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Based on numerical solutions that minimize the total potential energy of trusses subjected
to static loads, with specified displacements at selected support nodes and simultaneous
fulfillment of the isoperimetric condition on the structure’s volume, several properties of
optimally designed structures are revealed. The most significant finding is the relatively
frequent occurrence of non-unique global solutions, represented as vectors of cross-sectional
areas of members in the stress-based version of topology optimization problem. A key as-
pect of the presented method is the objective function, derived from Castigliano’s theorem,
which minimizes the total potential energy. Unlike traditional approaches that optimize
transverse areas of the members, this method uses statically admissible forces in the truss
members as design variables. This formulation allows for a free search of solutions, includ-
ing cases where certain members can disappear in the optimal design. Numerous tests have
revealed an interesting property of the objective function, indicating that global solutions
are located at the bottom of a long valley in its graph within the space R r+1, where r
denotes the size of the kernel of the equilibrium matrix governing the force balance equa-
tions of the nodes of the truss structure.
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1. Introduction

The problem of designing the stiffest structures, assuming an upper bound
on the available material (or equivalently, bounding the manufacturing cost of
such structures), has been one of the most extensively explored areas of scientific
research in the field of structure optimization for several decades. In particu-
lar, a significant body of work has been devoted to determining the optimal
cross-sectional areas of members and/or the optimal locations of truss structure
nodes under a given nodal load. See, e.g., papers [1–13] among the hundreds,
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if not more, of scientific articles addressing the optimal design of truss structures
since the beginning of the 20th century. However, most of the optimal design
problems concern cases where trusses are subjected to static loads alone, while
ignoring potential kinematic loads at selected support nodes. In general, it is
commonly assumed that the positions of internal (free) nodes are fixed, while
the positions of support nodes can be adjusted by imposing given displacements
(e.g., due to support settlements). In these cases, the non-negative stiffnesses of
the members (i.e., assuming that they can also reach zero values) are treated as
design variables, while the total volume of the truss represents the design cost.
The assumption that stiffnesses are non-negative leads to the classical problem
of topology optimization for engineering structures.
In the paper [14], an original algorithm based solely on member forces was

presented for searching the optimal cross-sectional areas of truss members sub-
jected to both static and kinematic loads. This was done under the constraint
on the sum of the stiffness of its members, equivalent to the constraint on the
volume of the truss (i.e., its cost), assuming the Young modulus of the mate-
rial from which all members are made is fixed and uniform across all members.
In [14], it was also point out that, until 2010, almost no articles on the topo-
logical optimization of trusses discussed the cases involving kinematic loads or
simultaneous kinematic-static loads. Correct methods for optimizing elastic bod-
ies (in particular, truss structures) in the presence of kinematic loads were only
proposed in [15–18] after 2010. The correctness of the posed problem, especially
in the context of the stress approach used in this paper, stems primarily from
the fact that minimizing over all statically admissible forces in the truss mem-
bers – parameters of Castigliano’s total potential energy – leads to a minimizer
(optimal vector of forces in the truss members). This minimizer is a solution to
the statics problem of a truss subjected to both static and kinematic loads. Ad-
ditionally, and importantly, this functional can (and should) be a starting point
for formulating the truss topology optimization problem, because the objective
function derived from it and the solutions obtained through its minimization
have clear, explicit, logical and, above all, consistent properties from a physical
interpretation standpoint (this will be very briefly explained later in the text).
The method proposed in [14] reduces the problem of topology optimization of
truss structures to finding the minimum of a certain functional without any
additional constraint conditions, whose only design variable (in the presence of
both static and/or kinematic loads) is the vector of statically admissible member
forces. More precisely, the design variable is an r-dimensional vector of real num-
bers, whose components when multiplied by the basis vectors spanning the kernel
of the truss equilibrium matrix (of kernel dimension r) together with some arbi-
trary particular solution of the equilibrium equation, ultimately determine the
statically admissible set of forces in the truss members. Once the minimizer of



Remarks on the stress version of topology optimization. . . 79

this functional is found, the optimal values of the truss cross-sectional areas for
both static and kinematic loads are computed based on the derived analytical
formulas. An important feature of the method proposed in [14] is that, without
imposing additional corrective conditions, which would be necessary if the design
parameters explicitly depended on the components of the displacement vector,
the members are allowed to disappear in the final optimal solution. However,
in the present author’s opinion, the trade-off for not having to redefine the topol-
ogy of node connections with rods due to the disappearance of some members
during subsequent iterations is the challenge of precisely locating the minimiz-
ers of the convex objective function. These issues arise during numerical tests,
particularly when only static loads, only kinematic loads, or both are present.
The main goal of this work is to clarify the emergence of these problems

by using the results of numerous numerical tests for problems where the di-
mension of the equilibrium matrix kernel is exactly 2 (which does not imply an
equally small number of rods in the truss, as there can be any number of rods
in principle).
The final (additional but highly relevant) example shows the numerical re-

sults of topology optimization for an L-shaped cantilever, subjected only to
static loads and made of a non-homogeneous, isotropic, linear-elastic material.
These results are obtained using the isotropic material design (IMD) method,
which is analogous to the one used for trusses to search for the distribution of
elastic modulus fields. The IMD method is a stress-based version of topology op-
timization for non-homogeneous, isotropic elastic bodies under the isoperimetric
condition, as presented in [19]. This example is important because the analysis
of the obtained results clearly indicates a very similar nature of the objective
function to that of truss structures, and highlights the resulting difficulties in
numerical analysis.
The paper also points out other interesting features of optimal solutions,

especially within the geometric-linear theory of trusses (and thus the geometric-
linear theory of elastic bodies) loaded kinematically or kinematically and stat-
ically. This suggests the need to stop the practice of treating the equilibrium
equations in the undeformed configuration as sufficiently justified and correct
relations in the context of topology optimization.

2. Optimum design of planar and spatial trusses

Before presenting examples of optimal topologies of lattice structures, the
basic formulas defining the method of minimizing total potential energy will be
briefly derived, with only slight changes in notation compared to that in [14].
According to Fig. 1, we introduce the following notation for forces, displace-

ments and other parameters required to describe the statics of truss structures
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Fig. 1. Illustrative eight-member truss structure (e = 8), with seven support reactions (m = 7),
and five unknown displacements (s = 5) (three non-sliding pin supports, one pin support with

possible horizontal displacement, and two free nodes).

with e members, m prescribed displacements U1, ..., Um, and unknown support
reactions R1, ..., Rm, as well as s unknown displacements u1, ..., us and given
loads P1, ..., Ps. Let U = (U1, ..., Um) and R = (R1, ..., Rm) be the vectors of
known displacements at supports and unknown support reactions, respectively,
u = (u1, ..., us) and P = (P1, ..., Ps) be the vectors of unknown nodal displace-
ments and given loads, respectively, N = (N1, ..., Ne) and ∆ = (∆1, ...,∆e) be
the vectors of unknown member forces and elongations of members, respectively,
x = (x1, ..., xe), xk = EAklk ≥ 0, k = 1, ..., e, be the vector of design param-
eters, where E > 0 represents Young’s modulus, Ak ≥ 0, lk > 0 denote the
cross-sectional area and length of the k-th member, respectively.
The nodes are a priori given, i.e., their positions are fixed. Therefore, the

distances lk between nodes are not parameters of the task and can only be in-
terpreted as constant multipliers. By defining the design variable xk as EAklk
instead of EAk, we can state that the k-th member may not exist when xk = 0,
rather than assuming that the k-th member exists but has zero stiffness, which
seems to be consistent with the physical interpretation of the main feature of the
presented optimization algorithm, which allows, without practically any addi-
tional mathematical constraints, the possibility of removing members during the
optimization process. This, in turn, allows for a change in the initial topology of
connections between nodes in the optimal solution. Allowing some members to
disappear is a crucial assumption. We adopt the standard notation for geometric
matrices: B =

(
Bij

)
e×s
, B =

(
Bij

)
e×m
involving directional cosines, and for

diagonal matrix: E = (Eij)e×e = diag
{
EAk
lk

}
k=1,...,e

.
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Equilibrium equations:

B
T
N = P, B

T
N = R, (1)

together with constitutive and geometric relationships:

N = E∆, ∆ = Bu+BU (2)

formulate the statics problem for geometrically linear truss structures.
We will assume that the vector of design parameters x ∈ Re satisfies the

following isoperimetric condition:

x ∈ Ξ, (3)

where for any given number Λ > 0,

Ξ =

{
x = (x1, ..., xe) : ∀k, xk ≥ 0 ∧

e∑
k=1

xk ≤ Λ

}
(4)

is the set of the admissible design parameters.
The above equations can be aggregated to a single equation:

K̂û = P̂, (5)

where the matrix is defined as:

K̂ = (K̂ij)(s+m)×(s+m) =

[
B

T
EB B

T
EB

B
T
EB B

T
EB

]
(6)

and

û =

û1, ..., ûs︸ ︷︷ ︸
u

, ûs+1, ..., ûs+m︸ ︷︷ ︸
U

 = (u,U) ,

P̂ =

P̂1, ..., P̂s︸ ︷︷ ︸
P

, P̂s+1, ..., P̂s+m︸ ︷︷ ︸
R

 = (P,R) .

(7)

It is obvious that in the above formulation:

u = u(x), R = R(x), (8)

because E = E(x), and thus K̂ = K̂(x).
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Let, for any but fixed x ∈ Ξ,

û∗ = û∗(x) =

[
u∗(x)
U

]
∈ Rs+m and

(u∗,∆∗,N∗,R∗) = (u∗,∆∗,N∗,R∗) (x)

(9)

be the solution:

K̂(x)û∗(x) = P̂ (10)

to problem (1), i.e.,

u∗(x) = K−1(x)P, K(x) = B
T
E(x)B,

∆∗(x) = Bu∗(x) +BU, N∗(x) = E∆∗(x), R∗(x) = B
T
N∗(x).

(11)

We consider the topology optimization problem as follows: for known vectors

P ∈ Rs, U ∈ Rm, (12)

find the vector

x = (x1, ..., xe) ∈ Ξ, (13)

i.e., equivalently find all cross-sectional areas

Ak =
xk
Elk
≥ 0, k = 1, ..., e, (14)

minimizing the total potential energy

℘ : Ξ→ R, ∀y ∈ Ξ, ℘(y) = P · u∗(y)︸ ︷︷ ︸
compliance

−R∗(y) ·U, (15)

as described in [17]. The assumption that Young’s modulus E > 0 is constant,
reduces the above problem to the minimization of the total potential energy,
assuming that the volume of all truss members does not exceed the allowable
value

e∑
k=1

Aklk ≤
Λ

E
. (16)

In other words, we are looking for the solution x∗ ∈ Ξ to the following problem:

℘∗ = min
x∈Ξ

(P·u∗(x)−R∗(x) ·U) , x∗ = argmin
x∈Ξ

℘(x) ∈ Ξ. (17)
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How can we most convincingly justify the choice of the objective function in
the presented problem to make it physically plausible? The simplest justifica-
tion is as follows. Firstly, in the case when all possible displacements U of the
supports are equal to zero, the minimization:

min
x∈Ξ

℘ (x) = min
x∈Ξ

P · u∗ (x) (18)

guarantees that the designed truss will be stiff, because the work of known forces
P on the displacements of nodes u∗(x) caused by them is minimized. This is
interpreted as the compliance minimization. Secondly, in the case when only
known displacements U are applied to selected nodes of the supports, the work
of nodal reactions on the known displacements of these nodes is maximized:

min
x∈Ξ

℘ (x) = min
x∈Ξ

(−R∗ (x) ·U) = −max
x∈Ξ

(R∗ (x) ·U) , (19)

which can be interpreted as the maximization of reaction forces R∗(x) that
provide the greatest resistance to the known displacements U. The third justifi-
cation requires recalling the Castigliano functional and its role in the alternative,
final formulation of the statics problem for geometrically linear elastic bodies.
So, let us introduce the Castigliano functional:

I : Θ+ × Σ→ R, ∀ (x,N) ∈ Θ+ × Σ,

I (x,N) =
1

2
N·
(
E−1(x)N

)
−
(
B

T
N

)
·U

(20)

for the truss structure loaded both statically and kinematically, where:

Σ =
{
N ∈ Re : B

T
N = P

}
(21)

is the set of all statically admissible member forces, and

Θ+ = {x = (xk) ∈ Re : ∀k, xk = EAklk > 0} (22)

is the set of all positive parameters defining the all positive cross-sections Ak,
wherein

Ξ ̸⊂ Θ+, Ξ ∩Θ+ ̸= ∅. (23)

Then, the search for a solution to the problem:

℘∗ = min
x∈Ξ

℘ (x) (24)
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can be carried out in a different way, using Castigliano’s theorem, i.e.,

℘∗ = min
x∈Ξ

℘ (x) = 2min
x∈Ξ

min
N∈Σ

I (x,N) . (25)

Based on this fundamental relationship, it can be shown that after changing
the order of minimization from min

x∈Ξ
min
N∈Σ

(...) to min
N∈Σ

min
x∈Ξ

(...) in the above double

minimization, the problem reduces to:

℘∗ = min
N∈Σ

F (N), N∗ = argmin
N∈Σ

F (N) ∈ Σ, (26)

where

F : Σ→ R ∀N = (N1, ..., Ne) ∈ Σ,

F (N) = min
x∈Ξ

{
N ·E−1(x)N− 2

(
B

T
N

)
·U
}

=

(
e∑

k=1

|Nk| lk
)2

Λ
− 2

(
B

T
N

)
·U,

argmin
x∈Ξ

{
N ·E−1(x)N− 2

(
B

T
N

)
·U
}

= xN =
(
xNk
)
,

xNk =
Λ |Nk| lk
e∑

i=1
|Ni| li

,

(27)

is the new objective function, not involving any design variables. This new prob-
lem has been obtained by a strict mathematical procedure. Its physical meaning,
however, remains unclear. This procedure can be found in the book [2] in the
case of compliance minimization, see also [5, ch. 2]. The present paper, along
with the paper [14], extends the same idea to the problem of minimizing the
total potential energy corresponding to loads other than nodal forces. A more
detailed mathematical derivation of relationship (27) can be found, among oth-
ers, in [14, sec. 4.2, p. 6].
Once the minimizer

N∗ = (N∗
1 , ..., N

∗
e ) ∈ Σ (28)

of F is found, then

x∗ = xN∗
, (29)

i.e.,

x∗k =
Λ |N∗

k | lk
e∑

i=1
|N∗

i | li

x∗k = EA∗
klk

⇒ A∗
k =

Λ

E

|N∗
k |

e∑
i=1
|N∗

i | li
, k = 1, ..., e, (30)
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is the solution to the topology optimization problem. We conclude that the
absolute value of the optimal stress in each k-th member is constant, i.e.,

|σ∗
k| =

|N∗
k |

A∗
k

=

E
e∑

i=1
|N∗

i | li

Λ
= const. (31)

For the given truss structure and known loading P, any statically admissible
member force N can be associated with a vector:

α = (α1, ..., αr) ∈ Rr. (32)

Indeed, if

N = (N1, ..., N e) ∈ Re (33)

is any particular solution of the equilibrium equation:

B
T
N = P (34)

and the vectors

hk = (hk1 , ..., hke) ∈ Re (35)

(k = 1, ..., r) span the kernel of the equilibrium matrix B
T
(generally a rectan-

gular matrix with the number of rows less than the number of columns), then
any statically admissible N ∈ Σ can be represented as:

N = N+
r∑

k=1

αkhk, (36)

where r = dimkerB
T
. All vectors N, N, and hk whose components satisfy the

equilibrium equation (34), define, of course, all statically admissible member
forces.
In other words, any statically admissible solution N can be identified with

a certain vector α, and therefore, the minimization of functional F (N) over
statically admissible member forces N ∈ Σ can be reduced to its minimization
over all vectors α. This leads to a fully unconstrained minimization problem,
for which known and effective numerical methods can be applied.
Therefore, the minimized functional F will be formally replaced with an

equivalently defined functional J as follows:

J : Rr → R,

∀α = (α1, α2, ..., αr) ∈ Rr, J(α) =

(
e∑

k=1

|Nk(α)| lk
)2

2Λ
−
(
B

T
N(α)

)
·U,

(37)
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where

N(α) = (N1(α), ..., Ne(α)) ∈ Re, Nk(α) = Nk+
r∑

i=1

αihik, k = 1, ..., e. (38)

Then,

F ∗ = 2J∗, (39)

where

J∗ = min
α∈Rr

J(α), α∗ = (α∗
i ) = arg min J(α) (40)

and finally

N∗(α) = (N1(α
∗), ..., Ne(α

∗)) =

(
Nk +

r∑
i=1

α∗
i hik

)
. (41)

3. Optimum design of two-dimensional, non-homogeneous,
isotropic elastic bodies

The presentation of the distributions of cross-sectional areas A∗
k ≥ 0,

k = 1, ..., e, of members in several selected examples of truss structures will be
preceded by a very brief description of the analogous problem in stress-based
topology optimization of linearly elastic, non-homogeneous, isotropic elastic
bodies. This will help to reveal, in the last example, similar numerical problems
in truss structures when searching for the global minimum of the compliance
function. These problems probably result from the fact that, after interpolating
statically admissible stresses (analogous to the interpolation of kinematically
admissible displacements in the classical version of FEM), the ‘graph’ of the
minimized functional very often has a ‘shape’ resembling a long flat valley in
the s-dimensional (s ≫ 2) kernel space of the rectangular matrix defining the
equilibrium of a 2D or 3D body.
Assuming that only a static load t is applied to the continuum body Ω

on a fragment of its boundary Γ1 (for simplicity, we assume that kinematic
loads are absent), the analogue of the truss topology optimization becomes the
problem of searching for the optimal distribution of the bulk k(x) ≥ 0 and
shear µ(x) ≥ 0 moduli, which are involved in the representation of the non-
homogeneous isotropic fourth-rank Hooke’s tensor C = C(x), x ∈ Ω and mini-
mizing the compliance:

f (u(C)) =

�

Γ1

t · u(C)da (42)
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under the isoperimetric condition:�

Ω

trCdx =

�
(2k + 4µ) dx ≤ Λ, (43)

where the kinematically admissible vector field

u = u (C) (44)

is a solution to the following equilibrium equation:

∀v ∈ V (Ω)

�

Ω

τ · ε(v)dx =

�

Γ1

t · v da. (45)

By ε(u) and V (Ω), we denote the strain tensor and the space of all kinemat-
ically admissible displacements, respectively. In other words, v ∈ V (Ω) is the
displacement field vanishing on a given boundary fragment Γ2 ⊂ ∂Ω. This also
means that the stress tensor

σ(u) = Cε(u) ∈ Σ(Ω) (46)

satisfies the equilibrium equation, where Σ(Ω) denotes the set of statically per-
missible stresses, i.e., the set of all symmetric second-order tensors satisfying
Eq. (45). After using Castigliano’s theorem, one can derive the following topol-
ogy optimization problem for the elastic body Ω with the isoperimetric condi-
tion (43):

Φ∗ = min
τ∈Σ(Ω)

Φ(τ), τ∗ = argmin
τ∈Σ(Ω)

Φ(τ) ∈ Σ(Ω), (47)

where

Φ : Σ(Ω)→ R, ∀τ ∈ Σ(Ω), Φ(τ) =

�

Ω

|τ| dx (48)

is the objective function, not involving the design scalar fields k(x), µ(x), x ∈ Ω.
In the case of 2D problem, the integrand function is the norm defined as follows:

|τ| =
√
2

2
|trτ|+

√
2 ∥dev τ∥ , (49)

where |trτ|, ∥dev τ∥ on the right-hand side of Eq. (49) represent the absolute
value of the trace and the standard Euclidean norm of the deviator of τ, respec-
tively.



88 S. Czarnecki

Once the minimizer

τ∗ ∈ Σ(Ω) (50)

of Φ is found, then the fields

k∗(x) =

Λ
2
√
2
|trτ∗(x)|�

Ω

|τ∗| dx
, µ∗(x) =

Λ
2
√
2
∥dev τ∗(x)∥�

Ω

|τ∗| dx
, (51)

form the solution to the topology minimization problem for two-dimensional
bodies, as described, e.g., in [20], where a detailed description and summary
of many papers concerning topology optimization of elastic bodies in the stress
version can be found.
It is obvious that any numerical simulation must be preceded by the in-

terpolation of statically allowable stresses τ ∈ Σ(Ω) in order to convert the
infinite-dimensional problem into a finite-dimensional problem, resulting in lin-
ear equations of the form:

B T = Q, (52)

where B is the rectangular matrix, and Q, T = T(α) are the vectors of nodal
forces and unknown nodal stress parameters, respectively, depending on vectors

α = (α1, ..., αr) ∈ Rr, r = dim kerB (53)

that span the kernel of the equilibrium matrix B, defining the interpolations
of stresses. In the paper [21], the interpolation of the stress field components is
described in detail, and the numerical calculations are carried out by introducing
an additional plasticity condition for statically admissible stress fields τ ∈ Σ(Ω):

∀x ∈ Ω, γ (τ(x)) ≤ σ0, (54)

where σ0 represents the plastic limit corresponding to the tensile test, and

γ(σ) =

√
1

2

(
1√
2
trσ

)2

+
3

2
∥devσ∥2 (55)

for 2D problem. The algorithm taking into account the yield condition (54),
together with the presentation of numerous numerical examples, is described in
detail in [21].

4. Case studies

The results and comments in examples 4.1–4.5 below are given exclusively
for truss structures. However, Subsec. 4.6 additionally presents the results of
topology optimization for a 2D elastic body Ω, which is loaded statically using
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the IMD method. In this case, the objective function – compliance (42) – is
equivalent to the total potential energy for trusses, assuming no kinematic loads
(i.e., U = 0 in formulas (15) and (37)). The aim is to highlight the occurrence
of almost identical properties between both objective functions, as well as the
resulting challenges in interpreting the results of optimal solutions.
The singular value decomposition (SVD) algorithm, together with routines im-

plementing non-linear mathematical programming algorithms such as Fletcher–
Reeves (FR), Polak–Ribiere (PR), or Broyden–Fletcher–Goldfarb–Shanno
(BFGS) [22], was used to find the statically admissible representation and the op-
timal solution, respectively. The Young modulus E and the initial cross-sectional
area Ainit

k , k = 1, 2, ..., e, of each member of the optimized truss (whether planar
or spatial) are equal to E = 7.2 ·106 N/cm2 and 1.0 cm2, respectively. In almost
all examples, the limitation Λ of not exceeding the allowable material resources
in isoperimetric condition is equal to

Λ =

e∑
k=1

EAinit
k lk [N · cm], (56)

where lk, k = 1, 2, ..., e are the lengths of the truss members. Only in example 4.5
(hangar roof) are the optimization results for the truss shell structure shown
with Λ calculated using (56) and additionally according to Λ̂, where

Λ̂ = 4 · Λ = 4 ·
e∑

k=1

EAinit
k lk [N · cm] (57)

in order to investigate the influence of the isoperimetric condition (3), (4) on
the final compliance optimization result.
In selected examples where the kernel dimension r = dimkerB

T
is equal to 2,

the graph of the minimized functional J(α) is shown in order to reveal some of
its features, which have a significant impact on both the uniqueness and numer-
ical efficiency of finding its optimal value J∗ = F ∗

2 . Red and blue colors indicate
members in tension and compression states, respectively. When green stars ap-
pear in the figures, they indicate truss supports. Several figures use the notation
α0, α1 instead of the α1, α2 used in the text, as the indexing in the Python
program used for visualizing these graphs starts from 0 rather than 1.

4.1. Two-member truss

As a first example, consider a symmetrical, two-member truss structure that
is pin-supported at all its three nodes, see Fig. 2a. The lengths of the projections
of the structure on the horizontal and vertical axis are 200 cm and 50 cm, re-
spectively. Therefore, the limitation Λ in the isoperimetric condition is given by:

2∑
k=1

EAinit
k lk = Λ = 1.60997 · 109 [N · cm].
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a) b)

Fig. 2. Two member structure, pin-supported at three nodes: a) twice statically indeterminate
(all six degrees of freedom of the three nodes are considered). The structure is loaded kinemat-
ically by three vertical displacements in the downward direction U , U/2, U for the left, middle
and right node, respectively, b) statically determinate (with the possibility of the independent
displacements in the horizontal direction for the left and right nodes); the structure is loaded
kinematically in the same way as in case a, but additionally, it is loaded with two horizontal
forces with opposite directions and different values P/2 and P are applied to the left and right

nodes, respectively.

All three supports move vertically downward: the lower left and right sup-
ports move by a value U = 10 cm, and the upper middle one moves by the
U/2 = 5 cm. The kernel dimension r in this example is equal to 2, which makes it
possible to draw a graph of the minimized functional 2J(α), α = (α1, α2) ∈ R2,
as shown in Fig. 3. As clearly visible, the graph of the functional J(α) has the

A B

C
Fig. 3. Three-member structure from Fig. 2a: two different views of the graph of the 2J(α)

functional.
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shape of a long and flat valley. At each point α ∈ Rr located along the section
marked in blue, the value of the functional reaches the minimum global value
J∗ = −643988

2 = −321994 [N · cm]. In Fig. 4, five of the infinitely many alterna-
tive solutions (i.e., optimal cross-sectional areas A∗

k, k = 1, 2) of this truss are
shown. In each case, the isoperimetric condition is satisfied equally. When both
members have different lengths and the six independent horizontal and vertical
displacements of each support are different, the graphs of the functional J(α),
although similar to the one in Fig. 3, usually have one global minimum. How-
ever, this minimum often lies at the end of a very long and almost flat valley.
This explains the numerical difficulties encountered in finding the minima that
appeared during numerical tests carried out on truss structures, where it is not
always possible to visualize the objective function.

2.0 1.33333 0.66666

1.0 1.0

0.66666 1.33333 2.0

Fig. 4. Two-member structure: five various alternative topology optimization solutions
– optimal cross-sectional area A∗

k, k = 1, 2 cm2 for the truss from Fig. 2a.

As a second example, consider the same two-member truss structure shown
in Fig. 2b. This time, the truss is statically determinate (left and right nodes are
free to move horizontally). In addition to the same kinematic load as in the pre-
vious case, it is also loaded with horizontal forces P/2 and P (|P | = 100 000 N),
applied in opposite directions to the left and right nodes, respectively – see
Fig. 2b. It is well known that, within the geometrically linear theory of rods, no
kinematic, distortion and thermal loads (in particular, support displacements)
induce a state of stress in a statically determinate structure. Therefore, the topol-
ogy optimization result is only influenced by the static load. In this case, the
forces in the truss members, uniquely determined from the equilibrium equa-
tions, define the asymmetrical, unique optimal cross-sections, as shown in Fig. 5.
It is worth emphasizing here that, within the geometrically linear theory

of member structures, the displacements of nodes in an optimal truss loaded
statically and kinematically at the same time are the superposition of the dis-
placements of the optimal truss loaded only statically and the displacements of
the optimal truss loaded only kinematically. Of course, the principle of super-
position also applies to the internal forces in members, and reactions at outer
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0.66666 1.33333

Fig. 5. Two-member structure. Unique topology optimization solution for the truss
from Fig. 2b.

supports. In our particular case, the unknown horizontal displacements (mea-
sured in cm) of the left, middle and right nodes caused only by the horizontal
displacements of all three nodes can be relatively easily calculated (e.g., based
on the displacement plan) and are equal to:

+2.5, 0.0, and − 2.5,

respectively (assuming positive directions for displacements in the horizontal
and vertical directions, to the right and up, respectively). The known vertical
displacements are, of course:

−10.0, −5.0, and − 10.0,

respectively. The unknown horizontal displacements of the left, middle and right
nodes caused only by the static load were found using the FEM after optimiza-
tion and are equal to:

−1.45577, 0.0, and + 1.45577,

respectively. All known vertical displacements, of course, remain equal to 0.0 cm.
The superposition of all above-found displacements gives:

2.5−1.45577 = +1.04423, 0.0+0.0 = 0.0, and − 2.5+1.45577 = −1.04423

in horizontal directions and

−10.0 + 0.0 = −10.0, −5.0 + 0.0 = −5.0, and − 10.0 + 0.0 = −10.0

in vertical directions, respectively. Exactly the same values of all nodal dis-
placements were obtained after topology optimization in the case of static and
kinematic loads applied simultaneously to the truss nodes. It is also worth not-
ing that, in this particular task, despite the optimal solution being asymmetric
(see Fig. 5) (because the load is not symmetrical), the final optimal horizon-
tal displacements of the supports are symmetrical. The optimal values J∗ of
the functional for pure kinematic and pure static loading are equal to 0 and
109 183 N · cm, respectively, and their superposition is, of course, not equal to
the optimal value J∗ = −265 817 N · cm for kinematic and static loadings ap-
plied simultaneously. It may also be worth mentioning that any displacements of
supports causing rigid rotation of any elastic body within the limits allowed by
geometrically linear theories of structures also do not cause any deformations.
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4.2. Four-member truss

The upper right support node of the twice statically indeterminate truss
shown in Fig. 6 is subject to displacement U = 1.4142 cm along member 3,
while a vertical force P = 200 000 N is applied to the inner node. The value Λ
in the isoperimetric condition is, in this case, equal to 3.476467530 · 109 N · cm.
The kernel dimension r is equal to 2, which makes it possible to draw a graph
of the minimized functional J(α), revealing a very important feature that some-
times appears not only in topology optimization of truss structures but also in
the topology optimization of any two- or three-dimension elastic bodies.

U = 1.4142 [cm]

100 [cm]

100 [cm]

100 [cm]

P = 20000 [N]

1

2

3

4

Fig. 6. Dimensions of the four-member truss. The absolute values of nodal static and kinematic
loading are P = 2.0 · 105 N and U = 1.4142 cm, respectively.

In this example (similarly to the first one presented in Fig. 2a), the convex
functional J seems to have (with numerical accuracy up to six decimal places)
infinitely many global minima α∗ ∈ Rr located on the blue line – see Fig. 7. At
each ten points α∗ = (α∗

1, α
∗
2) ∈ Rr, regularly spaced on the blue segment shown

in Fig. 7 the value of the functional J∗ = 52 353.2/2 = 26176.6 [N · cm] is the
same for all these points. In Table 1, ten optimal member cross-sections A∗

k,
k = 1, 2, 3, 4 [in cm2] for this ten optimal solutions are presented. In Fig. 8, ten
optimal trusses are shown in the same order as in Table 1, while maintaining

Table 1. Cross-sectional areas of truss members for ten different points α∗ = (α∗
1, α

∗
2) ∈ Rr

at which the functional J reaches the same (at least numerically) optimal value J∗ =
26 176.6 N · cm, listed in the order from the upper right to the lower left point located on

the blue section visible in the third view of Fig. 7.

(α∗
1, α

∗
2) /10

4 (−3.60, 10.34) ... ... ... ... ... ... ... ... (6.74, 0)

A∗
1 [cm

2] 1.74 1.63 1.52 1.40 1.29 1.18 1.07 0.95 0.84 0.73

A∗
2 [cm

2] 1.01 0.90 0.79 0.68 0.56 0.45 0.34 0.22 0.11 0.00

A∗
3 [cm

2] 1.45 1.45 1.45 1.45 1.45 1.45 1.45 1.45 1.45 1.45

A∗
4 [cm

2] 0.00 0.17 0.33 0.49 0.65 0.81 0.97 1.13 1.29 1.45
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A B

C
Fig. 7. Three different views of the graph of the 2J(α) functional for the four-member truss

shown in Fig. 6, loaded simultaneously statically and kinematically.
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Fig. 8. Optimal truss members (red/blue – tension/compression) for points α∗ = (α∗
1, α

∗
2) ∈ Rr

from Table 1 for which the functional J reaches the same (at least numerically) optimal value
J∗ = 26 176.6N · cm.
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the same scale of line thicknesses corresponding to the cross-sectional areas of the
members. In each of the 10 optimal solutions, the isoperimetric condition was
always met ‘equally’, i.e.,

e∑
k=1

EA∗
klk = Λ.

Based on many other numerical simulations for optimal topologies according
to the IMD, method carried out for both for truss structures and two/three-
dimensional elastic bodies, the existence of flat and long valleys characterizing
the ‘graph’ of the functional J in Rr (r ≫ 2) cannot be ruled out in subdo-
mains where the global minimum is reached. In the general case (also when we
are dealing with only static loads), the optimal topology of a truss structure
or, alternatively, the optimal distribution of elastic moduli in a two- or three-
dimensional body, may sometimes depend on the starting point α ∈ Rr, which
defines the initial set of statically admissible forces or stress fields. However, in
many numerical calculations, even if different optimal topologies were obtained
for different starting points α, the optimal values of the minimized functional J
(or its equivalent in 2D/3D continuum mechanics) are almost always identical
(with, of course, assumed numerical accuracy).
The next two numerical results for special cases of only static or only kine-

matic loading are shown in Figs. 9 and 10, and Table 2.

A B
Fig. 9. Two views of the graph of the objective function in the case of only static or only

kinematic loading of the truss shown in Fig. 6, respectively.

1 1

2

3

Fig. 10. Optimal truss members (red/blue – tension/compression) for points α∗ = (α∗
1, α

∗
2)

from Table 2.
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Table 2. Optimal points α∗, optimal values J(α∗), and optimal cross-sectional areas of truss
members in the case of only static or only kinematic loading, shown in second and third

columns, respectively.

α∗ = (α∗
1, α

∗
2) (−141 421.0, 0.0) (61 455.8, 61 455.8)

J(α∗) 57 529.5 −43 455.8
A∗

1 [cm
2] 4.83 1.21

A∗
2 [cm

2] 0.00 1.21

A∗
3 [cm

2] 0.00 1.71

A∗
4 [cm

2] 0.00 0.00

This example, together with the objective function graphs in Fig. 9, clearly
indicates that in both of these different loading cases, the objective function
achieves exactly one global minimum.

4.3. Eight-member truss

The eight-member truss is supported at the left and right nodes, while the
lower and upper nodes can move freely in the horizontal direction. The lengths
of all horizontal and vertical members are 100 cm. Two pairs of forces parallel to
each other and with opposite directions applied to the truss at the two middle
nodes and at the lower and upper nodes, respectively. The absolute values of all
forces are equal to |P | = 200 000 N. Both variants of the static load are shown
in Fig. 11. Regardless of the static load, the leftmost and rightmost nodes move
by U = 1 cm or U = 3 cm in the horizontal direction to the left and right,
respectively.

100 [cm]

U

100 [cm] 100 [cm]

100 [cm]

100 [cm]

U

P

P

P

P

100 [cm]

U

100 [cm] 100 [cm]

100 [cm]

100 [cm]

UP P

P

P

A+C B+C
Fig. 11. Two variants: A and B of a static eight-member load applied to the truss nodes with
force pairs P , together with an independent variant C of kinematic stretching load U applied

to the leftmost and rightmost nodes.

In Fig. 12, the optimal truss topology is shown for variant C of kinematical
loading for U = 1 cm. Optimal value: J∗ = 322 064/2 = 161 032 [N · cm], op-
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Fig. 12. Variant C, optimal eight-member truss structure.

timal cross-sections of the three horizontal red members: 3.35483 cm2, and all
other members disappear because the areas of their optimal cross-sections are
equal to 0.
In Fig. 13, optimal truss topology is shown for load variant A. Optimal

value J∗ = 1.99 · 106/2 = 0.99 · 106 [N · cm], optimal cross-sections of the two
vertical red members: 1.67742 cm2, and optimal cross-sections of the two red
skew members: 2.37222 cm2. The remaining members disappear.

Fig. 13. Optimal eight-member truss structure (red – tension) for variant A.

Then, a solution to the optimization problem was sought for both of the
above variants, A and C: simultaneous static and kinematic load. The optimal
value of J∗ = 1.19 · 1062 = 0.6 · 106 [N · cm] (<0.99 · 106), was smaller than in
the previous case; however, the optimal cross-sections of the two red horizontal
members and optimal cross-sections of the two red skew members were numer-
ically almost equal to each other. Since it is also possible to plot the objective
function in this example, it turns out that it has a very similar shape to that of
the previous four-member truss problem: a long, however, not a flat but rather
very narrow valley – see Fig. 14. This explains the significant numerical diffi-
culties that, in this case, resulted in an unconvincing result for the final truss
optimization (practically identical to that in the case of only static loading).
In the second variant of this case, the displacement value was increased from

U = 1 cm to U = 3 cm. The calculations were repeated, and this time the fol-
lowing results were obtained: optimal value J∗ = 498 575/2 = 249 287.5 [N · cm],
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A B
Fig. 14. Two views of the graph of the functional in the case of variants A and C for kinematic

displacement of the left- and right-most nodes equal to U = 1.0 cm.

optimal cross-sections of the two red vertical members: 1.38889 cm2, optimal
cross-sections of the three red horizontal members: 0.577054 cm2, and opti-
mal cross-sections of the two red skew members: 1.96419 cm2, see Fig. 15.

Fig. 15. Optimal eight-member truss structure (red – tension) for variants A and C
for kinematic displacement of leftmost and rightmost nodes increased from 1 to 3 cm.

This time, by comparing the objective function graph shown in Fig. 16 with
the previous one, we can clearly see the point of the global minimum, which is
easy to locate in numerical calculations.

A B
Fig. 16. Two graphs of the functional in the case of A and C variants for kinematic displacement

of the leftmost and rightmost nodes increased from U = 1 cm to U = 3 cm.
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Similarly to variants A and A+C, a simulation of the search for the op-
timal truss topology was carried out for variants B and B+C for U = 1 cm.
The following results (see Fig. 17) were obtained for variant B: optimal value
J∗ = 1.38 ·106/2 = 0.69 ·106 [N · cm], optimal cross-section of the one horizontal
blue member: 2.0129 cm2, optimal cross-sections of the two red skew members:
2.84667 cm2. For variant B+C: optimal value J∗ = 387 184/2 = 193 592 [N · cm],
optimal cross-sections of the two red horizontal members: 1.67742 cm2, and op-
timal cross-sections of the two red skew members: 2.37222 cm2.

Fig. 17. Optimal eight-member truss structure (red/blue – tension/compression)
for variant B and variant B+C for U = 1 cm.

The optimal solutions presented in Fig. 17 may be somewhat surprising due
to the obvious discontinuity in the connections between the members and their
suspension – as if the structure were in a state of weightlessness. However, let
us remember that in the presented optimization method we allow for the possi-
bility of removing selected bars, while ensuring that all equilibrium equations of
the structure’s elements are always satisfied under a given load (the weight
of the members, which, according to the truss theory could only be indirectly
taken into account via equivalent loads at the nodes, is omitted in this exam-
ple). Therefore, the optimal structure, especially in the case of no nodal loads
or very specific nodal loads (aside from the reactions at the support nodes, of
course) may appear as shown in Fig. 17, while still meeting all the imposed con-
straints. The disappearance of members in displacement-oriented static meth-
ods, where the stiffness matrix plays a key role, is, of course, not permissible
for obtaining optimal solutions like those in Fig. 17, and at most, anticipat-
ing the possibility of evolving the algorithm in such a direction that members
may ‘want to disappear’ during the optimization process, additional constraints
are usually introduced, e.g., to limit the minimum permissible cross-sections of
members, to effectively protect against the occurrence of stiffness matrix singu-
larities. However, in the case of stress-oriented static methods, where the key
role is played not by the stiffness matrix, but by a rectangular geometric equi-
librium matrix (usually with more columns than rows), it is possible to satisfy
all equations in such cases, even when members (which transfer internal forces)
disappear. This illustrates, in a sense, the superiority of stress-based methods
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over displacement-based methods, in the context of their use in the optimization
of structural topology.

4.4. Fourteen-member truss

The 14-member truss is supported at the two upper nodes and is loaded
statically with vertical forces applied to two right nodes with |P | = 1.0 · 104 N
(see Fig. 18).

100 [cm] 100 [cm]

100 [cm]

100 [cm]

P

P=10000 [N]

2

1

3

4

5 6

7
8

13

9 10
11

14

12

Fig. 18. The dimensions of the 14-member truss with two vertical forces P applied
to the two right nodes.

The random selection of the design parameter, which initializes the process
of searching for the minimum of the J functional, determines the final value of
the α∗ minimizer. As a result, the calculated optimal cross-sectional areas of the
members A∗

k, k = 1, ..., 14, differ practically after each program run. However,
the optimal values of 2J∗ are identical and equal to 38 112 N · cm, as confirmed
by the graph of the 2J functional shown in Fig. 19.

A B
Fig. 19. Two views of the graph of the functional for 14-member truss

with two vertical forces P applied to the two right nodes.
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Figure 20 shows one of the infinitely many similar optimal layouts of the
cross-sectional areas of the truss from Fig. 18. The values of cross-sectional areas
of the members, along with two additional slightly different optimal solutions,
are presented in Table 3.

Fig. 20. One of the infinite number of optimal layouts of the cross-sectional areas
of the truss from Fig. 18.

Table 3. Optimal cross-sectional areas of truss members for three different points
α∗ = (α∗

1, α
∗
2) ∈ Rr for which the functional 2J reaches the same (at least numerically)

optimal value J∗ = 38 112/2 = 19.056 [N · cm] – three different values for members 6, 9,
10, 11, 12, 14 are written in black, blue, and red, respectively.

Bar number Three optimal cross-sections A∗
k [cm

2]

1 1.530, 1.530, 1.530

2 0.0, 0.0, 0.0

3 0.0, 0.0, 0.0

4 3.061, 3.061, 3.061

5 1.531, 1.531, 1.531

6 0.478, 0.730, 0.246

7 0.0, 0.0, 0.0

8 2.164, 2.164, 2.164

9 2.009, 2.260, 1.777

10 1.488, 1.132, 1.816

11 0.676, 1.032, 0.348

12 0.288, 0.035, 0.519

13 0.0, 0.0, 0.0

14 1.052, 0.800, 1.284

It is worth noting that the optimal topology generates a kinematically vary-
ing truss, which is not a surprising result but a well-known feature of optimal
solutions. Most likely, the appearance of this mechanism in the optimal solution
is a priority feature of this solution due to the minimization of the compliance of
this truss structure under the given load. Hence, the possible variants of optimal
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cross-sections of the bars that were not removed in the optimization process can
only apply to the six remaining, which form something like a rigid plate in its
lower-right area. This may explain why some of the cross-sectional areas in the
three presented designs are different, while others always remain unchanged.
In cases where we deal with hundreds or even thousands of members in lat-

tice structures, it is of course not possible to visualize the objective function J .
Doubts about the correctness of finding the global minimum α∗ ∈ Rr(r > 2) of
the functional J are not easy to resolve, especially if different optimal distribu-
tions A∗

k, k = 1, ..., e, of the cross-sections of the members are accompanied by
different optimal values J∗ = J(α∗), which, however, are within the limits of
numerical calculation accuracy. To address this, verification and control calcula-
tions require repeating the optimization process for any, for example, randomly
generated, initial values αinit of the design parameter α. As shown in many of
the examples cited above, this often results in obtaining slightly or significantly
different optimal solutions α∗, with identical or only slightly different optimal
numerical values of J∗.

4.5. Hangar roof in the shape of a structural shell

We will now present the results of the topology optimization of a structural
shell subjected to kinematic loading and simultaneous kinematic and static load-
ing. The shell spans a square with dimensions Lx×Ly = 1500×1500 cm, and its
equation in the Cartesian coordinate system is as follows: z = −ξ

(
x
L

)2, where
L = 40 cm, and ξ = 1 cm, see Fig. 21. The shell is pin-supported (non-sliding)
at all boundary nodes lying on both edges parallel to the 0y-axis. These edges
experience linear displacements along the 0y-axis in such a way that, in the first
case (see Fig. 21A, the values of the corner vertical displacements are equal to

U = −2 cm, while the displacements of the nodes with coordinates
(
0,±Ly

2

)
are equal to zero. In the second case (see Fig. 21B, the values of the four corner
displacements are equal to zero, and the vertical settlement of both nodes with
coordinates

(
0,±Ly

2

)
is U = −2 cm. In the case of additional static loading,

a horizontal force Qy = 5000 N and a vertical force Qz = −10 000 N were applied
to each shell node. The value of the resultant force |P | at each node is therefore
|P | =

√
Q2

y +Q2
z ≈ 11 180 N. The density of a regular mesh of members, with

diagonal members intersecting at the middle of the square modules, depends on
the number of I, J columns and rows of nodes, respectively. Two variants of the
grid density were adopted: I × J = 5× 5 and I × J = 15× 15 (see Fig. 21C) in
order to reveal their influence on the shell’s compliance, and, indirectly, on the
magnitude of node displacements. This influence is also dependent on the value
of the Λ parameter appearing in the isoperimetric conditions (3) and (4).
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A B

C
Fig. 21. Both kinematic (U) loading versions: A or B without or with additional static load
(Qy, Qz) for a truss shell with a mesh density I × J = 5× 5, respectively; C – truss shell with

a higher mesh density I × J = 15× 15 loaded in accordance with variant A or B.

In order to better interpret the results, the optimal layouts presented below
(see Tables 4 and 5, and Figs. 22 and 23) are shown in a deformed configu-
ration, revealing the very high sensitivity of the analysed structural shell to
the density of the mesh of lattice members. This is manifested by significantly
increased displacements of many nodes, which exceeds allowable values in the
linear-geometric static analysis. It should be emphasized here that, as a result
of the topology optimization using the stress method (based on Castigliano’s
theorem), a large number of members in the original truss usually disappear
after optimization. This occurs because the algorithm is by definition not sen-
sitive to the disappearance of members in the optimal topology (equilibrium
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Table 4. Six 1 ÷ 6 optimal values F ∗ = 2J∗ [N · cm] of the compliance F , along with
the minimum A∗

min, q
∗
min and maximum A∗

max, q
∗
max ([cm

2], [cm]) values of the optimal cross-
sectional areas A∗

k for lattice members and the optimal nodal displacements q
∗
i . Results are

presented for versions A and B of kinematic loading only for shells with densities 5× 5, 15× 15
for Λ and 15× 15 for Λ̂ = 4Λ [N/cm2] values in the isoperimetric condition.

Mesh density
Λ or Λ̂

Variant A
for only U

Variant B
for only U

5× 5,
Λ = 2.45 · 1011

F ∗ = −66 784 1
A∗

min = 0, A∗
max = 6.38,

q∗min = −2.82, q∗max = 0.65

F ∗ = −67 281 2
A∗

min = 0, A∗
max = 6.43,

q∗min = −2.47, q∗max = 0.65

15× 15,
Λ = 8.02 · 1011

F ∗ = −246 482 3
A∗

min = 0, A∗
max = 48.65,

q∗min = −12.20, q∗max = 9.01

F ∗ = −248 002 4
A∗

min = 0, A∗
max = 48.81,

q∗min = −10.80, q∗max = 10.20

15× 15,
Λ̂ = 3.21 · 1012

F ∗ = −977 144 5
A∗

min = 0, A∗
max = 192.87,

q∗min = −12.01, q∗max = 8.99

F ∗ = −982 080 6
A∗

min = 0, A∗
max = 193.71,

q∗min = −10.60, q∗max = 9.63

Table 5. Six 1′ ÷ 6′ optimal values F ∗ = 2J∗ [N · cm] of the compliance F , along with
the minimum A∗

min, q
∗
min and maximum A∗

max, q
∗
max ([cm

2], [cm]) values of the optimal cross-
sectional areas A∗

k for lattice members and the optimal nodal displacements q
∗
i . Results are

presented for versions A and B of simultaneous kinematic and static loading, for shells with
densities of 5× 5, 15× 15 for Λ and 15× 15 for Λ̂ = 4Λ [N/cm2] values in the isoperimetric

condition (3) and (4).

Mesh density
Λ or Λ̂

Variant A
for U and Qy, Qz

Variant B
for U and Qy, Qz

5× 5,
Λ = 2.45 · 1011

F ∗ = 602 350 1′

A∗
min = 0, A∗

max = 4.02,
q∗min = −4.36, q∗max = 2.24

F ∗ = 420 700 2′

A∗
min = 0, A∗

max = 4.32,
q∗min = −4.59, q∗max = 1.40

15× 15,
Λ = 8.02 · 1011

F ∗ = 1.4 · 107 3′

A∗
min = 0, A∗

max = 4.98,
q∗min = −45.8, q∗max = 49.08

F ∗ = 1.3 · 107 4′

A∗
min = 0, A∗

max = 4.98,
q∗min = −51.91, q∗max = 52.48

15× 15,
Λ̂ = 3.21 · 1012

F ∗ = 6.6 · 106 5′

A∗
min = 0, A∗

max = 24.03,
q∗min = −12.49, q∗max = 11.80

F ∗ = 5.9 · 106 6′

A∗
min = 0, A∗

max = 20.57,
q∗min = −19.01, q∗max = 21.64

equations are not defined by the classical stiffness matrix as in FEM). There-
fore, reproducing the displacement state in the optimal truss quite often requires
some additional procedures, such as replacing the removed members (as a re-
sult of optimization) with members having very small cross-sectional areas, e.g.,
on the order of 1.0 · 10−12 cm2. This depends on how the procedure for finding
numerical solutions to systems of linear equations (with a given stiffness matrix
and the vector of nodal displacements as unknowns) addresses the problem of
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Fig. 22. Six optimal layouts of the structural shell member configuration, consistent with the
six optimization results presented in Table 4. The left and right columns represent the results

for kinematic loading in variants A and B, respectively.
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Fig. 23. Six optimal layouts of the deformed structural shell member structure consistent with
the six optimization results presented in Table 5. The left and right columns represent the

results for simultaneous kinematic and loading in variants A and B, respectively.
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stiffness matrix singularities. Thus, post-processing in this case involves finding
the displacements of the truss nodes based on the equilibrium equations (10),
defined by the standard stiffness matrix, which is calculated for the optimal val-
ues of the member cross-sections. The zero optimal cross-sections are replaced
with cross-sections with very small, but non-zero values.
A distinctive feature of the optimal layouts shown in Figs. 22 and 23, as

well as the solutions presented in Tables 4 and 5 for the analyzed truss shell,
is the increasing sensitivity of the static response of the structure to the given
kinematic displacements of the supports. This sensitivity increases, with the
increasing number of members (from 72 to 812 for the densities of 5× 5 and
15× 15, respectively). This may suggest that, in some cases of truss structures,
a static analysis based on geometrically nonlinear theory is necessary.
Let us note that when taking into account only the kinematic load, a sig-

nificant increase in the maximum displacements of the nodes located inside the
shell structure is observed as the density of the bar mesh increases. For example,
examining the results for the trusses of variant B (Table 4, right column), we
can see that the absolute value of the maximum displacement of the shell node
with a sparse 5× 5 mesh is 2.47 cm (see 2 Table 4), which is slightly greater
than the maximum value of 2.0 cm at the support nodes; however, for the shell
with a denser 15× 15 mesh, the maximum absolute value of the displacement in-
side the structure increases by more than five times greater, reaching 10.80 cm
(see 4 Table 4) for the value of the Λ parameter equal to 8.02e11 N · cm.
A four-fold increase in the Λ parameter to 4× 8.02e11 = 3.21e12 [N · cm] (which
allows for a four-fold increase in the maximum volume of the optimal truss bars)
had only a negligible effect on the effect of reducing the maximum displacements
of the shell nodes caused by kinematic displacements. The displacement value
only slightly decreased to 10.60 cm (see 6 Table 4).
When additional forces Qy, Qz, apart from the kinematic load, were applied

to all nodes in variant B (Table 5, right column), the absolute value of the
maximum displacement of a shell node with a sparse 5× 5 mesh increased from
2.47 cm to 4.59 cm (see 2′ Table 5, Fig. 232). For the shell with a denser 15× 15
mesh, the maximum absolute value of the displacement inside the structure in-
creased to 52.48 cm, with the value of the Λ parameter equal to 8.02e11 N · cm
(see 4′ Table 5, Fig. 234). However, when the maximum volume of the op-
timal truss members was increased fourfold (i.e., parameter Λ = 4× 8.02e11
= 3.21e12 [N · cm]), the maximum displacements of the shell nodes caused by
both kinematic and static displacements were reduced to a much lower value of
21.64 cm, i.e., more than twice as small (see 6′ Table 5, Fig. 236). The effect
of increasing the Λ parameter value on reducing the maximum displacements of
shell nodes induced by both kinematic and static displacements is particularly
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visible in Figs. 234, 236, where both the second and third rows on the right show
optimal deformed shells, with a clearly visible reduction in maximum shell dis-
placements shown in the third row. This reduction is evident when the optimal
topologies are found for the four-times increase Λ parameter value compared to
the value used in finding the optimal topologies of the lattice shells shown in he
second row.
In summary, after conducting numerous numerical tests on various trusses

loaded only statically, only kinematically, or both statically and kinematically,
the thesis holds that the influence of the parameter Λ on the values of maxi-
mum displacements is clearly noticeable only when static loads are taken into
account. However, the values of the maximum displacements of the shell prac-
tically do not depend on changes in the value of the parameter Λ when only
kinematic loads of supports are taken into account. This finding could signifi-
cantly impact design methods that ensure compliance with, for example, stan-
dard displacement conditions. The obtained results also reveal the occurrence
of large displacements in the truss structure when small, permissible vertical
displacements are imposed on support nodes, as demonstrated in the example
of a dense mesh shell. In the case of other kinematically loaded structures, small
vertical foundation settlements (e.g., in extreme cases causing rigid rotation of
the entire structure) can also cause large horizontal displacements at the tops
of very high stories. This behavior contrasts with the more common structural
response in cases where small applied static loads cause small displacements.
This characteristics may highlight the need for conducting static analysis based
on equilibrium equations defined in the unknown and deformed, rather than
the known and undeformed configuration, particularly in topology optimization
when kinematic loads are considered.

4.6. Optimum design of the L-shaped cantilever plate

The last example presents the results of the topology optimization of a two-
dimensional elastic body Ω, rather than trusses, using the IMD. This method
allows for finding the optimal distributions of bulk k∗ = k∗(x) and shear µ∗ =
µ∗(x), x ∈ Ω moduli, which serves as equivalents to the optimal cross-sectional
areas A∗

k, k = 1, ..., e, of truss rods. The goal is to minimize the work of the
external load on displacements, i.e., to maximize the stiffness of the plate or
truss structure while imposing constraints on the available material resources,
such as the isoperimetric condition (3), (4) or (45). In both methods, applied
to elastic bodies and lattice structures, the displacement fields were consistently
eliminated and replaced by stress fields τ = τ(x), x ∈ Ω, or member forces
Ni, i = 1, ..., e, respectively. Moreover, the formulas for the minimized objec-
tive functions are derived in nearly identical ways from Castigliano’s theorem.
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This suggests that at least some properties of these functions, e.g., their ‘graph
in Rr’, may share similarities.
The design problem, analyzed from this perspective, was solved using a reg-

ular finite element (FE) mesh composed of 2523 quadrilateral finite elements.
The L-shaped cantilever (see Fig. 24) is loaded with a vertical tangent traction
t = −t ey of intensity t = 0.1σ0 applied to the right lower vertical edge, where
σ0 = 50 MPa represents a plastic limit corresponding to a tensile test. The
parameter Λ = 649 661 MPa is used in the isoperimetric condition (45).

Fig. 24. The L-shaped cantilever.

The optimal layouts of the moduli k∗, µ∗, E∗ have been constructed by start-
ing the optimization process from two different initial parameter sets α ∈ Rr:

case 1: α = αinit = (0, 0, ..., 0) ∈ Rr (58)

as zero vector and

case 2: α = αinit = (αinit
1 , αinit

2 , ..., αinit
r ) (59)

as a vector with randomly generated components in the range (−1000, 1000),
i.e.,

∀i = 1, 2, ..., r, αinit
i = random (−1000, 1000) . (60)

In both cases, the parameter αinit ∈ Rr initialized two different solutions:

Tinit = T(αinit) = T+
r∑

k=1

αinit
k hk (61)

of the equilibrium equation:

B T = Q, (62)

where T ∈ R3N is any particular solution of (62), and

hk = (hk1 , ..., hk3N ) ∈ R3N , (63)
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(k = 1, ..., r) are vectors that span the kernel of the rectangular equilibrium
matrix B.
Similarly to the case of the truss, where the solution to the equilibrium equa-

tion (34) was defined by formula (36), the formula T = T(α) = T +
r∑

k=1

αkhk

(cf. (61)) also defines the solution to the equilibrium equation (62). However,
the interpretation of the vectors T, T and spanning vectors hk of the ker-
nel of the equilibrium matrix B is of course slightly different. In this case, the
components of all these vectors are not the member forces, but rather the un-
known nodal stresses defining the components of the stress tensor at the nodal
points. These nodal stresses are used in the polynomial interpolation of the
field of statically admissible stresses in the finite elements.
In our problem r = dim kerB = 2700 and N = 2640 represents the total

number of nodes in the global finite element mesh.
The initial and optimal values of the objective function Φ for the two cases

of initial starting point αinit are:

Φinit = Φ(αinit) = 85.45, Φ∗ = Φ(α∗) = 77.89 [MN], (64)

and

Φinit = Φ(αinit) = 1765.1, Φ∗ = Φ(α∗) = 77.97 [MN], (65)

respectively. The numerically found optimal values are therefore different be-
cause the two α∗ minimizers in both cases are also significantly different. Both
of these results translate into two, slightly different numerical values of the op-
timal compliance: 0.00934 and 0.00935 [MN · cm]. The optimal layouts of the
elastic moduli k∗, µ∗, E∗ for the two obtained solutions, shown in Fig. 25, are
very similar. However, in many sub-domains of Ω, the differences in values be-
tween the optimal layouts of the same elastic moduli are substantial. The middle
column in Fig. 25 shows the layouts of absolute values of the differences between
the optimal values of the corresponding fields in the left and right columns.
This may suggest that either there is one global minimum, and the imple-

mented numerical procedure cannot find the same solution from two significantly
different starting points (for example, due to the global minimum being located
at the bottom of a long, flat valley in the ‘objective function’s graph’) within
R2701 Euclidean space), or there are infinitely many global minima located along
one edge of this long flat valley. This scenario is similar to the presented ob-
jective function graphs in three-dimensional Euclidean space for several truss
structures – see, in particular, Figs. 18–20 and Table 3 in Subsec. 4.4 for the
14-member truss.
It should be emphasized that the large differences (shown in middle column of

Fig. 25) between the two solutions appear, among others, in the convex fragment
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shaped like a quarter-circle in the lower-left square domain of the cantilever at
the reentrant corner, and along the vertical edges in the upper-left square of the
cantilever, i.e. where both bulk and shear moduli (and, thus, Young’s modulus)
reach significant values (represented by light navy blue). On the other hand, in
many other domains (mainly in the central sub-domains), where moduli k∗, µ∗,
E∗ reach much lower optimal values or even disappear, the differences between
the two optimal solutions are close to zero (represented by dark navy blue and
black).

5. Final remarks

It has been shown that when interpreting numerical results obtained from
the objective function (37) in the case of truss structures discussed here (and
elastic bodies – see example 4.6 and (48)), one may encounter an unexpected
problem: proving the uniqueness/non-uniqueness of the optimal solution. Alter-
natively, there may be difficulty in demonstrating that the optimal solution was
found with sufficient numerical accuracy, despite the minimized function being
convex.
The problem indicated here is, of course, well-known and many studies have

proposed various modifications to the algorithms used for searching for the min-
imum of a function. These modifications allow to speed up the process of numer-
ically finding the minimum located at the bottom of almost flat (but not entirely
flat) valleys. The algorithms described in [23, 24], appear particularly interest-
ing and worth implementing – especially in the context of the IMD topology
optimization, when an objective function locally resembles a long valley.
Another important consideration in practice when searching for an optimal

solution, is the need to consider not one, but at least two or, as a rule, a much
larger number of different load variants. A proposal for such a formulation of
the problem in the context of minimizing the compliance of truss structures
was already presented in [25] (see also [26] where the formulas together with
algorithm for searching Pareto-optimal solutions with two independent static
load variants were discussed in detail). This algorithm can be generalized to
include additional kinematic load variants, as explored in this paper.
Additionally, it may be worthwhile to note at the end of the remarks con-

cerning the stress-based version of optimization of truss structures that, based
on the relationship (31), it can be stated that the absolute value of the op-
timal stresses, which is the same across members, not only depends explicitly
on the Λ constant from the isoperimetric condition, but also depends on it im-
plicitly. This is because each force N∗

i = N∗
i (Λ), i = 1, ..., e, also depends on

this constant. Therefore, appropriately decreasing or increasing the Λ constant
before restarting the optimization procedure does not guarantee an increase or
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decrease in the absolute value of the stress that will appear across all members
in the new optimal solution – especially in the case of trusses loaded purely by
kinematic forces.
Summing up, the goal of the numerous numerical simulations presented in

this paper (as well as in [14]) was to generate as many benchmarks as possible
for optimal solutions to the topology optimization problem within the frame-
work of geometrically linear truss theory. This was done before undertaking
research in the field of topology optimization within the framework of geomet-
rically nonlinear theory, taking into account static, kinematic and additionally
(not mentioned in this paper) distortional loads for broadly understood truss
structures. Geometric nonlinearity eliminates a number of ‘disturbing’ results
of numerical solutions (see, e.g., the comment on the optimal solutions in Sub-
sec. 4.5), as well as contradictions and paradoxes. As a trivial example, let us
consider an academic problem of topology optimization problem with minimiza-
tion compliance within the geometrically linear theory, in which the equilibrium
equation for the once statically indeterminate, symmetrical truss composed of
two horizontal members is defined in the undeformed configuration. The ex-
treme left and right supports are fixed, while the middle support can move
freely only horizontally, see Fig. 26. The displacement of the central support is
forced vertically down by |U | = 10 cm. In Fig. 26, the ‘correct zero’ optimal
solution to the topology optimization problem with minimization compliance
within the geometrically linear theory is justified by the fact that, within the
geometrically linear theory of trusses, such a particular support displacement,
called an infinitesimal rigid (virtual) displacement when U → 0 (see, e.g., [27]),
does not induce a state of stress in the structure.

Total potential energy = −R ·U = −((−R)× (−U)) = −(0× (−10)) = 0 [N · cm]

Fig. 26. Justification of the ‘zero’ optimal solution within the framework of geometrically
linear theory for a system of two horizontal truss members.

Of course, the solution obtained by minimizing the total potential energy
makes no sense from a physical point of view, because the correct solution to
the statics problem, within the framework of geometrically nonlinear theory is
depicted in Fig. 27, where the equilibrium equation is defined in the deformed
configuration.
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Total potential energy = −R ·U = −((−R)× (−U)) = −((−7146.45)× (−10)) = −71464.5 [N · cm]

Fig. 27. Correct solution to the statics problem within the framework of geometrically non-
linear theory, where the equilibrium equation is defined in the deformed configuration.
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