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In both boundary element methods and Trefftz-type finite element methods a partial differential equation 
in some domain is treated by solving a discrete problem on the boundary of the domain and possibly 
the boundaries between subdomains. We consider a Trefftz element formulation which is based on the 
complementary energy functional, and we compare different regularizations of the interelement continuity 
conditions. Also starting from the complementary energy functional, mixed finite elements can be con
structed such that the stresses satisfy equilibrium a priori. We describe a coupling of these elements with 
the by now classical symmetric Galerkin-BEM. 

1. INTRODUCTION 

Trefftz' method from the year 1926 [30] as well as the dual Ritz method from the year 1909 for 
the approximate solution of elliptic boundary value problems of second order are in case of more 
complicated domains and boundaries feasible and efficient only if test and trial functions in finite 
sub domains - finite elements - are introduced for treating direct or discrete variational problems. 
This is the reason why only much later, namely since 1943 by R. Courant and then 1956 by the 
engineers M. J. Thrner, R. W. Clough, H. C. Martin and L. J. Topp the idea of discrete variational 
calculus could begin its great career in the form of the Finite Element Method (FEM), a Ritz 
or Galerkin method with finite subdomains. This career was enabled and amplified by the fast 
growth of electronic computer technology. There is of course a big mathematical step from Ritz' 
and Galerkin's original work to FEM because Sobolev spaces are needed for the test functions of 
finite elements fulfilling only weak differentiability conditions at the interelement boundaries. The 
convergence theory and especially the error analysis for adaptive FEM is more complicated than 
for the original Ritz and Galerkin method. 

Trefftz' method did not have a similar strong development like FEM directly, but in an indirect 
sense the boundary integral equation method (BIEM or simply BEM) with test and trial functions 
for boundary elements became competitive in the 1980s and can also be understood as a Trefftz 
method in principle, using the singular fundamental solution in the Green-Gauss formula in order 

































Aspects of Trefftz ' Method in BEM and FEM and their coupling 343 

5. CONCLUSIONS 

Three applications and extensions of Trefftz' method are treated in this paper, first boundary-type 
elements based on Beltrami stress functions , fulfilling the field equations. As can be seen from 
Table 1, different regularizations of consistency and stability conditions were treated and tested, 
exhibiting fairly good convergence properties. It is indeed not trivial to overcome the nonconformity 
of the trial functions on the boundaries. 

The second method related to Trefftz ' idea deals with dual mixed finite elements arising from 
an extended Hellinger- Reissner functional. Here the stresses lie in H(div, .)-spaces, and compu
tationally this condition is enforced by a hybrid technique. The main goal of these elements is a 
higher order of convergence for the stresses. A byproduct of the above described mixed element is 
the a-priori fulfillment of equilibrium w1;lich again relates to Trefftz. 

The third field of application of Trefftz ' idea is the boundary element method. Here we consid
ered the realization as a symmetric Galerkiri scheme and the coupling with the dual mixed finite 
element method (BDM-elements). In this approach the optimal balance of convergence orders for 
both displacements and stresses in the FEM and the BEM domains is an essential goal of this 
contribution. 

As stated several times in the literature the combination of both ideas from Ritz and Trefftz 
and especially the orthogonality concept of Galerkin were the necessary ingredients for developing 
consistent and effective approximation methods over the last decades. 
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