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Vibrational power flow in beam-plate structures
Part I: Basic theory
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This paper presents the expressions of Vibrational Power Flow (VPF) in Beam-Plate Structures (BPS).
These expressions are derived based on structural dynamics. BPS is composed of a constant cross-section
beam and a thin flat rectangular plate. In expressions the plate is four-edge simply suppored and four-edge
fixedly supported, respectively. The numerical calculation of these expressions is implemented. Meanwhile,
the different parameters of beam and plate are also considered in the calculation. Finally, the numerical
solutions of VPF in BPS are compared with the corresponding the measured VPF. The numerical VPFs
have a good agreement with the measured VPF. The results of VPF provide a tool for analyzing vibra-
tional energy transmission between the support roller and the armored plate of tracked vehicles.
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1. INTRODUCTION

BPS are widely applied to vehicular structures or other engineering structures. In BPS when the
beam subjects to a harmonic force or an alternative bending moment at its free end, the partial
vibrational energy will transfer to the plate which couples with another end of the beam. As the
support roller shown in Fig. 1(a), its axle is welded on the side armored plate of tracked vehicles.
When the support roller subjects to an external excitation, vibrational energy is easy to transmit
to the plate through the axle. It is seen that the axle and the armored plate consist of a typical
BPS. The research results in reference [1] indicate that the sound radiation of armored plates relies
mostly upon the vibrational energy which is injected through the axle of support rollers.

[Fig. 1(a)]
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Fig. 1. (a) Support roller; (b) substructures of BPS

a

The sound radiation of the armored plates is the main noise source inside tracked vehicles [1].
The energy on which the sound radiation depends is mostly transmitted by the axle of support
rollers. The key to the noise problem of tracked vehicles is to investigate that the motion behavior
of vibrational energy between the roller and the plate; to understand how the parameters of BPS
exert an influence on VPF? It is expected that the work be able to lay down a fundation for solving
noise problem of tracked vehicles.

2. EXPRESSIONS OF VPF IN BPS

As shown in Fig. 1(b), when force F' applies at point 1 at the free end of the beam (z = [), bending
moment M, and shear force Qo will occur at the joint 2 which is at = 0 on the beam. The
angular displacement 6 is the relative motion between the beam and the plate. Because a thin flat
plate is considered in the analysis, we can neglect the influence of shear force and inertial moment
in the plate on plate’s vibrational behavior. The BPS in Fig. 1(b) can be divided into a beam
substructure and a plate substructure. In the following analysis, only a four-edge simply supported
plate is involved. The velocity at point 1 on the beam is given by [2].

Vi = FG11 + M2Gho (1)

in which G717 and G2 are the input mobility at point 1 and the transfer mobility between point 1
and 2, respectively. They are defined as

Gi =Vi/F, (2)
Gij =Vi/ Fj, (3)

where V; is the velocity response at point i; F; and F}; are respectively the forces at point ¢ and
point j. For the moments, the angular displacement and velocity in Fig. 1(b), there are the following
equalities.

M3y = — Moy,
02 = 03, (4)
6y = 03.

In a similar way to Eq. (1), the angular velocity 6; is expressed as

0y = MaGog + FGa. (5)
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Combining Eq. (4) with Eq. (5) and considering

03 = M3Gas, (6)
moment My is given by

My = —FGa1 /(G + G33). (7)
Subsituting Eq. (7) into Eq. (1), the input mobility at point 1 is given by

G =WV1/F = G — [G12G21/(Ga2 + G33)] . (8)

The VPF in the structure including two substructures is defined as [3]
i
P)in(tr) = '2_IF(M)I2RB {Gz(z])} ) (9)

in which Py is the input (transfer) VPF; F(M) is force (moment) and Gy(;j) is input (transfer)
mobility. Subsituting Eq. (8) into Eq. (9), the input VPF injecting into beam is expressed as

Py = %IFI2RG {Gi(ij)} = %|Fl2Re{Gu — [G12G21/(Gaz2 + G33)]} - (10)
Substituting Eq. (7) into Eq. (4), moment M3 is given by

M3 = FG21/(Ga2 + Ga3). (11)
Substituting Eq. (11) into Eq. (9), the transfer VPF from the beam to the plate is expressed as
Py = %|Ms|2RC{G33} fs %|F|2|G21/(G22 + G33)|*Re {Gas} . (12)

Evidently, in order to know VPF in BPS, the first step is to get the input and transfer mobilities
related to the beam and the plate.

3. MOBILITIES RELATED TO BEAM

The general form of vibrational equation of beam yields [4]

o Py 0
E Iw ;% pAbW - p(z,t) i %m(l"t)a (13)

where E* = E(1 + in) is the complex modules of elasticity and n the structural loss factor; I the
inertial moment; p the material density and A the cross-section area of beam. For distributed force
p(z,t) the solution of Eq. (13) may be supposed to be

LAY i Cj)’j(a:)ei“’t, (14a)

j=1

in which Yj(z) is the j-th order eigenfunction of beam. It can be expressed as Yj(z) = shf;z +
r;jsin gz, where r; = shf;l/sin §;l; | is the beam’s length; C; is given by

Cj = Pi/ {M; [w?(1 +in) - w?] } , (14b)
l

where P; = [ Fyo(z — )Yj(z)dz = FoYj(l) and j-th order generalized mass of beam is M; =
0

l
({ pAY?(x)dz.
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3.1. Input mobility G;; and transfer mobility Go;

Substituting Eq. (14a) into Eq. (13) and then taking force p(z,t) in Eq. (13) as a simple harmonic
force Fpe™t, Eq. (14a) is simplified by

y(z,t) = ZFOY OY;(@)e™t/ {M; [w (1+'L?7)—-u,]} (15)

By differentlatlon with respect to time ¢ of Eq. (15), the velocity at point 1 on the beam is given
by

= By(x,1) /0t |p—t = zpow(z e (iw)/ { M; [w3(1 +im) — 2]} . (16)
In term of Eq. (2) input moblhty G11 is expressed as
Gu = Y Y7 (w/ { M In +i(r - DI}, (17)
j=1

where ); is frequency rate, i.e., \j = w? /u,J2 Differentiating with respect to z and ¢ of Eq. (15),
angular velocity at point 2 on the beam is given by

= 8%y(z,1)/0z0t |peo = i Y;(0)Y;(0) Foe™(iw)/ { M; [w2(1 + im) — w?] } . (18)

=1

And then by means of Eq. (3), the transfer mobility between point 1 and point 2 on the beam
yields

Gm—ZY (0)Y; (1) u/{]\/[,w2[n+z()\ —1)]} (19)

3.2. Input mobility G, and transfer mobility Gio

When a moment excitation presents the harmonic form, i.e., m(z,t) = —Mye’“t5(z — 0), Eq. (14a)
is also expressed as

y(z,t) = i —Y}(0)Y;(z)Moe™t/ {Mj [wf(l +in) — wz] } . (20)
=1

The velocity at point 1 and the angular velocity at 2 point on the beam are given by, respectively

Vi = 00(e, /0t emt = 3 VIO ) Moe )/ {1 [u31 + im) 2]}, (21)
j=1
0, = 0%y(x,t)/0x0t | st = i e [Yj'(())]2 Moe™t(iw)/ {M,- [w]?u +in) — J]} . (22)
j=1

Substituting respectively Eq. (22) into Eq. (2) and Eq. (21) into Eq. (3), G22 and G2 are given by

[ee)

G = Y [YO)] w/ {Mu I+ - DI}, (23)
j=1
Gig = Z Y (O)Y;()w/ { Mje? In+i(x; - 1]} (24)

j=1
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4. INPUT MOBILITY RELATED TO PLATE
4.1. Input mobility of four-edge simply supported plates

The vibration equation of thin plates yields [5]

0w
BV2V2w(1 +in) + pAp——s pTe = {2, Y, 1), (25)

where B = Eh3/[12(1 — p?)] is the complex stiffness of plates in which E is the modules of
elasticity, A the thickness and p Poisson’s ratio; p the plate’s density; n the plate’s loss factor; Ay,
the area of the plate and g(z, y, t) the load per unit area of the plate. The closed solution of Eq. (25)
is given by

B i i Anm sin(mmxg/a) cos(nmyg/b) sin(mnz/a) sm(mry/b) Mo,
m=1n=1 ab2ph' [ m,n(l T '”7) — "“2]

(26)

Based on the equation above, the angular velocity at point 3 on plate in direction ¥ is given by

2.920: N 12 mmnxo 9 [ MTYo
Pw(z, y,t) An7*(iw) sin <—a )cos (——-—b

Ayot

st i i >M06iwt (27)

éy({b(], 2/0) F2
z=z0,y=yo m=1n=1 ab3ph [w?n,n(l +in) — w2]

Substituting Eq. (27) into Eq. (2), the input mobility of plate yields

4un?n?

0 (IOa y(] 2 2
G e b i 2
33 = 7 mX:lnz—:sm (mmao/a) cos“(nmyo/ ))ab3phw$n,n 7+ 0o = 1] (28)
4.2. Input mobility of four-edge fixedly supported plates
The response of fixedly supported plates can be supposed to be the folowing form
w(z,y,t) Z Z Won (2,91 Crine™®, (29)

m=1In=1

where Wi, n(2,9) is the (m,n)-th orders eigenfunction; Cpn = (Pmn/Mmn) [wfn,n(l +in) — w2]

in which P n = MoOWonn(0,90)/0y and Mpn = [ [, phW2, ,(z,y)ds which is (m,n)-th orders
generalized mass of plate. Refer to [5], the approximate solution of eigenfunction W (z,y) in Eq. (29)
yields

0 0

W(z,y) = Z Z Cm,nXm(xa Yo (y), (30)

m=1n=1

where
Xm(z) = (co8fmx — chBmx) + rm(sin Bz — shB,x),

Ya(y) = (cosany —chany) + sn(sinamy — shagy),

Bl e w)l—w; T'm = (C0s fma — chfBna)/(sin frna — shBna),
g = M; 8n = (cos apb — chayb)/(sin ay,b — shay,b).

b
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Substituting Eq. (29) into Eq. (2), the input mobility at point 3 of four-edge fixedly supported
plates yields

R Z Z [ann(xo,yo)]

m=Ln=1 9y

(31)
(“’Tzn,n [T] e 'i()‘m,n =3 ]//ph (.’I,' y

5. VPF EXPRESSIONS OF BPS

5.1. VPF Expressions of BPS in the case of four-edge simply supported plates

Substituting in turn Egs. (17), (19), (23), (24) and (28) into Eq. (10), and then Egs. (19), (23) and
(28) into Eq. (12), the input and transfer VPSs in BPS are given by

= IFI Re i Yn(le 1 — ab’phlY;,(0)]? f:
- 2 Moo — i1 = )] mO 2
(wrzn,n . . c"’2)
abPph[Y},(0)]2(w2, , — w?) + Mpmw?2,[n — i(1 — Ap)] X [4wn27r2 sin? (mZ’”") cos? <..__”7;) ’JO)]

(32)

Pe=tFEY S

m=1n=1

ab®phY (0) Yo (D) (wim — ?)
ab’ph[Y,, (0)]2(w?, » — w?) + [4n27r2u,w [n —i(1 — Ap,)] sin® (mzxo) cos? (@)]

b
. o [ MTIg nmYo
dn*r?w(w?, , — w?)sin? (T) cos? (—b‘/——)

ab3ph [(w?n’n —w?) + w?n,nnﬂ

X

(33)

5.2. VPF Expressions of BPS in the case of four-edge fixedly supported plates

In Egs. (10) and (12) only substituting the input mobility of four-edge fixedly supported plate for

the input mobility of four-edge simply supported plate, the expressions of input and transfer VPFs
are given by

e[S MR 5~ a0 |
Pin—§|F|2{ZM wz[n—i(l—/\m)]}{l_z A(m,n)}’ &

m=1"T""m R
where
; (Y (0)? Wi n(0,70) 12
A(m,n) = Mpw? [n —i(1 — M) {M w;'[L —(z'()l] T 3 [ ,a(;ﬁo yo)]

ph(w, , — w?) // mn(x y)dxdy
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Yn(OYn®|*
¥(m,n)

Cr)va'n(-rCHyO)jI2
Bfix2 )
w?(A5, — 1) [—ay

ph {(w?n,n w?)? + (w2, n) / / (2, Y dwdy}

=P Y S

m=1 n=]

, (35)

in which

U(m, n) = w[Yp,(0)”

+ {phme,znm(w?n —w?)n =il = An)] {an" 20,0 ] // n(@,y)dzdy }

6. NUMERICAL SOLUTIONS OF VPF IN BPS

The numerical solutions of Eqgs. (32)—(35) are represented in Figs. 2 through 7. In these numerical
solutions, the sizes of beam are | = 300 mm (length), w = 50 mm (width) and ks = 5 mm
(thickness); the sizes of plate are a = 1000 mm (length), b = 500 mm (width) and h; = 6 mm
(thickness). The beam and plate are tha same material, i.e., carbon steel. Its elasticity F, Poisson
ratio u and density p are 2.0 x 101 N/m?2, 0.03 and 7800 kg/m?, respectively. The frequency range
of the numerical calculation of VPF is from 0 Hz to 1000 Hz.

Under the boundary conditions of four-edge simply supported and fixedly supported plates, in
the following numerical VPF, it is involved that the different thicknesses and areas of plates, the
different lengths of beams, the different coupling positions between beam and plate and the different
loss factor rates of beams to plates.

6.1. Different thickness and areas of plates

When the size of beam is unchangeable, and only the thicknesses of plates are taken as 3 mm, 6 mm
and 15 mm, the numerical solutions are shown in Fig. 2 and Fig. 3. The average VPF in analytical
frequency range are listed in Table 1. In Fig. 2(b) the sizes of beam and plate are 300 x 50 X 5 mm
and 1000 x 500 x 6 mm, respectively.

Table 1. Average VPF in BPS in the cases of different thicknesses and areas of plates

thicknesses (h1)* 3mm 6mm 15 mm | areas (ax b)* 023 m? 05m? 1.13 m?

Pin(dB) AT R YT Pin(dB) 220Ny »2.18, 1+ 215
P(dB) SN =8y | ~43D Pi.(dB) 415 -327 =321

Note: * other parameters of the plate and the beam are the same as the parameters of the
beam and the plate in Fig. 2(b).

According to the results represented in Fig. 2, Fig. 3 and Table 1, it is clear that (1) the thickness
of the plate has greater influence on the transfer VPF than on the input VPF; (2) when increasing
plate’s thickness, the transfer VPF will be much less than the input VPF. If plate’s thickness
increasing by 3 mm, i.e., the thickness from 3 mm to 6 mm, the transfer VPF will only decrease by
0.3 dB. However, when increasing plate’s thickness by 9 mm i.e., thickness from 6 mm to 15 mm,
the transfer VPF will decreased by 1.03 dB. This is why input mobility Gss in Eq. (28) will decrease
with the increase of plate’s thickness. The plate’s input mobility Gsz has relative strong ability to
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govern the transfer VPF; and (3) because natural frequencies of plate decrease with the increase
its area, increasing plate’s area will result in much plate’s more modes to participate in VPF.
Consequently, both input and transfer VPFs will increase. When increasing plate’s area by 0.27 m?
(the area from 0.23 m? to 0.5 m?), the transfer VPF will be increased by 0.88 dB. But if increasing
the area by 0.613 m? (the area from 0.5 m? to 1.13 m?), the transfer VPF is only increased by
0.06 dB. Evidently, when plates area is relative small, it is more easy for VPF to transmit from the
beam to the plate.

6.2. Different lengths of beams

For three different length beams, i.e., 150 mm, 300 mm and 500 mm, the numerical solutions of
VPF are shown in Fig. 4. When beam is 300 mm long, the calculated results are the same as those
shown in Fig. 2(b).

Figure 4 shows that (1) even though the input and transfer VPFs all increase with the increase
of beam’s length, the influence of beam’s length on input VPF is not great as on transfer VPF;
(2) when increasing beam’s length by 150 mm, i.e., the length 150 mm to 300 mm, the transfer
VPF will be increased by 1.97 dB. However, the length is increased by 300 mm (from 300 mm to
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500 mm), the transfer VPF do almost not increase. Thus the plate which couples with a relative
short beam is to absorb VPF easily; and (3) as shown in Fig. 4, for the relative long beam the peak
amplitudes of the input VPF will increase.

6.3. Different coupling positions between the beam and the plate

Figure 5 shows the numerical VPF in the case of the beam coupling at plate’s corner. When the
beam couples with plate’s center, the numerical VPF have been given in Fig. 2(b) before.

Comparing Fig. 5 with Fig. 2(b), the input VPF in the case of the beam coupled at the corner
of the plate is 0.68 dB greater than coupled at the center of the plate. For transfer VPF, on the
contrary, the former is less than the latter by 0.73 dB. This is the reason that the input mobility
of late’s center is greater than that at plate’s corner. In addition, when a corner of plate subjects
to an excitation, there will be much more plate’s modes to participate in VPF. Hence for this case
the transfer VPF will increase greatly.
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6.4. Different loss factor rates

The loss factor rate is defined as the loss factor of beam to the loss factor of plate, i.e., Rq = loss
factor of beam/loss factor of plate. Figure 6 shows the VPFs under the conditions of four different
loss factor rates, i.e., 0.1/0.001, 0.01/0.001, 0.001/0.01 and 0.001/0.1.

According to the numerical VPF as shown in Fig. 6, these conclusions can be drawn below. (1)
the loss factor rate does not change the frequencies at which the peaks of the input and transfer
VPF are; (2) when the loss factor of the beam is larger than of the plate, the curves of the input
VPF relative smooth as shown in Figs. 6(a) and (b). However, if the loss factor of the plate is greater
than that of the beam, these peaks of the input and transfer VPFs in Figs. 6(c) and (d) is not so
steep as those in Figs. 6(a) and (b); and (3) simultaneously increasing beam’s loss factor decreasing
plate’s loss factor, the transfer VPF will decrease greatly, and input VPF only increase slightly.
When beam’s loss factor is far greater than plate’s loss factor by about two-order of magnitudes,
the transfer VPF is 2.35 dB less than the input VPF. In other words, the transfer VPF is less than
5 thousandths of the input VPF.
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5B B
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6.5. VPF in BPS in the case of four-edge fixedly supported plates

All parameters of the beam and the plate in this case are the same as those of four-edge sim-
ply supported plate. The average input and transfer VPFs for different sizes of beams or plates,
the coupling positions and the loss factor rates are listed in Table 2. Figure 7 shows the numerical
VPF.

From Table 2 and Fig. 7, it is seen that the input and transfer VPFs have the same characteristics
as those VPF's in the case of simply supported plate in the frequency range of interest. There exist
only quantitative dissimilarities between them. Generally, the VPFs in the case fixedly supported
plate are relatively less than those in the case of simply supported plate. The difference is about
from 1 dB to 1.5 dB. The peaks of the transfer VPF are also decreased by 3-5 dB. This indicates
that in this case it is more difficult for an excitation source to inject vibrational energy into BPS.
And it is also not easy for VPF to transmit from beam to plate.

Table 2. Average VPF in BPS in the case of four-edge fixedly supported plates

Plate thicknesses* 3 mm 6 mm 15 mm | Plate areas® 0.23 m? 0.5m? 1.13 m?
Pin (dB) —3.06 —-3.08 —3.09 | Pix (dB) —3.09 -3.08 —-3.07

P, (dB) —4.09  —-480  —6.30 | P (dB) —5.68 —4.80 —4.05

Beam lengths* 150 mm 300 mm 500 mm | Coupling positions* Center Corner

Pin (dB) -337 -308 -3.04 | Py (dB) —2.32 -3.08

P, (dB) —6.55 —480  —4.74 | Py (dB) —5.28 —4.80

Loss factor rates* 0.1/0.001 0.01/0.001 0.0001/0.01 0.001/0.1

P, (dB) ~3.15 -3.07 —3.30 —3.40

Py, (dB) —5.90 —5.07 —4.20 —3.86

Note: * other parameters are the same as those of the BPS in Fig. 2(b).

(dB!

log (Power /{F1 )

Frequency (Hz)

Fig. 7. VPF in BPS in the cases of four-edge fixedly supported plates; beam:
(I X w x ha =300 X 50 X 5 mm); plate: (a X b X hy = 1000 X 500 X 6 mm); — input VPF; ... transfer VPF
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7. VPF MEASUREMENT

In the VPF measurement the sizs of beam and the plate are 300 x 50 x 5 mm and 1000 x 500 X 6 mm,
respectively. The beam couples in plate’s center. Only four-edge supported plate is considered in
this measurement. The four edges of the plate and the free end of the beam all are treated by the
damping material. And the corresponding measurement devices are shown in Fig. 8 [6]. The input
VPF can be adjusted easily by means of the measured device. Comparing the measured VPF with
calculated VPF in Fig. 9, it is seen that (1) the measured VPF has an agreement with the calcu-

Fig. 8. Measured devices of VPF in BPS; beam: (I X w X hz = 300 x 50 X 5 mm); plate:
(a x bx hy =1000 x 500 X 6 mm)
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Fig. 9. Measured VPF in BPS (a) input VPF (b) transfer VPF; beam: (I X w X hz = 300 X 50 x 5 mm);
plate: (@ X b X hy = 1000 x 500 x 6 mm; — input VPF; ... transfer VPF



Vibrational power flow in beam-plate structures Part I 359

lated VPF in the frequency range of interest. The maximum error between them is below 13%;
and (2) the error at the frequencies well above 300 Hz is not so large as at frequencies below the
frequency.

8. CONCLUSION

(1) The thickness and area of plate have greater influence on the transfer VPF than on the
input VPF. Simultaneously with increasing plate’s and thickness decreasing its area, the transfer
VPF will be decreased.

(2) The input and transfer VPF's are very sensitive to beam’s length change. They will decrease
with shorting beam’s length.

(3) The transfer VPF in the case of beam coupling at a corner of plate is greater than coupled
in the case of beam coupling in plate’s center.

(4) Simultaneously with increasing beam’s loss factor and decreasing plate’s loss factor, i.e.,
increasing the loss factor rate, the transfer VPF in BPS will be reduced effectively.

These conclusions have been applied to analyzing vibrational energy transmission between the
support roller and the armored plate of tracked vehicles mentioned in section 1 before.
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