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A method for solving the problem of structural progressive destruction is proposed, based
on nonlinear finite element dynamic analysis, taking into account both physical and ge-
ometrical nonlinearity. Unlike most existing approaches, a specialized method has been
implemented to simulate the sudden removal of groups of finite elements at given times,
which makes it possible to simulate not only the removal of columns but also fragments
of load-bearing walls and staircase-elevator blocks. The proposed approach involves the
numerical integration of the Cauchy problem using an implicit method of the predictor-
corrector type, with multithreaded parallelization of all key algorithms to accelerate the
solution. The reliability of the numerical results is substantiated by comparison with
the experimental results presented in other studies. The behavior of realistic structural
models with bearing walls as well as without them, consisting of exclusively nonlinear finite
elements, under the sudden removal of a fragment of a staircase-elevator block, is studied.
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1. Introduction

The progressive destruction problem of multi-story building structures due
to the explosions of domestic gas, collisions of a road train, projectile impact,
or sabotage act is considered. In the first stage, a nonlinear static problem is
solved under the action of dead and live loads. This solution provides the initial
displacements and the stress-strain state of the nonlinear finite elements, which
are used as the initial conditions for the next stage. In the second stage, the
integration of nonlinear equations of motion is conducted, where the initiating
action is caused by the sudden removal of a group of finite elements according
to the chosen failure scenario, with each finite element being removed at a desig-
nated time.
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A classic example of progressive collapse is the destruction of the World Trade
Center Twin Towers as a result of the terrorist attack of September 11, 2001.
A detailed analysis of this disaster is presented in [1]. The studies in [2–4] give
the problem formulations of progressive collapse analysis and provide a review
of articles devoted to this problem. It is emphasized that in the problems of
progressive destruction, it is typical that a small initial local destruction of the
load-bearing elements of the structure leads to disproportionately large destruc-
tion of its significant parts. To nullify the internal forces in the removed col-
umn, both the application of a nodal load of the appropriate value and the
replacement of the removed column with its reactions are used, which are in-
stantly nullified at the time of removal. In many works, it is noted that to
obtain more reliable results from the simulation, it is important to take into
account the dynamic response of the structure after the removal of the selected
elements.

In [5], the dynamic behavior an 8-story steel frame of building is considered
when a column of the lower floor is suddenly removed. The calculation model
consists of spatial frame finite elements. The non-linear properties of the material
are taken into account. An explicit method for integrating nonlinear equations
of motion is used, implemented in the LS-DYNA software.

In [6], the dynamic behavior of the design model of a 20-story building,
consisting of a steel frame finite elements and reinforced concrete floor slabs
(quadrilateral shell elements), is analyzed following the sudden removal of a cor-
ner column on the first floor. Physical nonlinearity is taken into account for
both frame finite elements and shell ones. The nonlinear dynamic analysis was
performed using the ABAQUS FEA software.

In [7], the simulation of the destruction process of a 6-story frame building,
consisting of reinforced concrete columns with rectangular sections, reinforced
concrete rectangular beams, and floor slabs, is presented. Volumetric finite el-
ements are used to model the behavior of concrete for beams, columns, and
floor slabs. The nonlinear properties of concrete and reinforcement are taken
into account. To simulate the initiating action, the LOAD_BLAST module of
the LS-DYNA program is used, which simulates the explosive action of a non-
contact TNT charge with a mass of 500 kg, destroying the corner column of the
first floor. The integration of nonlinear equations of motion is carried out by
the explicit method within the same software package.

The reinforced concrete frame of a 3-story building is considered in [8]. One
of the lower floor columns is suddenly removed. For comparison with the results of
the experiment, both linear and nonlinear dynamic analysis are performed, and
for the nonlinear analysis, an approximate model is used in which all the elasto-
plastic properties of the material are realized by so-called nonlinear hinges, the
locations of which along the length of each spatial frame finite elements are
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set a priori. The rest of the rod behaves elastically. The SAP-2000 software is
used for the analysis.

The influence of the speed of column removal for the spatial asymmetrical
frame model on its behavior is considered in [9].

The experimental results are compared with the results obtained by the finite
element method using the LS-DYNA software [10]. The strength of the connec-
tions of beams with columns is investigated for both steel and reinforced concrete
beams and columns, with the load applied statically.

The simplified calculation model based on the consideration of only the sec-
tion of a multi-story building that is adjacent to the instantly removed column
is used [11]. The action of the remaining structure is replaced by elastic springs.
Nonlinear static analysis is performed and dynamic effects are taken into account
based on dynamic amplification factors.

In the analysis of progressive collapse, both static linear and nonlinear ap-
proaches are widely used in [12–17] and others. The main focus of this research
is to determine and clarify the dynamic amplification (increase) factor, which is
used to increase the values of internal forces obtained from static analysis. Static
approaches are much easier and less-time consuming than linear or nonlinear dy-
namic analysis.

The list of works devoted to this problem can be easily extended. However,
we will restrict ourselves to the above-mentioned works and refer to articles [2–4],
containing extensive reviews.

The considered studies highlight the following features:
• There are practically no works in which fragments of load-bearing walls are

instantly removed. In modern calculation models of multi-story buildings,
often the supporting structures include often not only columns, but also
the walls of staircase-elevator blocks and simple walls. Therefore, methods
of the numerical analysis of progressive collapse should be able to include
the removal of not only columns but also fragments of load-bearing walls
in the failure scenario.

• In many computational models, to reduce the time of numerical analysis,
simplified models are used – lumped plasticity, the behavior of individual
fragments of structure, taking into account physical nonlinearity, or the ul-
timate simplification of the computational model. As a rule, real calculation
models are much more complicated. There are no regular geometric shapes,
and there are various types of finite elements (triangular and quadrilateral
finite elements of plates and shells, spatial frame finite elements, rigid con-
nections, elastic supports, elastic foundation, unilateral connections, etc.).
These features can lead to significant deviations in the behavior of the
actual computational model compared to the simplified one.
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This work aims to develop a numerical method for analyzing the progressive
destruction of multi-story building structures, as well as structures of arbitrary
types, based on nonlinear dynamic analysis of the entire design model, taking
into account both geometric nonlinearity and the elasto-plastic properties of the
material. The destruction of concrete and reinforcement, as well as the materials
used in metal structures, is modeled using a damage parameter.

Distinctive features of the proposed method are:
• Development of a new approach that implements instant removal of finite

elements of any type at specified points in time. Unlike classical approaches,
the proposed method does not require any preliminary information about the
internal forces in the removed finite elements, which allows to remove not
only spatial frame finite elements but also plate finite elements of load-
bearing walls and staircase-elevator blocks, as well as finite elements of any
arbitrary types. This is very important in the analysis of the progressive
destruction of modern multi-story buildings.

• Original multithreaded parallelization algorithms, covering all principal
stages of the solution method: assembling a sparse matrix, its factorization,
performing forward and backward substitutions, calculating the vector of
internal forces, have been developed that make it possible to analyze com-
putational models of the order of 200 000–1 500 000 nonlinear algebraic
equations on modern multi-core computers of the Symmetric Multipro-
cessing (SMP) and Non-Uniform Memory Access (NUMA) architecture in
a time frame acceptable for designers.

• Unlike most approaches implemented in modern software systems, in the
proposed method both frame and shell finite elements are considered volu-
metric bodies, to which the corresponding static and kinematic hypotheses
of bars, plates, and shells of medium thickness are successively applied.
This makes it possible to more strictly formulate the elasto-plastic prob-
lem, as well as to simplify obtaining resolving relations and their numerical
implementation in software code.

• For a spatial frame finite element, taking into account geometric nonlin-
earity in the Taylor series expansion, up to sixteen terms of the series are
retained to approximate the longitudinal strain, which allows modeling
the initial post-buckling behavior using only the initial configuration of
the structure. In contrast to the traditional approach, based on total La-
grangian formulation with retaining only the first two terms of Tailor series
expansion, the proposed method describes the post-buckling behavior of
the rod, while the conventional method does not allow exceeding the value
of the critical buckling load.
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2. Finite element library

The developed library of finite elements, which simultaneously takes into ac-
count the geometric nonlinearity and the elasto-plastic properties of the material,
includes a two-node finite element of the spatial frame, as well as isoparametric
triangular and quadrilateral flat shell finite elements. When modeling the be-
havior of reinforced concrete structures, these finite elements contain inclusions
that represent the reinforcement. In this case, both concrete and reinforcement
use their respective material models based on the theory of plastic flow. The
compatibility of concrete and reinforcement is ensured by the kinematic cou-
pling conditions. In the case of a homogeneous material, there are no inclusions,
and, when it comes to metal structures, the von Mises yield criterion and the
kinematic hardening model are used. In this paper, we will restrict ourselves to
the consideration of reinforced concrete structures.

For a spatial frame finite element, the shear model of S.P. Timoshenko is
used, while the Mindlin–Reissner model is implemented for shell finite elements.
All types of finite elements ensure the absence of shear locking. The shape func-
tions of the shell finite elements are compatible with the shape functions of the
spatial frame finite element, which guarantees the compatibility of displacements
between floor slabs and stiffening ribs not only at the nodes but also along the
entire interface line. The work of the reinforcement is considered not only in
tension-compression but also in transverse shear, which ensures the stability of
the computational algorithm even if the concrete in the finite element is com-
pletely destroyed [18]. In shell finite elements, the direction of the reinforcing
rods can be rotated by an arbitrary angle relative to the axis of the local coor-
dinate system normal to the middle surface, which allows for the modeling of
non-orthogonal reinforcement and structures of complex geometry.

Accounting for geometric non-linearity is essential when it comes to large
displacements and angles of rotation. In conventional normative analysis, rein-
forced concrete structural elements are quite stiff, so taking into account geomet-
ric nonlinearity may lead to confusion for the reader. However, with progressive
destruction, as well as with strong seismic action, often referred to as extreme
impacts, partial destruction of supporting structures is allowed, which causes
large displacements and rotations. Therefore, for these types of analyses, it may
be necessary to take into account geometric nonlinearity.

A complete accounting of geometric nonlinearity includes consideration of
large displacements, large rotation angles and large strains. This is achieved,
for example, by recalculating the coordinates of the nodes of the finite element
model at the end of each converged load step (updated Lagrangian formulation).
On the other hand, the updated Lagrangian formulation approach usually leads
to more iterations when using the Newton–Raphson method and more calcula-
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tion failures due to a lack of convergence compared to the methods based on
the total Lagrangian formulation and retaining a lot of terms in Taylor series
expansion of strains, used in the proposed approach. A similar conclusion was
also made in [19, p. 423], when comparing the updated Lagrangian formulation
approach with the P −∆ analysis. Taking into account this fact, as well as the
fact that we are dealing with building structures, and not with fragments of
aircraft, satellite antennas, and other flexible structures, we use a Taylor series
expansion of strains in the Cauchy relations connecting strains with derivatives
of displacements, which refer to the initial configuration. Our approach, like the
classical one, is based on the total Lagrangian formulation, but if the classical
method uses the Cauchy–Green tensor with the quadratic approximation of the
nonlinear part [20, Section 11.8], then we propose a novel algorithm that makes
it possible to retain any number of terms of the series in the Taylor expansion.
For a spatial frame finite element, the quadratic approximation does not al-
low describing post-buckling behavior; therefore, to overcome this shortcoming,
we increase the number of terms in the Taylor series expansion to 16, refining
the behavior of the calculation model. In contrast, for shell finite elements, the
classical quadratic approximation will allow us to simulate initial post-buckling
behavior, so we limit ourselves to the classical total Lagrangian formulation. The
proposed approach is more limited in terms of displacements and rotation an-
gles than the updated Lagrangian formulation, but, as mentioned above, in many
cases it requires a smaller number of iterations of the Newton–Raphson method,
and significantly less often leads to divergence of the iterative process. A com-
parison of these approaches using a simple problem, having an exact analytical
solution, as an example is given in Subsec. 3.1.

2.1. Material models

In this formulation of the problem, we do not consider structural elements
consisting only of concrete, since reinforced concrete is usually used in real struc-
tures. Therefore, we neglect the initial anisotropy of concrete in comparison with
the structural anisotropy due to the presence of reinforcement. The behavior of
concrete is described using the plastic flow theory, and the flow surface is taken in
the form of a non-circular paraboloid, as proposed in [21], defined as the strength
surface:

f = 3α2bI1 +
3
√

3

2
β (a− bI1) J3J

− 3
2

2 + 3J2 − σ0, (1)

where a = σcσt, b = σc + σt, β = 1 − 3α2, σ0 = 3aα2, α ∈
(
0.531,

√
3
]
.

Here α is a parameter that specifies the deviation of the paraboloid from the
circular shape. At α = 0.531, the paraboloid has a maximum deviation, and
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at α =
√

3 it becomes circular. Parameters I1, J2, and J3 are respectively the
first invariant of the stress tensor, as well as the second and third invariants of
the stress deviator. As plastic deformations develop, the yield surface moves
in the space of principal stresses and expands in the case of isotropic hardening
or contracts in the case of softening. The parameters σc and σt change as follows:

σt =

 σt +Htεps, σt +Htεps > ασt,

ασt, σt +Htεps ≤ ασt,
t↔ c, (2)

where εps is a measure of plastic strain, Ht = Et/(1 − Et/E), E is an initial
deformation modulus for concrete, the parameter α ∈ [0, 1] determines the resid-
ual strength of concrete, and σc and σt are the initial compressive and tensile
strength of concrete, respectively.

Figure 1a shows a typical diagram σ − ε for concrete (solid line), while
in Fig. 1b depicts the dependence of the damage parameter p on the reduced
strain ε. Usually, the parameter d = 1 − p is taken as the damage parameter,
where d = 0 denotes an intact structural element and d = 1 signifies a completely
destroyed one. It is more convenient for us to use the parameter p when p = 1
corresponds to an undamaged structural element and p = 0 denotes a com-
pletely destroyed one. The onset of concrete destruction is usually associated

Fig. 1. a) σ − ε diagram, b) the damage parameter p = p (ε) for concrete.
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with the value of fracture energy Gf . However, in most design codes, ultimate
deformations are given, above which destruction begins.

Therefore, the proposed approach assumes that p = p (ε) – Fig. 1b. In Fig. 1a,
Et and Ec are the modules of strengthening and/or softening of concrete in the
tension and compression zones, respectively. If Et > 0 (t↔ c), then the yield
surface expands (isotropic hardening). If Et < 0 (t↔ c), then the yield surface
is compressed. Details are given in [18]. Points A, B, and C correspond to the
beginning of the plastic flow, the beginning and the end of the destruction of
concrete in the tension zone. The parameter εt is the strain corresponding to
the onset of plastic flow in tensile concrete, while εd is the strain at which con-
crete tensile cracking begins (usually εd = εt and points A and B coincide).
Points D, F, and K correspond to the beginning of the plastic flow, the begin-
ning and the end of the destruction of concrete in the compressed zone. The
parameter εc is the strain corresponding to the beginning of the concrete flow in
compression, and εu is the strain at which the destruction of concrete begins
in compression.

The analysis of the steel is described by the von Mises plastic flow theory with
kinematic hardening, which takes into account the Bauschinger effect for steel,
an essential consideration for the dynamic behavior of the structure. A bilinear
diagram σ − ε is used.

2.2. Spatial frame finite element

The spatial frame finite element (Fig. 2) can have a cross-section of arbitrary
shape containing holes and cutouts. The cross-section is triangulated, resulting in
the spatial frame being divided into separate triangular prisms. One Gauss point
along length is used in the calculation of quadratures via the Gauss–Legendre
method from the finite element volume. As a result, the components of the stress

T

Fig. 2. Spatial frame finite element.



Progressive collapse analysis on multicore computers. . . 457

and strain tensors are determined at the centers of gravity of each triangular
prism.

Longitudinal reinforcement is considered discretely, and the centers of gravity
of reinforcing rods may not coincide with the triangulation vertices. To obtain the
tangent stiffness matrix of the finite element and the vector of internal forces,
the principle of the virtual works is used:

˚

V

σc : εcdV +
∑
s

As

aˆ

0

σs : εsdx− δAext = 0, (3)

where

σc =


σx τxy τxz

τyx 0 0

τzx 0 0

, εc =


εx 0.5γxy 0.5γxz

0.5γyx −νεx 0

0.5γzx 0 −νεx

, (4)

σs =


σs τsn τsz

τns 0 0

τzs 0 0

, εs =


εs 0.5γsn 0.5γsz

0.5γns −νsεs 0

0.5γzs 0 −νsεs

. (5)

Here σc and εc are the stress and strain tensors, taking into account all
static and kinematic hypotheses of the theories of Kirchhoff–Clebsch bars and
S.P. Timoshenko, σs and εs are the stress and strain tensors for the reinforcing
rod s considering the work not only in tension-compression but also in transverse
shear, and ν and νs are the Poisson’s ratios for the materials of the spatial frame
finite element and the reinforcement, respectively. The directions of the axes s, n,
z are shown in Fig. 2, with the s, n and z axes being parallel to the OX, OY and
OZ axes, respectively. In (3), summation over s covers all rods of longitudinal
reinforcement, As is the cross-sectional area of the s-th rod, Aext is the work of
external forces, and V is the volume of the entire bar.

The kinematic coupling conditions of the reinforcing rods and concrete en-
sure the absence of slippage:

εs = εx, γsn = γxy, γsz = γxz. (6)

The longitudinal deformation of a fiber parallel to the central axis of a spatial
frame finite element is represented as follows:

εx (x, y, z) =
√

1 +A2 − 1, (7)
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where

A2 = 2

[
∂ú

∂x
+

1

2

(
∂ú

∂x

)2

+
1

2

(
∂v

∂x

)2

+
1

2

(
∂w

∂x

)2
]
, (8)

ú = ú (x, y, z), v = v (x) and w = w (x), where ú, v, and w are displacements of
arbitrary point of finite element. Let us expand the expression

√
1 +A2 in a Tay-

lor series:

εx(x, y, z) =
∂ú

∂x
+

1

2

(
∂v

∂x

)2

+
1

2

(
∂w

∂x

)2

− 1

2

[
1

2

(
∂v

∂x

)2

+
1

2

(
∂w

∂x

)2
]2

+
1

2

[
1

2

(
∂v

∂x

)2

+
1

2

(
∂w

∂x

)2
]3

− 5

8

[
1

2

(
∂v

∂x

)2

+
1

2

(
∂w

∂x

)2
]4

+ ... (9)

Here, we assume that ú � v, ú � w and
(
∂ú
∂x

)2 � ∂ú
∂x , based on which in

Eq. (9) we retain only the term ∂ú
∂x , which occurs in the first degree. Usually, for

a rod in the Taylor expansion, only the first two terms of the series are retained:
εx(x, y, z) = ∂ú

∂x + 1
2

(
∂v
∂x

)2
+ 1

2

(
∂w
∂x

)2. However, this conventional approach does
not allow one to simulate the post-buckling behavior of a compressed rod, since
in the presence of a small eccentricity, initial imperfection, or a small transverse
load, the transversal displacements of the compressed rod tend to infinity as the
value of the longitudinal compressive force tends to the critical one, correspond-
ing to the loss of stability of an ideal elastic rod (see Subsec. 3.1). In addition,
the quadratic approximation of longitudinal deformation is acceptable as long
as the change in the geometry of the structure is negligible. It is usually assumed
that w/h < 2, w ↔ v, where h is the height of characteristic section. However,
when analyzing progressive collapse, the displacements of structural elements
can be so large that the shape of the deformed system changes significantly.
Therefore, we propose an algorithm based on a total Lagrangian formulation
that allows us to keep the arbitrary number of terms of Tailor series expansion,
which makes it possible to describe the initial post-buckling behavior of an in-
dividual rod of a spatial frame, and take into account significant changes in its
initial geometry. In practice, we keep up to 16 terms.

Expressing the longitudinal displacement of the fiber ú(x, y, z) through the
longitudinal displacement of the central axis of the rod u(x) and using the hy-
pothesis of direct normals, we obtain: ú(x, y, z) = u(x) + y · βy(x) + z · βz(x),
where βy = −θz, βz = θy, θy, θz are the rotation angles of the normal to the
central axis relative to the axes OY and OZ, due to the bending of the rod.
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Finally, we obtain:

εx = εlin
x + εnonlin

x ,

γxy = βy
∂v

∂x
− z ∂θx

∂x
,

γxz = βz
∂w

∂x
+ y

∂θx
∂x

,

(10)

where θx is the torsion angle of the rod, εlin
x and εnonlin

x are the linear and non-
linear components of the longitudinal strain, respectively:

εlin
x =

∂u

∂x
+ y

∂βx
∂x

+ z
∂βz
∂x

,

εnonlin
x =

1

2

(
∂v

∂x

)2

+
1

2

(
∂w

∂x

)2

− 1

2

[
1

2

(
∂v

∂x

)2

+
1

2

(
∂w

∂x

)2
]2

+
1

2

[
1

2

(
∂v

∂x

)2

+
1

2

(
∂w

∂x

)2
]3

− 5

8

[
1

2

(
∂v

∂x

)2

+
1

2

(
∂w

∂x

)2
]4

+ ...,

(11)

where γxz, and γyz are transverse shear strains.
We represent the shape functions as follows: N1(x) = 1 − x

a , N2(x) = x
a ,

where a is the length of the finite element. The strain vector takes the form

ε =

 εx

γxy

γxz

 = Bqe + Ne(qe), (12)

where

B =



−1

a
0 0 0 −y

a
−z
a

1

a
0 0 0

y

a

z

a

0 −1

a
0

z

a

1

2
0 0

1

a
0 −z

a

1

2
0

0 0 −1

a
−y
a

0
1

2
0 0

1

a

y

a
0

1

2


, (13)

Ne =


Â− 1

2
Â2 +

1

2
Â3 − 5

8
Â4 + ...

0

0

,
Â =

1

2a2

[
(V2 − V1)2 + (W2 −W1)2

]
,

(14)
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qTe = (U1 V1 W1 Θ1 By,1 Bz,1 U2 V2 W2 Θ2 By,2 Bz,2) , (15)

B is the strain matrix that determines the linear part of the longitudinal strains
εlin
x , Ne is the nonlinear operator that determines the nonlinear part of the
longitudinal strains εnonlin

x , qe is the vector of nodal displacements, Ui, Vi,Wi are
the values of the displacements u, v, w in node i, Θi is the torsion angle, By,i, Bz,i
are the values of the parameters of the rotation angles βy, βz at the nodes i = 1, 2
of the finite element, with e is denoting number. To ensure the absence of shear
locking, the following interpolation is used: γxy(x, z) = 1

2 [γxy(0, z) + γxy(a, z)],
z ↔ y in (13).

The strain vector variation, taking into account (12), is determined as follows:

δε = B · δqe +
∂Ne (qe)
∂qe

· δqe. (16)

Let us denote

Bnonlin =
∂Ne (qe)
∂qe

=


0

∂Ω

∂V1

∂Ω

∂W1
0 0 0 0

∂Ω

∂V2

∂Ω

∂W2
0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

, (17)

Ω = Â − 1
2Â

2 + 1
2Â

3 − 5
8Â

4 + .... The derivatives of ∂Ω
∂V1

, ∂Ω
∂V2

, ∂Ω
∂W1

, ∂Ω
∂W2

are

easy to calculate, for example, ∂Ω
∂V1

= −
(

1− Â+ 3
2Â

2 − 5
2Â

3 + ...
)
· (V2 − V1).

The proposed approach makes it quite easy to increase the number of terms in the
Taylor expansion without changing the general algorithm. Here V1, V2, W1, W2

are the nodal values of the displacements v, w, corresponding to the achieved
stress-strain state of the finite element. In the Newton–Raphson method used
in this work, as in many step-by-step methods for solving the Cauchy problem
containing nonlinear operators, we have

ε (qe + ∆qe) = Bqe + B∆qe + Ne (qe + ∆qe)

= Bqe + B∆qe + Ne (qe) +
∂Ne (qe)
∂qe

|qe
· 4 qe, (18)

where 4qe is a small finite increment of the nodal displacement vector. The
operator ∂Ne(qe)

∂qe
generating the matrix Bnonlin is determined in the state cor-

responding to the vector qe, which is already known from the previous step of
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solving the problem. In the physical sense, δ (4qe) = δqe, δ (Bqe) = 0, be-
cause neither the B matrix nor the known qe vector varies. For the same reason,
δNe (qe) = 0. From Eq. (18), it yields:

δε = (B + Bnonlin) · δqe. (19)

Repeating the above reasoning for the sth reinforcing rod, while taking into
account the kinematic coupling conditions (6), we obtain:

δεs = (Bs + Bnonlin) · δqe, (20)

where Bs = B (ys, zs) and the operator Bnonlin is still defined by expression (17),
since the displacements v and w do not depend on the coordinates y and z.

The first two terms of expression (3) represent the virtual work of the internal
forces of the finite element, which, by the energy conservation law, is equal to the
virtual work of the nodal reactions of the finite element δqTe · rint

e . That is why:

δqTe

˚
V

(
BT + BT

nonlin

)
σdV +

∑
s

As

aˆ

0

(
BT
s + BT

nonlin

)
σsdx− rint

e

 = 0.

(21)

Here we have used expression (3) in vector form, so σT = (σx τxy τxz), σTs =
(σs τsn τsz). Due to the arbitrariness of variations, we obtain an expression
for the internal forces of a finite element:

rint
e =

˚

V

(
BT + BT

nonlin

)
σdV +

∑
s

aˆ

0

(
BT
s + BT

nonlin

)
σsdx. (22)

To determine the tangent stiffness matrix of a finite element, we represent
Eq. (3) in a vector-incremental form:

˚

V

δ
(
εT +4εT

) [
σ
(
εT +4εT

)]
dV

+
∑
s

As

aˆ

0

δ
(
εTs +4εTs

)
·
[
σs
(
εTs +4εTs

)]
dx− δAext = 0, (23)

where 4ε, 4εs, are small finite increments of strain vectors. Taking into ac-
count that the components of the stress-strain state from the previous step are
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known and do not vary, and according to the physical meaning of variations
δ (4ε) = δε and δ (4εs) = δεs, we obtain:

˚

V

δεT ·(σ+ Ct 4 ε) dV +
∑
s

As

aˆ

0

δεTs ·(σs + Cs
t 4 εs) dx−δAext = 0, (24)

because σ (ε+4ε) = σ (ε) + ∂σ
∂ε |ε 4ε = σ (ε) + Ct 4 ε. Here, we use

the expansion in a Taylor series with the retention of two terms. Likewise,
σs (εs +4εs) = σs (εs) +Cs

t 4 εs. Matrices Ct and Cs
t are determined accord-

ing to the accepted material model. In the case of plastic flow theory, these are
tangent consistent modular matrices [22]. Expression (24), taking into account
the kinematic coupling conditions (6), is converted to the following form:

δqTe ·

˚
V

(B + Bnonlin)T Ct (B + Bnonlin) dV

+
∑
s

As

aˆ

0

(Bs + Bnonlin)T Cs
t (Bs + Bnonlin) dx

 · 4qe
= δAext −

˚
V

δεT · σdV +
∑
s

As

aˆ

0

δεs · σsdx

. (25)

We represent the virtual work of external forces as δAext = δqTe · f ext
e , where

f ext
e is the vector of nodal values of forces due to a given load. According to
Eqs. (19)–(21), the second term on the right-hand side of expression (25) is the
virtual work of internal forces δqTe · f int

e . Therefore, (25) reduces to the following
form:

δqe ·
(
Kt
e 4 qe − f ext

e + f int
e

)
= 0. (26)

By the arbitrariness of variations, the expression inside the parentheses is identi-
cally equal to zero. This expression represents one step of the Newton–Raphson
method, which we obtained based on the principle of virtual work. The tangent
stiffness matrix Kt

e of the finite element e is given by the expression in square
brackets of Eq. (25).

2.3. Shell finite elements

Quadrilateral and triangular isoparametric flat shell finite elements in a ge-
ometrically linear formulation are presented in [18, 23, 24]. We will omit the
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resolving relations due to their cumbersome nature, and refer readers interested
in details to the mentioned sources, believing that the addition of geometrically
nonlinear relations for the quadratic approximation model is well presented in
many literature sources.

To take into account a geometrical nonlinearity, we use the classical approach
based on total Lagrangian formulation. The Cauchy–Green strain tensor with
quadratic approximation of nonlinear part is applied. This approach allows to
describe the initial post-buckling behavior of thin-walled plates, as well as to con-
sider the interaction of membrane and bending components of internal forces in
the middle surface.

The Gauss–Legendre method is applied for numerical integration in the fi-
nite element area, and the trapezoidal method is used in the thickness direction.
So, the finite element is divided into layers across thickness, and the compo-
nents of the stress and strain tensors are determined at the Gaussian integration
points in each layer. Internal forces such as longitudinal, transverse, shear forces,
and bending moments are determined by integrating the corresponding compo-
nents of the stress tensor over the thickness of the finite element. These force
factors are not directly involved in the solution procedure and they are calculated
at the points of result storage only for the convenience of the user. An integra-
tion scheme of 2× 2 is used for each layer of the quadrilateral finite element, and
1× 1 for each layer of the triangular one.

Reinforcing rods are represented as reinforcing layers, with each layer con-
sisting of identical reinforcing rods aligned in the same direction. So, the rein-
forcing rods are smeared in the plane of the finite element, but the discreteness
of their placement along the thickness is preserved. In actual real finite element
meshes, each reinforcing layer contains several reinforcing rods, which justifies
their smearing in the plane of the layer. Kinematic coupling conditions are used
to ensure the compatibility of deformations between the concrete and the rein-
forcements for the case where no slips are assumed.

Mixed Interpolation of Tensorial Components (MITC) technique [25] as well
as Discrete Shear Gap (DSG) method [26] are applied to avoid the transversal
shear locking effect for quadrilateral and triangular finite elements, respectively.

To obtain the tangent stiffness matrix and the vector of internal forces, the
same variational approach is applied as for the spatial frame finite element.

2.4. Numerical solution procedure

The proposed finite elements require a lot of computational work; so, we
apply multi-threaded parallelization to reduce the duration of calculations. The
use of dense matrix multiplication and matrix-vector multiplication procedures
implemented in the Intel Math Kernel Library [27] which include vectorization
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and efficient use of processor pipelines also improves performance. The equations
of motion of the finite element model are presented as follows:{

Mü + Cu̇ + f int (u, u̇) = f ext,

u (0) = u0, u̇ (0) = 0,
(27)

whereM and C are the mass and dissipation matrices, respectively, f int is a non-
linear operator returning the vector of internal forces, f ext is a vector of external
forces caused by dead and live loads, u is a displacement vector, and u0 is an
initial displacement vector obtained from the solution of the static nonlinear
problem:

f int (u0) = f ext. (28)

Thus, the nonlinear static problem (28) is first solved and the displacement
vector u0 as well as the stress-strain state of all nonlinear finite elements are
determined. These results are used as initial conditions for solving the Cauchy
problem (27). The initiation of motion is produced by the instantaneous removal
of the designated finite elements at given times according to the selected scenario,
which leads to a violation of the equilibrium of the structure achieved when
solving problem (28) by the Newton–Raphson method.

Calculation models of multi-story buildings containing plate and shell finite
elements have high natural frequencies; therefore, the application of condition-
ally stable explicit methods for numerical integration of the Cauchy problem (27)
requires the use of very small time steps, and, accordingly, much more proces-
sor time than implicit methods require. In addition, in explicit methods, the
dissipation matrix C must be diagonal, which leads to an underestimation of
damping in the higher modes and can significantly distort the dynamic behavior
of building structures.

On the other hand, in cases where differential equations have discontinuous
parameters, explicit methods have higher computational stability than implicit
ones. The discontinuity of the parameters in the differential equations arises due
to the destruction of concrete in the tension and compression zones, as well as
the ruptures of reinforcing rods.

So, the implicit predictor-corrector method [18, 28], is applied to solve the
Cauchy problem (27), in which the Newton–Raphson method is used at each
step of the corrector iterations to achieve equilibrium of the system with a given
accuracy. For the effective suppression of high-frequency oscillations, which of-
ten lead to deterioration in the convergence of implicit numerical methods, the
α−HHT method is used [29]. At the predictor stage, we have:{

ûk+1−α̂ = (1− α̂) ûk+1 − α̂ûk,
v̂k+1−α̂ = (1− α̂) v̂k+1 − α̂v̂k,

(29)
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where α̂ ∈ (−0.3333, 0], k is the time step number, and v = u̇ is the nodal
velocity vector,

ûk+1 = uk +4tvk +
4t2

4
ak,

v̂k+1 = vk +
4t
2
ak, âk+1 = 0,

(30)

where ûk+1, v̂k+1, âk+1 are the predictions of displacement, velocity and accel-
eration vectors at the time step k + 1, 4t is the time step value, and a = ü.

The corrector algorithm (Algorithm 1) is presented to show exactly where the
instantaneous removal of finite elements is performed, as well as to visualize
the stages to which multithreaded parallelization is applied.

Algorithm 1. Corrector stage.
1: i = 0;

2: while i < iter_max do

3: r = f extk+1−α̂ − f intk+1−α̂ −Maik+1 −Cvik+1−α̂

4: if ‖r‖2 < tol then

5: break;

6: end if

7: Kt
dyn

(
uik+1−α̂

)
=

1

β 4 t2
M + (1 + α̂)

γ

β 4 t
C + (1 + α̂) Kt

(
uik+1−α̂

)
8: Kt

dyn = LSLT

9: LSLT · 4u = r → 4u

10: ui+1
k+1 = uik+1 +4u

11: ui+1
k+1−α̂ = (1 + α̂) ui+1

k+1 − α̂uk

12: ai+1
k+1 =

1

β 4 t2
(
ui+1
k+1 − ûk+1

)
13: vi+1

k+1 = v̂k+1 + γ 4 t ai+1
k+1

14: vi+1
k+1−α̂ = (1 + α̂) vi+1

k+1 − α̂vk

15: i+ +

16: end while

Here β = (1+α̂)2

4 , γ = 1
2−α̂, iter_max is a maximum number of iterations at the

corrector stage. The corrector algorithm is entered with the vectors u0
k+1 = ûk+1,

v0
k+1 = v̂k+1, a0

k+1 = âk+1 = 0 (30), which were obtained at the predictor
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stage. When determining the residual vector r (step 3), the most time-consuming
procedure is to calculate the internal forces vector:

f int
k+1−α̂ = N

(
uik+1−α̂,v

i
k+1−α̂

)
+ K linuik+1−α̂, (31)

where N(...) is a nonlinear operator returning the internal forces generated by
nonlinear finite elements, and Klin is a stiffness matrix composed only of lin-
ear finite elements. Real computational models contain, as a rule, both linear
and nonlinear finite elements. The contribution of linear finite elements to the
internal forces of the system on multi-core computers is usually faster to deter-
mine by multiplying the sparse matrix Klin, which is assembled and stored in
a compressed format, with the vector of nodal displacements.

Multithreaded parallelization covers all stages of the implicit method for
solving the Cauchy problem (27). Original in-home algorithms for parallelizing
the assembly of the tangential stiffness matrix (Algorithm 3) and calculating the
internal forces (Algorithm 2) are presented. Parallel algorithms of symmetric
sparse matrix factorization and forward and backward substitutions are pre-
sented in [30] and [31]. The parallelization of the remaining parts of the method
is reduced to the parallelization for loops in (29), (30) and steps 10–14 of Algo-
rithm 1.

The nonlinear operator N(...) is represented by Algorithm 2. At step 1, the
vector of internal forces f int

nonlin, formed by the contribution of only nonlinear finite
elements, is set to zero, as well as the auxiliary vectors rrip ← 0, ip ∈ [0, np− 1].
Here and below, ip is the thread number, and np is the number of threads.

Algorithm 2. Internal force vector evaluation. Nonlinear operator.
1: f intnonlin ← 0; rrip ← 0, ip ∈ [0, np− 1]

2: for parallel e ∈ NonlinFE do

3: if e /∈ DestructedFE then

4: ue ← ûik+1−α̂

5: uloc
e = Teue

6: rinte = GetNonlinInternForces(uloc
e )

7: rrip ← TT
e rinte

8: end if

9: end for

10: f intnonlin+ =
np−1∑
ip=0

rrip

In a loop for parallel (steps 2–9), on each thread ip ∈ [0, np − 1], the vectors
rrip (steps 4–7) are calculated, and only the contribution of non-removed non-
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linear finite elements (e /∈ DestructedFE) is taken into account, since this loop
covers only nonlinear finite elements (e ∈ NonlinFE). Here NonlinFE is the
set of nonlinear finite elements and DestructedFE is the set of removed finite
elements. The components of the nodal displacements vector corresponding to
the degrees of freedom of the finite element e are selected (step 4). Then, the
vector of nodal displacements as well as the vector of internal forces rint

e of this
finite element in the local coordinate system are determined (steps 4 and 5) –
the function GetNonlinInternForces(uloc

e ) evaluates expressions (22) for the
spatial frame finite element or similar expressions for the shell ones (step 6).
Here Te is the transformation matrix associated with the transition from the
global coordinate system to the local one and vice versa. Each thread ip adds
the components of the vector of internal forces of the finite element e in the
global coordinate system to its local vector rrip, ip ∈ [0, np− 1], (step 7), whose
dimension is equal to the number of equations of the entire system Neq. Upon
completion of the parallel region, the vectors of internal forces rrip are gathered
into a vector f int

nonlin (step 10), and this gathering procedure is also parallelized.
The vectors f int

nonlin, rrip and uik+1−α̂ have the dimension Neq, and the dimension
of the vectors ue, uloc

e and rint
e is equal to the number of degrees of freedom of the

finite element e. Writing data by each thread to its vector rrip, ip ∈ [0, np− 1],
avoids thread competition in the parallel region. The multiplication of the sparse
matrix Klin by a vector of nodal displacements uik+1−α̂ is performed on a single
thread, as it usually takes much less time than Algorithm 2.

All deleted elements must belong to the set DestructedFE, and the Klin ma-
trix does not depend on time. The vectors ue, uloc

e , rint
e , and the transformation

matrix Te must be placed in the local memory of each thread to avoid thread
competition.

Algorithm 3 represents a multi-threaded assembly of a sparse matrixKt
(
uik+1−α̂

)
.

At the initialization stage, an adjacency graph for the finite elementsAdjGraphFE
is created. Additionally, the task_par queue, which includes the sequential num-
bers of the finite elements 1, 2, ..., Nele, the elem_status array and the counter of
assembled elements, referred to as count (step 1) are all reset to zero. Here, Nele
is the number of finite elements in the design model. If elem_status[ele] = 0,
then the finite element ele participates in the assembly, but all its neighbors
ele_nab ∈ AdjGraphFE(ele) do not participate in the assembly at this step.
Such a strategy prevents the situation where in the parallel region several fi-
nite elements contribute to the same degrees of freedom at once. In the par-
allel region (steps 2–21), while loops, the number of which is equal to the
number of threads, perform the assembly of the sparse matrix. In the critical
section lock 1 – unlock 1, the nearest finite element ele ← task_par is se-
lected from the task_par queue and removed from the queue (task_par/ele –
step 6). If elem_status[ele] = 0 and ele does not belong to the set of removed
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Algorithm 3. Multithreaded assembling of the sparse matrix Kt
(
uik+1−α̂.

)
.

1: Initialization: prepare AdjGraphFE, task_par, elem_status← 0 and count = 0

2: parallel region

3: while count < Nele do

4: flag_continue = 0;

5: lock 1

6: ele← task_par (task_par/ele)

7: if !elem_status[ele] then

8: ∀ele_nab ∈ AdjGraphFE(ele) : elem_status[ele_nab] + +;

9: else

10: task_par ← ele; flag_continue = 1;

11: end if

12: unlock 1

13: if flag_continue then continue;

14: if ele ∈ DestructedFE then goto 16;

15: Kt
(
uik+1−α̂

)
← AddKe

(
ele,uik+1−α̂

)
16: lock 2

17: ∀ele_nab ∈ AdjGraphFE(ele) : elem_status[ele_nab]−−;

18: elem_status[ele] = −1; count+ +;

19: unlock 2

20: end while

21: end of parallel region

finite elements (steps 7 and 14), then the stiffness matrix Kt
e of the finite ele-

ment ele will be calculated and added to the sparse matrix structure – procedure
AddKe(ele,uik+1−α̂) (step 15). In this case, for all neighbors of the finite element
ele, the corresponding elements of the elem_status array are increased by one.
This ensures that none of the while loops executed on other threads will allow
the finite elements ele_nab ∈ AdjGraphFE(ele) – the neighbors of the finite
element ele selected for assembly – to participate in the assembly until their
status becomes zero again. If elem_status[ele] > 0, then the finite element ele
selected from the task_par queue is added to its end (step 10), and at later
steps, an attempt will be made to start this finite element for assembly again.
The while loop then proceeds to the next iteration (step 13).
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If the finite element ele belongs to the set of removed elements, its stiffness
matrix does not take part in the assembly (step 14), and the finite element itself
is marked as already added (steps 16–19). As soon as the stiffness matrix of
the finite element ele is added to the sparse matrix structure, in the lock 2
– unlock 2 critical section, the status of the element ele is set to −1, the
statuses of its neighbors ele_nab are decremented, and the counter of assembled
finite elements is incremented (steps 16–19). As soon as all finite elements are
assembled (count == Nele), the while loops will be interrupted and exit from
the parallel region will follow.

The presented parallel assembly algorithm differs from the one published ear-
lier in [30], Algorithm 4, in that the latter does not take into account the removal
of destroyed finite elements from assembling. For large-dimensional problems, the
mass matrix is usually diagonal, making all calculations related to it extremely
fast (steps 3 and 7, Algorithm 1). When removing the destroyed elements, we do
not change the inertial properties of the system, since usually, during a partial
collapse, the debris is collected on the floor slabs – the rigidity of the system
decreases, and the mass remains unchanged. The system of linearized algebraic
equations is solved by the supernodal multithreaded PARFES solver [30], while
the procedures for forward and backward substitutions are described in [31].
At the beginning of each integration step of the Cauchy problem (27), the set
of removed elements DestructedFE : ele → DestructedFE | t ≥ tdestr

ele is de-
termined. Here t, tdestr

ele are the current time moment and the time of removal of
the finite element ele, respectively, and the symbol “→” means the addition
of the element ele to the DestructedFE set.

Some scenarios for removing finite elements from the initial design model
can lead to the appearance of “hanging” nodes, that is, nodes that do not be-
long to any finite elements. As a result, the geometric instability of the design
model appears. To overcome this problem, we use a regularization of the tangent
stiffness matrix:

∀eqn ∈ IsolEqn : Kt
eqn,eqn+ =

1

2

max
1≤i≤Neq {Mi,i} · ω2

max, (32)

where IsolEqns is the set of equations corresponding to the degrees of free-
dom of the “hanging” nodes, eqn is the current number of the equation, Kt

eqn,eqn

is the diagonal element of the tangent stiffness matrix, max
1≤i≤Neq {Mi,i} is the

largest diagonal element of the mass matrix, ω2
max is the highest natural fre-

quency of the design model determined by the method of matrix iterations, and
the factor 1

2 divides half the interval from zero to ω2
max. Since the expression

on the right-hand side of Eq. (32) serves as a regularizing term, there is no need
to determine the highest natural frequency with great accuracy. Therefore, even
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for large computational models, it is determined in just a few seconds. Adding
a regularizing parameter to the equations eqn ∈ IsolEqn also requires a correc-
tion in the corresponding elements of the internal forces vector:

∀eqn ∈ IsolEqn : f nonlin
int,eqn+ =

1

2

max
1≤i≤Neq {Mi,i} · ω2

max · uik+1−α̂,eqn, (33)

because otherwise, the iterations of the corrector (Algorithm 1) may diverge.
This method of determining the regularizing parameter works for both the im-
plicit method used in the proposed approach and the explicit one, and since
in the latter case the tangent stiffness matrix of the entire system does not exist,
the regularization parameter is determined based on the inertial characteristics
of the system, and not the stiffness characteristics.

3. Substantiation of the reliability and effectiveness
of the proposed approach

The justification for the reliability of the proposed approach is based on
a comparison of the results of a numerical solution with the results of well-
established experiments, exact analytical solutions in those rare cases when they
exist, and reliable numerical solutions from other authors. Results of these com-
parisons for the problems of static loading of rectangular reinforced concrete
plates are presented in [18, 23, 32], for the problems of transverse bending of
reinforced concrete beams – in [18, 33], and results from tests of compressed re-
inforced concrete columns under cyclic loading – in [24]. The results presented in
[23, 24, 32, 33] are available online; so, in this paper, we present comparison re-
sults that have not been published before.

Example 1 demonstrates the effectiveness of the proposed method for model-
ing the initial post-buckling behavior of a compressed elastic rod. In Example 2,
taking into account both physical and geometrical nonlinearity, the deformation
of a reinforced concrete column subjected to an eccentrically applied compres-
sive load is considered. Example 3 confirms the feasibility of the proposed ap-
proach for modeling the progressive collapse of a two-story building consisting of
columns and floor slabs stiffened by contour ribs. The validation and verification
of the quadrilateral shell element as well as the spatial frame are also addressed.

The computational efficiency of the proposed approach is further demon-
strated using speed-up curves with increasing the number of threads, both for
the entire procedure of numerical integration of the Cauchy problem and for its
principal stages – Example 4.

3.1. Example 1

The longitudinal-transverse bending of a simply supported beam under the
action of an axial compressive force and a small transverse load that initi-
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ates lateral buckling is considered (Fig. 3). Young’s modulus is assumed to be
E = 210 000 MPa. The beam is divided into 40 finite elements. The problem
is solved in an elastic formulation. The value of the critical force for the cen-
trally compressed beam is Ncr = π2EI

a2
= 107.776 MN. Here, I and a are the

moment of inertia of the cross-section and the length of the beam, respectively.
This example is taken from [34] (Sec. 3 for source data).

Fig. 3. Lateral buckling of the beam under the action of longitudinal compressed force
and small transverse load.

Figure 4 shows the behavior of the numerical solution when retaining between
two and sixteen terms in the Taylor series expansion (curves h-2, h-4, ..., h-16)
– expression (14). The “exact analytical solution” curve corresponds to the post-
buckling behavior of a Bernoulli beam under axial compression, taking into ac-
count the exact expression for the change in curvature, and is taken from [35].
The horizontal straight line labeled “critical force” separates the regions of post-
buckling and pre-buckling deformation on the chart.

Vertical displacement at the middle of span [m]

Ax
ia

l f
or

ce
 [M

N
]

Fig. 4. Post-buckling behavior of the numerical solution while holding a different number
of series terms in the Taylor expansion.

Usually, two terms in the Taylor series expansion are retained (curve “h-2”)
when the buckling of a rod is considered. However, this approach does not al-
low exceeding the critical load, so it is unsuitable for modeling post-buckling
behavior. Approximations h-4–h-16 bring the numerical solution closer to the
exact analytical one and make it possible to fairly accurately describe the initial
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post-buckling behavior of the rod during buckling. A more accurate approxima-
tion can be obtained using the updated Lagrangian formulation approach – the
“update coord” curve in Fig. 5. The proposed in the given article method is much
easier to implement than the updated Lagrangian formulation. In addition, it
usually requires fewer iterations, fewer load steps, and less often demonstrates
a lack of convergence. Taking into account the fact that in structural mechanics
problems, we are unlikely to have to simulate the curvature of a compressed elas-
tic rod to the extent of forming closed ring, for solving further problems we will
use the proposed approach based on total Lagrangian formulation and keeping
high-order terms in the Taylor series expansion.

Vertical displacement at the middle of span [m]
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l f
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 [M

N
]

Fig. 5. Post-buckling behavior of the numerical solution for different approaches.

3.2. Example 2

The buckling of a compressed column with eccentricity is considered (Fig. 6a).
The problem is solved using an elasto-plastic formulation with geometric non-
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e

Fig. 6. a) Design model, b) longitudinal force in the bottom finite element
versus control displacement.
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linearity taken into account. The physical and mechanical characteristics of the
concrete and reinforcement are as follows: E = 30000 MPa, σt = 2.0 MPa,
σc = 30 MPa, ν = 0.2, Es = 200 000 MPa, σy = 560 MPa.

Here, Es and σy are the Young’s modulus and yield strength for steel. This
example is taken from [36]. In the design model, half of the column is con-
sidered, with the lower support modeling the symmetry conditions. The eccen-
tricity e is created by a rigid body, at the free end of which the vertical dis-
placement w is given. Dividing the column into spatial frame finite elements,
presented in Subsec. 2.2, is shown in Fig. 6a. Figure 6b presents a comparison of
the proposed numerical solution (“numerical” curve) with the experimental re-
sults (“experim” curve) taken from [36]. The outlines of these curves are similar
up to the limit point with a difference in bearing capacity of 3% in the vicinity
of the limit point. This indicates the effectiveness of the proposed spatial frame
finite element.

3.3. Example 3

Figure 7 shows the design model of the experimental sample, the tests of
which are presented in [37]. The thickness of the floor slabs is 20 cm.

Fig. 7. Design model of the experimental sample.

Since, in thin plates, the application of concentrated forces, which are normal
to the middle surface, turns out to be a logarithmic singularity in the bending
moments [38], the refinement of mesh leads to divergence in the internal forces.
Therefore, we establish rigid links [39] on the nodes adjacent to the node of the
intersection of the column axis with the middle surface of the floor slab. These
rigid bodies are not shown in order not to complicate the drawing of Fig. 7.
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The floor slabs are reinforced along the contour with stiffening ribs, modeled as
spatial frame finite elements with a cross-section of 20× 30 cm (Fig. 8). Sections
of the columns are also shown in Fig. 8, with the central column having stronger
reinforcement. The upper and lower reinforcement of the floor slabs consists of
rods 12 mm in diameter spaced apart 200 mm in two directions. In addition, the
upper reinforcement above the columns is increased as described in [37].

Fig. 8. Meshing and cross-sections of the spatial frame finite elements.

The following physical and mechanical characteristics of concrete and steel
are accepted: E = 30 000 MPa, σt = 2.44 MPa, σc = 30 MPa, ν = 0.2, ρ =
2400 kg/m3, Es = 200 000 MPa, σy = 500 MPa. Here, ρ is the density of concrete.
In addition, we take a maximum deviation of yield surface from a circular shape:
α = 0.532 (expression (1), Subsec. 2.1) and εu = 0.004935 – Fig. 1.

The dead load as well as the uniformly distributed superimposed load is
applied in the bay comprising the removed column (Fig. 7). The removed corner
column is modeled as an elastic steel rod with an I-section (see [37]). When
the column is removed, the trigger device operates with a delay of about 0.1 s.
To simulate this phenomenon, at the moment of removal of the column, a reaction
is applied, which then decreases to zero according to a linear law. The elasto-
plastic behavior of concrete and steel, as well as geometric nonlinearity, is taken
into account.

Figure 9 shows the vertical displacement of the controlled node located near
the removed column. Curve “numerical: delay 0.1 s” corresponds to the delay in
a trigger device of considered test, curve “numerical: delay = 0 s” corresponds
to the immediate removal of a column, and curve “numerical: delay = 0.995 s”
presents a very slow removal of the column, when dynamical effects are negli-
gibly small. The last curve demonstrates the fact that ignoring dynamic effects
leads to a significant distortion of the numerical prediction. Thus, the behavior
of the structure depends on how quickly the destroyed elements are removed.
This is consistent with the results given in [9]. When solving real-life problems,
information about the velocity of removal of elements from the calculation model
is usually unknown. In addition, both in the considered example and in [9], in-
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Fig. 9. Vertical displacements in the control node.

stantaneous removal corresponds to the largest displacements of the calculation
model nodes, therefore, in all subsequent examples, we will consider instanta-
neous removal believing that it is the most dangerous.

We obtained a maximum deflection value close to the experimental results
(curve “numerical: delay = 0.1 s”). However, the period of free vibrations after
removing the corner column in the proposed approach is slightly higher than in
the experiment. Taking into account the fact that when performing progressive
failure analysis, the main question is whether progressive destruction will occur
or not, we conclude that the proposed method leads to acceptable results since
both the numerical solution and the experimental results demonstrate the os-
cillatory nature of the behavior of structural elements with similar maximum
displacements after the initiating impact.

3.4. Example 4

Figure 10 shows a design model of a typical multi-story building containing
1027082 equations, with both physical and geometric nonlinearity taken into
account for all finite elements. The solution of the Cauchy problem (27) for
nonlinear computational models of large dimensions is a very time-consuming
procedure. Therefore, in this paper, to speed up the solution of such a problem,
we primarily use multithreaded parallelization.

Table 1 shows the time taken for solving the principal stages as well as the
time for the complete solution of the Cauchy problem (27) depending on the num-
ber of threads. Here, Assembling refers to the assembly of the dynamic tangent
stiffness matrix (step 7, Algorithm 1), Residual vector – the calculation of the
residual vector (step 3, Algorithm 1), Factorization – (step 8, Algorithm 1),
Resol. – forward and backward substitutions (step 9, Algorithm 1), Rest – other
stages of solving the Cauchy problem, parallelization of which is reduced to the
parallelization of the corresponding for loops, and Total – the total computation
time.
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Fig. 10. Design model of a multi-story building (1 027 082 equations).

Table 1. Duration of the principle stages ofthe Cauchy problem [s].

# threads Assembling Residual vector Factorization Resol. Rest Total
1 7164 2006 8642 207 248 18267
2 3736 1042 4760 134 179 9851
4 1813 520 2241 96 133 4803
6 1298 362 1706 99 131 3596
8 1019 283 1474 99 134 3009
10 851 238 1146 98 134 2467
12 729 204 1133 98 134 2299

A desktop computer with a 12-core Intel CoreTM i9-9920X CPU 3.50 GHz
processor, 12 physical cores, and 24 logical processors, is used. The amount of
RAM is 128 GB with four memory channels allows us to keep the entire prob-
lem in the core memory. The considered problem requires 23.7 GB RAM. This
processor supports SIMD instructions AVX512F and FMA, which ensures high
performance during the factorization stage. Figure 11 shows the dependence of
speed up Sp = T1/Tp on the number of threads, where T1 is the time to solve the
problem using a single thread, Tp is the time to solve the problem with p threads.
The Assembling and Residual vector stages turned out to be the most acceler-
ated, which confirms the effectiveness of Algorithms 2 and 3. Conversely, the
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Resol. stage is the least accelerated since the Cauchy problem is solved with
a single right-hand side (step 8, Algorithm 1).

# Threads

S p
 =

 T
1/T

p

Fig. 11. Speedup of the principal stages of the Cauchy problem.

The proposed approach has a stable acceleration with an increase in the
number of threads up to the number of physical processor cores and makes it
possible to achieve an 8-fold reduction in analysis time when using 12 threads. We
emphasize that this result was obtained for solving the entire Cauchy problem,
and not for individual classical linear algebra algorithms.

Thus, a comparison of the numerical results obtained by the proposed ap-
proach with the experimental results, as well as with the numerical and analytical
solutions of other authors, shows that the proposed method demonstrates results
acceptable for engineering practice, and, in addition, makes this type of analysis
more accessible in terms of time spent on multi-core computers of the Symmetric
Multiprocessing (SMP) architecture.

4. Numerical results

Unlike the vast majority of articles and scientific reports, in which the initiat-
ing action is the instantaneous removal of one or another column, in this section
we will consider the design models of multi-story buildings in which elements of
the staircase-elevator block (Fig. 12) are removed. These elements are the most
important load-bearing elements in the structures of modern multi-story build-
ings. Another important point that needs to draw attention is that while most
works, one way or another, stimulate the behavior of the structure after the sud-
den removal of the specified structural elements, there are no proposals on how
to make sure that this does not lead to the occurrence of a progressive collapse.
One of the approaches aimed at improving the reliability of the structure is the
installation of reinforcing elements on the upper floor of the building (creation
of an outrigger floor), which must hang a section of the building, from under
which the columns of the lower floor (or other types of load-bearing elements)
were suddenly removed, and to redistribute forces in the structural elements to
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Fig. 12. Design model of the multi-story building without external walls (910 176 equations).
The floor slabs are hidden.

load additionally the intact structural elements of the structure. The effective-
ness of this approach is outlined in [40–43]. In this paper, we consider the effect
of load-bearing walls on improving the reliability of a building in the event of
local instantaneous removing of the staircase-elevator block elements. Note that
the presented calculation models consist entirely of nonlinear finite elements.

4.1. Example 5

The calculation model is taken from the collection of SCAD Soft1) problems
and is shown in Fig. 12, with floor slabs not shown in order not to obscure the
pattern.

The materials used for columns, staircase-elevator blocks, and floor slabs
are reinforced concrete. There are no load-bearing walls, except for fragments
of the staircase-elevator blocks, which is a typical design solution for buildings of
this type. Real design models comprise a lot of structural elements; therefore,

1)SCAD Soft – a software company that develops SCAD Office – a finite element software
for structural analysis and design (www.scadsoft.com), certified in accordance with regional
norms and one of the most popular software packages used in Ukraine and Commonwealth
Independent States (CIS) countries.
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we do not provide their parameters. First, the dead load, as well as the live
load, is statically applied to the structure. The nonlinear static problem (28)
is then solved, and the initial conditions are determined. Second, when solving
the Cauchy problem (27), all finite elements in the bottom row of the staircase-
elevator block are suddenly removed (Fig. 12). As a result of this, the static
equilibrium of the system is disturbed, and the structure fragments begin to
move. We limit ourselves to removing only one row of finite elements since re-
moving several rows will not fundamentally change anything. The finite elements
of the bottom row are selected since they are the most heavily loaded.

Figure 13 shows the vertical displacement of the controlled node (Fig. 12)
over time, and Fig. 14 – the subsidence of the damaged staircase-elevator block
together with the adjacent floor slabs.
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Fig. 13. Vertical displacements in the control node [m].

Fig. 14. Subsidence of the damaged staircase-elevator block.
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The nature of the movements of the controlled node (Fig. 13) indicates that
there is an unlimited increase in displacements – a progressive collapse of the
structure occurs. To estimate the state of finite elements, we use the terms “dam-
aged” and “destroyed”. Damaged finite elements are those in which at least one
of the following events has occurred: the beginning of yielding of the reinforce-
ment in the tension and/or compression zone, or the concrete reaching the yield
point in the compressed zone (Fig. 1, point D) at least one Gaussian point.
Destroyed finite elements are those in which the maximum deformation of the
reinforcement in the tensile or compressed zones has been exceeded (rupture of
the reinforcement) and/or the maximum deformation of the concrete in the com-
pressed zone has reached at least one Gaussian point (Fig. 1, point F).

Figure 15 shows damaged and destroyed finite elements, and most of the
marked floor slabs have ruptured in the reinforcing rods and there is destruction
of concrete not only in the tension zone, which is natural during the normal
exploitation of reinforced concrete but also in the compressed zone.

Fig. 15. Damaged and destroyed finite elements.

This problem was solved on the computer specified in Subsec. 3.4 with a 12-core
Intel Core i9 processor with 12 threads. The total solution time is 45002 s
(12 h 5 min 2 s), the parallel assembly of the tangent stiffness matrix is 17725 s,
its factorization – 14889 s, calculation of the residual vector – 7273 s, direct
and back substitutions – 2159 s. The integration step was 4t = 0.0005 s, 3000
steps, and 6029 iterations of the Newton–Raphson method were performed.
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4.2. Example 6

The calculation model is presented in Fig. 16 and is obtained from the pre-
vious one by adding external load-bearing walls.

Fig. 16. Design model of a multi-story building with external walls (1 027 082 equations).
The floor slabs are hidden.

The remaining parameters are assumed to be the same as in the previous
design model. The destruction scenario is that after the application of a static
load (dead and live loads), the finite elements of the bottom rows of two staircase-
elevator blocks are instantly removed (Fig. 16). The control node is taken as in
the previous case: the top corner node of the right staircase-elevator block.

As in the previous case, the nonlinear statics problem (28) is first solved, after
which the displacements and states of the finite elements are taken as initial
conditions for solving the Cauchy problem (27). Figure 17 shows the vertical
displacements of the same control node as in the previous design model. Even
though the lower parts of two staircase-elevator blocks are now being removed
at once, the vertical displacement of the control node is limited in time, which
indicates the absence of progressive destruction. This problem was solved on
the computer specified in Subsec. 3.4 with a 12-core Intel Core i9 processor and
12 threads. The total solution time is 23287 s (6 h 28 min 7 s). The parallel
assembly of the tangent stiffness matrix is 7708 s, its factorization is 10673 s,
calculation of the residual vector – 2536 s, direct and back substitutions – 2629 s.
The integration step is 4t = 0.0005 s, 1500 steps, and 2029 iterations of the
Newton–Raphson method were performed.
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Fig. 17. Vertical displacements in the control node [m].

5. Conclusions

This paper proposes a method for analyzing progressive collapse in buildings
and structures, based on finite element dynamic analysis of the design model,
behavior during the sudden removal of finite elements selected according to an
accepted scenario. In contrast to known methods for initiating progressive col-
lapse, based on zeroing the reactions of removed finite elements at given times,
the developed approach uses the implicit integration method for the Cauchy
problem and avoids contributions from removed finite elements to the tangential
stiffness matrix and the vector of internal forces. This approach is much more
convenient than the classical one, since it does not require any a priori informa-
tion about the magnitude of the reactions of the elements being removed, and
it can be applied not only to the removal of columns but also to fragments of
load-bearing walls and staircase-elevator blocks.

The use of an elastoplastic material model, taking into account the damage-
ability of concrete and reinforcement when limiting deformations are exceeded,
as well as taking into account geometric nonlinearity, made it possible to ob-
tain an agreement acceptable for engineering practice with the results of various
experiments, which substantiates the reliability of the results obtained as well
as reliability of the proposed spatial frame and shell finite elements.

Multi-threaded parallelization of the leading procedures for the numerical in-
tegration of the Cauchy problem, to which the problem under consideration is re-
duced, ensures stable acceleration of the method as the number of threads
increases up to the number of physical processor cores when solving large prob-
lems (Subsec. 3.4). This confirms the effectiveness of the proposed parallelization
algorithms and ensures acceptable analysis time (Subsecs. 4.1 and 4.2). For the
example shown in Subsec. 3.4, an 8x speedup was achieved on a computer with
a 12-core Intel Core i9 SMP architecture compared to solving the same problem
on a single thread.

In the vast majority of studies devoted to progressive destruction, this process
is modeled based on certain formulations of problems, physical and mechanical
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models of the material, destruction scenarios, etc. But, as a rule, no design
solutions are considered to increase the resistance of structures to progressive
collapse. Namely, these measures are essential for increasing the survivability of
buildings and structures. In [40] and other publications, it was demonstrated
that the use of an outrigger floor significantly increases a building’s resistance to
progressive collapse. This paper shows that the use of load-bearing external walls
in addition to columns and staircase-elevator blocks also significantly increases
the survivability of the building. In both cases, the same type of calculation
models were considered, in which the vertical load-bearing elements were columns
and staircase-elevator blocks.

The presented method is aimed at modeling the initial behavior of structures
after the instantaneous removal of selected finite elements. If the movement of
structural elements is oscillatory (Figs. 9 and 17), then the initial destruction
is localized, and no progressive collapse occurs. If the movement of structural
elements is aperiodic with displacements increasing over time (Fig. 13), then
the destruction of structural elements progresses. Thus, the nature of the move-
ment of structural elements serves as a natural criterion for determining whether
progressive collapse has begun or not. To expand the limits of applicability of
the method for displacement values comparable to the height of the floor, it is
necessary to take into account the change in the initial geometry of the struc-
ture, updating the coordinates of the nodes at the end of each converged step
of nonlinear iterations, and also take into account the fall of debris on the floors
located below, which is one of possible directions for further development of the
method.

Another prospects for the future development of the proposed method, ac-
cording to the author’s vision, are as follows. The presented method and algo-
rithms, without fundamental changes, can be used for both nonlinear seismic
analysis of buildings and structures, and for the analysis of the assembly of
structures, taking into account both geometric and physical nonlinearity. This
is possible because the proposed approach allows not only to remove finite el-
ements from the calculation model, but also for their addition. Moreover, it is
possible to implement not only the sudden removal of certain elements but also
their gradual removal over a given time interval, without having any a priori
information on the stress-strain state of these elements.
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