation sites, are
spread all over the considered volume. A nucleation site, when activated, may give rise to a formation
of the solid phase. Any spatial distribution of these points is considered to be a different configuration
so that an ensemble of configurations is formed. The probability density function associated with
the ensemble 2 has been denoted as p(2).

For any moment of time ¢ and any configuration Q, distribution of the phases is described by
the so-called structure (characteristic or phase) function [8]

1= or X € W,
Bom bty ok i

where V; denotes the volume filled with ¢-th phase. It is also convenient to introduce a generalized
variable defined as

f(t7 XIQ) o OS(ta XIQ) fS(t7 XlQ) 3 eL(t7 X|Q) fL(ta XIQ) (1)
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which allows to write the governing equations in one, unified way.
Before deriving equations describing macroscopic transport processes it is useful to define two
different ensemble averages. The first of them is the bulk (macroscopic) average

(620 = [ 1ex10)p@) a0 @

which should be understood as the awaited value in the statistical sense. If function f is taken to
be the structure function 6; then its bulk average is equal to the volume fraction of the i-th phase

{gi(t’ x)} = 5i(t’x) ¢ (3)
The second average is the phase (intrinsic) average {f}; defined by the relation
{0i(t,x) f(t,x)} = ei(t,x) { (¢, x)}; (4)

which gives the mean value of the respective function in the i-th phase.
The bulk averages of the basic thermodynamic variables like temperature 7" and solute mass
concentration C' can thus be expressed as

{T(t,x)} = es(t,x) {T(t,x)}g +er(t,x) {T(,x)}, , ()
{C(t, %)} = es(t,x) {C(t,x)}g +er(t,x) {C(t %)}, , (6)

while the bulk velocity in the medium, when the solid phase is assumed to be stationary, is given
by

{w(t,x)} = er(t,x) {w(t,x)} -

One of the specific features of the ensemble averaging technique is that the operator of the
ensemble averaging commutes with differentiation with respect to x and ¢ [11]. This occurs by
virtue of independence of the probability density function on the space variable and time.

The problem of relation between the ensemble and volume averaging has been discussed in
a number of papers [4, 8, 11, 13, 20, 22|. In these cases, where the REV exists, it is possible to
compare results coming from these two approaches using the ergodic theorem [3, 11, 20]. When
the ergodic theorem holds, i.e. when the macroscopic fields, obtained by statistical averaging, are
stationary then volume averaged quantities are equal to ensemble averaged. There are many cases
when the condition of stationarity does not hold even if the REV can be distinguished in the
medium. For instance in the unsteady states of heat transfer (when not whole of the REV is filled
with thermal disturbance), near the external boundaries or close to solidus or liquidus lines (where
the microscopic properties of the material vary), in places where heat sources or sinks are present or
the microstructure of the medium is varying (mushy zone). In all these cases, in order to properly
apply the ergodic theorem, one should look for locations where the condition of stationarity holds.
These may be, for example surfaces, parallel to solidus or liquidus lines over which spatial integration
should be carried out (8, 22].

3. SOLUTE BULK CONCENTRATION EQUATION

Within limits of validity of the Fick’s law for solute diffusion the equation describing solute transport
in the medium can be written as

8 (pC) + V - (wpC +j) = 0. (7)

As the concentration C'is discontinuous at the phase boundaries it is convenient to use the concept
of solubility M defined by the expression

M(t,x|Q) = 0s(t, x|k + 0L(t,x|Q) (8)
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where x stands for the partition factor equal to k = Cg/Cyr at the interface between the phases.
The product of solubility and concentration is continuous across phase boundaries [14]. This allows
to write the Fick’s law for the solute flux j in the alternative form

j=—(D/M)V(MC) 9)
where
D(t,x|Q)) = 0s(t,x|Q2) Ds + 01 (t,x|Q)Dr,

is the solute diffusivity.
The ensemble averaging of the solute concentration, Eq. (7), leads to

o{pC} + V - {wpC +j} = 0. (10)

In order to find the final, macroscopic form of the solute concentration equation the ensemble
averages appearing in the above equation should be expressed as a function of the bulk concentration
{C}. This can be achieved if relation between microscopic concentration C' and its bulk value is
known. The solute concentration is written as

G Bogf G} € (11)

where Peq stands for phase equilibrium function and C' denotes a fluctuation. The formal relation
between C and {C} can be derived, in a manner identical to presented in [8], using the Green
function theory, and the final expression can be given in the following form,

t t
(MC) = {MC} + /0 /V oo - V'{MC}dV'dr + /0 /V o 8, {MC} dV'dr . (12)

The functions ¢¢ and 9)¢ satisfy the following integro-differential equations:

t
e = /0 /VVG [(wp)'pc — D'(18:8x + Vo) — {(wp)'pc — D'(161dx + Vepc) }] dV'dr
t
: /0 /V G [(wp)'88x + £/ (Brpc + pcds) = {(Wp)'88x + ' (Orpc + cbr) }] dV'dr, (13)
t
Yo = /0 /VVG - [(wp)'vbc — D'Vipe) — {(wp) "o — D'Vipe) }] dV'dr

t
¥ /0 /VG [p,(aT'(pC A "pC(ST 15 576x) EL {pl(aT¢C + "»ZJC(ST r Jtéx)}] dvldTa (14)

where:
(wp)' = wp/M —w,p,, D'=D/M-D,, p =p/M-pr.

The subscript 7, in the above definitions, denotes certain reference quantity associated with the
Green function G while §; and 65 stand for Dirac pseudofunction.
Using Egs. (11) and (12), and the assumption {MC} = const, it is possible to obtain the following
expression for the equilibrium function
K 1

—_— 4 0r(t,x|Q) —— .
. L( |)6L+n€s

Pey(t,x|2) = 0s(t,x|) g

(15)

Substituting Eq. (12) into the ensemble averaged terms appearing in Eq. (10) allows to write the
latter in the following form,

t t
et Bl @ /0 /V Dy - V'{C} dV'dr — /O /V Voot 0:{CYAV'dr,  (16)

(woy = e} [omnoy + | [ vicravars [ [ meoricravar], an
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where

Det = {DPeq(16x0: + Vo) } — (p/M)L{M Peq {0 Wec}
veet = {DPeqVpc} — (p/M)L{MPeq}{0 Wy},

let = {p/Mepc},

et = {p/Mrpc}.

(18)

The relation between the considered averaged terms and the bulk concentration, given by
Egs. (16) and (17), are thus nonlocal. The nonlocality denotes that the macroscopic solute flux
in the considered point in the medium depends not only on the macroscopic solute concentration
in the same point and moment of time but on the macroscopic concentration distribution in the
whole medium both in the considered moment of time as well as that existing in the past [8, 14].
The terms in Egs. (16) and (17) that contain time derivative of 8;{C} are connected with relaxation
phenomena of the bulk solute flux {j} and the bulk volumetric concentration {pC}. It should also
be noted that some part of the advective solute flux is dispersed on the macroscopic scale and on
the level of the macroscopic description the fluid velocity enters diffusive terms. Symbols D , ver ,
Cef » Hef , stand for the effective properties of the mushy zone which, according to Eq. (18), can be
determined from knowledge of microscopic properties of solid and fluid and microstructure of the
mushy zone hidden in the microstructure functions ¢¢ , ¢ .

Many length-scales are usually observed in the mushy region. There are connected with details of
microstructure of the considered medium and with variation of the solute macroscopic concentration
distribution. The specific feature of the non-local form of the consitutive relations given above and
in the subsequent Section 4 is that they take into account all of the mentioned scales and no scale
order analysis is necessary.

Nonlocal phenomena describe locally non-equilibrium processes. Non-equilibrium process in case
of solute transport denotes that, on the macroscopic level, the solute is exchanged between the
phases. One of the ways to approximately account for chemical non-equilibrium is the so called
diffusion model that relates the intrinsic solute concentration in solid and liquid (or the bulk solute
concentration and the intrinsic solute concentration in the liquid). This kind of a model, that is
often additionally adopted in literature bears postulative character [12, 19, 23]. Another way of
accounting for chemical non-equilibrium is, the so called, two-equation (two-fluid) model [1] in
which averaging, in the mushy zone, is carried out separately for each phase and exchange of the
solute between phases taken into account on the macroscopic level.

3.1. Local chemical equilibrium

As previously mentioned, for solute transport many lengthscales can be observed in the mushy zone.
It is possible, in some cases to make order of magnitude analysis and simplify the constitutive rela-
tions given in Egs. (16) and (17). This can be done by carring out expansions of the microstructure
functions ¢¢ , ¢ in the growing powers of the characteristic microdimension ¢. This microdimen-
sion is understood as the largest from length-scales describing local microstructure of the mushy
zone (e.g. primary dendrite spacing). Retaining of the lowest order terms in these expansions leads
to the approximation of local chemical equilibrium in the mushy zone.

In order to discuss the problem in more detail let us calculate phase averages applying defini-
tion (4) to expression (12). This leads to the following formula

t t
{MC’}Z-:{MC'}—I-/0 /V{cpc}i-V'{MC}dV'dT—l—/o /V{wc}i&r{MC}dV'dT (19)

~
non-equilibrium part






