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This work focuses on the development of computational techniques for processing dielectric
measurement data, particularly those from broadband dielectric spectroscopy. A novel
approach is formulated and tested for software implementation, enabling the selection of
parameter sets for known dispersion models used in analyzing complex dielectric spectra
of heterogeneous materials.
The proposed algorithm divides the wide frequency range of measurements into shorter
subranges corresponding to distinct observed dispersion regions. These regions are iden-
tified using one (or more known phenomenological relaxation models via least-squares
methods (LSMs), deconvolution, and other techniques.
Testing of the algorithm on the frequency-dependent complex dielectric permittivity of
varistor ceramic materials demonstrated satisfactory accuracy and physical consistency
of the results. These findings highlight the efficiency and potential of the proposed ap-
proach.
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1. Introduction

In materials science, dielectric spectroscopy has long been a fundamental in-
vestigative tool for understanding the electrical and chemical structure, as well
as the physical properties, of heterogeneous substances and objects [1, 2]. This
method is extensively used in the development and application of various hetero-
geneous electronic materials (ceramics, glasses, composites) [3–5], the synthesis
of new materials based on organic polymers [6–8], and the study of biological
and medical objects [9–11].
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Modern measurement systems allow for highly accurate investigation of the
dielectric properties of various physical media across a wide range of frequencies
and temperatures. Fully automated spectrometers have two significant implica-
tions [12]:
– the need to handle vast amounts of data,
– the ability to model using sums of relaxation functions.
In broadband dielectric spectroscopy, the complex dielectric permittivity

(CDP) is determined at specific measurement frequencies. As the spectra are
discrete datasets, only numerical approximations can be used. The accuracy of
the selected mathematical methods significantly influences the assessment of the
models’ suitability [13]. Therefore, the processing and analysis of experimental
data remain pressing tasks to this day.
The development of universal algorithms and software for processing and

analyzing dielectric measurement data is typically based on well-known models
of frequency dispersion of dielectric permittivity, such as the Debye formula or
its phenomenological generalizations, including the Cole–Cole, Davidson–Cole,
and Havriliak–Negami models [1, 14–16].
A key feature of these models is their versatility, which allows for multi-

purpose applications, including:
– analytical representation of experimental data for more accurate descrip-
tions,
– interpretation of the parameters of these relationships and their dependen-
cies on various factors, based on specific physical models of polarization
processes in various materials and objects,
– derivation of information about general parameters of heterogeneity in
dielectric relaxation processes, such as the distribution of relaxation times
and the shape of this distribution.
The methodology for processing and analysis based on generalized mod-

els using sums of relaxation functions, rooted in the additivity of polarization
processes, represents a significant advancement in the dielectric spectroscopy
method [1, 2, 17, 18]. Nevertheless, the individual characteristics of the relax-
ation processes in different materials and objects remain a significant factor
hindering the development of universal algorithms and the implementation of
computer technologies in this area. A potential solution may involve grouping
materials and objects with similar polarization process sets and developing al-
gorithms and software templates tailored to these groups.
It should be noted that the most well-known mathematical procedure for

selecting a model of dielectric relaxation processes is the least-squares method
(LSM), which enables the determination of all model parameters [19–21]. How-
ever, for complex spectra, this entails minimizing a multi-variable function,
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which is a sum of several relaxation functions. Each relaxation function may
involve two (Debye model) to four (Havriliak–Negami model) adjustable pa-
rameters and may not be unimodal. Additional challenges arise when processing
overlapping dispersion regions.
To address the complexities of processing and analyzing intricate dielectric

spectra, a decomposition-based approach shows potential:
– dividing the initial wide-frequency experimental spectrum into shorter
subranges where dispersion dependencies are present. These dependencies
might be represented as declining (low-frequency dispersion regions) or as-
cending (high-frequency dispersion regions) functions, which may not be
fully captured in the available data;
– sequentially processing these shorter spectrum segments, beginning with
the extremes and considering their impact on adjacent dispersion regions;
– utilizing theoretical insights into relaxation processes in the material or
object to guide the selection of these frequency subranges and initial ap-
proximations for the parameters of the chosen approximating models.
This approach enables the application of the LSM for analyzing each specific

frequency segment, the use of deconvolution procedures to determine relaxation
times in overlapping dispersion regions [22–24], and the application of Kramers–
Kronig relations to account for through-conductivity (via direct current), among
other established methods [25–30].
In this study, we explore the application of this approach to the develop-

ment of an algorithm for processing and analyzing dielectric spectra of het-
erogeneous materials. For validation, dielectric spectra of high-voltage varistor
zinc oxide (ZnO) ceramics were utilized as experimental data over a broad fre-
quency range.

2. Broadband dielectric spectrum model
and data processing algorithm

Based on established concepts of the linear additive nature of contributions
from individual dielectric relaxation processes to a complex broadband spec-
trum [1, 2, 17, 18], the model expression for the entire frequency range can be
represented as a sum of corresponding elementary models. Within the approach
discussed here – dividing the initial wide frequency range of the dielectric spec-
trum into shorter subranges – the generalized model for the frequency dispersion
of the CDP over the entire range can be expressed as:

ϵ∗ (f,M ) = ϵh +
R∑
i=1

Ni∑
j=1

[
ϵ∗i,j

(
f,M

⟨j⟩
i

)
− ϵ

(h)
i.j

]
, (1)
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where R is the number of subranges; Ni is the number of elementary models in
the i-th subrange; ϵ∗i,j

(
f,M

⟨j⟩
i

)
and ϵ(h)i.j are the j-th elementary model for the

frequency dispersion of CDP in the ith subrange and its high-frequency (post-
dispersion) value for the real part, respectively; i (i = 1, ..., R) and j (j = 1, ..., Ni)
are its indices; f is the frequency; M ⟨j⟩

i is the set of parameters for the elemen-

tary model (including the relaxation time τi,j , the difference ∆i,j = ϵ
(l)
i.j − ϵ

(h)
i.j ,

where ϵ(h)i.j is the high-frequency value and ϵ
(l)
i.j is the low-frequency value of the

real part of the CDP and other parameters. Thus, M ⟨j⟩
i = {τi,j , ∆i,j , αi,j , βi,j

(where, depending on the selected mode, the parameters α and / or β may be
absent); M is the set of parameters for the generalized model; ϵh is the high-
frequency value of the real part of the CDP for the highest-frequency dispersion
region.
The mathematical implementation of the considered approach for computer

processing and preliminary analysis of dielectric spectra can be represented by
the following algorithm:
1. Determination of clearly distinguishable separate dispersion regions in the
initial experimental frequency dependence of the imaginary part of the CDP,
i.e., identification of R frequency subranges between the minima of the
dielectric loss coefficient ε′′.

2. Selection of models and determination of initial approximate parameter
values for the extreme left and right subranges (i = 1 and i = R) directly
from the processed experimental dependencies.
In particular, using the experimental values of the maximum of the
imaginary part of the CDP ε′′(fmax), for the considered subrange and
the corresponding frequency fmax, it is possible to estimate the initial ap-
proximate values of the relaxation time τ (0) = 1/(2π · fmax1) and the ab-
solute magnitude of the dispersion amplitude of the real part of the CDP
∆(0) =≥ 2 · ε′′(fmax1) (the indices of the dispersion region i and j are
omitted for simplicity).
It should be noted that in some cases an appropriate value for ∆(0) can
also be directly determined from the experimental frequency dependence of
the real part of the CDP as ∆(0) = εl0−εh0, where εl0 and εh0 are the low-
frequency (static) and high-frequency values of the real part of the CDP,
respectively.
In the case of broadened (overlapping) dispersion regions, it is advis-
able to apply deconvolution methods [22–24] to separate them and de-
termine the initial values of the dielectric relaxation times. If complete
data on a dispersion region are not available, it is permissible to use
prior values for the model parameters based on known literature data and
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physical concepts of the relaxation process under consideration. The re-
maining parameters are chosen arbitrarily within the range of permissible
values.

3. Approximation of the extreme left (i = 1) and right (i = R−1) dispersion
regions of the selected models using the LSM and determination of more
accurate parameter values for the models, which ensure the minimal ab-
solute error of the LSM target functions [31] in these ranges, is performed
as follows:

Φi

(
fk,M

⟨1⟩
i ,M

⟨2⟩
i , ...,M

⟨Ni⟩
i

)
=

Ki∑
k=1

log ε′′k − log

 Ni∑
j=1

ϵ′′i,j

(
fk,M

⟨j⟩
i

)
2

→ min, (2)

where ϵ′′i,j
(
fk,M

⟨j⟩
i

)
= −Im

[
ϵ∗i,j

(
fk,M

⟨j⟩
i

)]
; Ki is the number of exper-

imental points in the i-th subrange (i = 1 or R). The value Ni ̸= 1 in
cases of overlapping dispersion regions in a single subrange and when the
deconvolution procedure is applied for their separation.

4. Correction of the experimental dependencies ε′′k(f) for internal subranges
(i = 2, 3, ..., R − 1) is performed by subtracting from them the corre-
sponding calculated values of the imaginary part of the CDP, obtained by
extrapolating analytical expressions of models already identified in previ-
ously processed dispersion regions:

ε′′k
∣∣
i=2...N−1

= ε′′k −

 N1∑
j=1

ϵ′′i,j

(
fk,M

⟨j⟩
i

)
+

NR∑
j=1

ϵ′′i,j

(
fk,M

⟨j⟩
i

). (3)

5. Sequential repetition of the operations described in the previous two steps
using the corrected data allows determination of the parameter values of
the selected models for internal subranges (i.e., approximation of the ex-
treme left and right subranges i = 2 and i = R− 2, followed by i = 3 and
i = R− 3, and so on).

6. Final refinement of the parameters of the generalized additive model (1)
for the entire range of the initial experimental broadband dielectric spec-
trum with K points is performed by minimizing the LSM target function
as follows:

Φ (fk,M) =

K∑
k=1

{
log ε′′k − log [ϵ′′ (fk,M )]

}2
,

where ϵ′′ (f,M) = −Im {ϵ∗ (f,M )}.
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7. Error assessment of the approximation for the frequency dependencies of
the real and imaginary parts of the CDP can be performed using the
ratio of the root-mean-square deviation to the mean value of the exper-
imental dependency (the coefficient of variation of the approximation):

v(x) =

√√√√{
K∑
k=1

[
ε
(x)
k − ϵ(x) (fk,M)

]2/
(K − 1)

}/
K∑
k=1

ε
(x)
k /K, (4)

where (x) corresponds to ‘double prime’ (′′) for the imaginary part and
‘prime’ (′) for the real part of the CDP, and ϵ′(f) = Re {ϵ∗ (f,M )}.

3. Processing of broadband dielectric spectroscopy data
for ZnO-based semiconductor ceramics

This section examines the implementation of the formulated approach for
processing the complex broadband dielectric spectrum of a heterogeneous semi-
conductor material – varistor ZnO-based ceramics – as a demonstration of its
applicability.
This material’s structure is characterized by a dielectric interlayer [32, 33].

In the frequency dependencies of the real ε′ and imaginary ε′′ parts of the CDP,
several dispersion regions are observed, typical for heterogeneous systems of this
type [34–37]:
– a maximum (or decrease), at low and infralow frequencies f < 102Hz
region (I), associated with the capture of electrons from ZnO crystallites
into their ‘slow’ surface electronic states;
– a broadened maximum ε′′ at intermediate frequencies (104 to 106Hz),
interpreted as the superposition of two relaxation processes: hopping of
weakly bound charged particles (electrons) in the intracrystalline phase
(II ) and recharging of bulk trap levels in ZnO crystallites (III ).
– high-frequency behavior: a decrease in ε′ and an increase in ε′′ in the
range f > 107Hz region (IV ), caused by Maxwell–Wagner separation of
free charges in ZnO crystallites.
The frequency dependence of ε′′(f) is shown in Fig. 1.
As seen in Fig. 1, the entire frequency range of the experimental dielectric

spectrum can be divided into three subranges: low and infralow frequencies
(dispersion region I), intermediate frequencies (regions II and III ), and high
frequencies (region IV ). The procedure for applying the formulated algorithm
to each of these subranges is presented subsequent.
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Fig. 1. Experimental frequency dependencies of the imaginary part of the CDP of ZnO-based
ceramics (triangles) and the results of approximation for its low- and high-frequency regions

using the Cole–Cole and Debye models (dashed lines).

3.1. Subrange of low and infralow frequencies

When determining a model for the relatively broad dispersion region 1,
its association with the recharging of surface electronic states, which exhibit
significant statistical variability in physical parameters, must be considered.
The Cole–Cole model is chosen as the most appropriate to describe the en-
tire range (case – N1 = 1) of region 1. In the previously established notation, it
has the following form:

ϵ∗1,1

(
f,M

⟨1⟩
1

)
= ϵ

(h)
1.1 +

∆1,1

1 + (j2πfτ1,1)
α1,1

, (5)

where M1
1 = [∆1,1, τ1,1, α1,1] are its parameters.

The initial approximations for the parameters of formula (5) were chosen
using the maximum value of the experimental frequency dependence of the
imaginary part of the CDP · ε′′(fmax1) and its corresponding frequency fmax1 :
τ
(0)
1,1 = 1/(2πfmax1) and ∆

(0)
1,1 ≥ 2ε′′(fmax1), and also accepted α

(0)
1,1 = 0.5.

The identification of model (5) for the data of subrange 1 was carried out us-
ing the LSM with expression (2). The sequential simplex method (SSM), one of
the simplest yet effective optimization techniques, was employed to find the min-
imum [38–40].
The procedure for implementing the SSM consisted of the following steps:
1. Determination of target function values (2) for (m+1) vertices of a convex
figure (simplex) in m-dimensional space (in this case, m = 3) is performed
by calculating the coordinates (model parameters) of the vertices using
the following formula:

xij = x0j +Xij ·∆xj , (6)



8 A. Tonkoshkur et al.

where x0j and ∆xj are the initial value and the variation step of the j-th
variable in the natural coordinate system, i = 1, ...,m; j = 1, ...,m+1; Xij

is the coded value of the j-th variable for the i-th vertex, calculated as:

≥ Xij =



−
[

1

2j(j + 1)

]1/2
, i < j + 1,[

j

2j(j + 1)

]1/2
, i = j + 1,

0, i ≥ j + 1.

2. Sequential exclusion of the simplex vertex with the worst target function
value, replacing it with a new (reflected) vertex with coordinates:

x
(ref)
kj =

2

n

n+1∑
l

xij −
(
2

n
+ 1

)
· x(excl)ij . (7)

As a result, a new simplex is obtained, where the excluded vertex is re-
placed by a new vertex obtained by reflecting the excluded vertex relative
to the opposite face of the initial simplex. The worst vertex is replaced in
the same manner. If the vertex with the minimum target function value
remains unchanged, any vertex of the last simplex is selected as the center
of the plan, and the variation step is reduced. This process is repeated
until the step becomes smaller than the permissible error for determining
the coordinates.
The initial approximations and refined parameter values of the model are

provided in Table 1, and the visual results of model identification are shown in
Fig. 1.

Table 1. Parameters of models approximating the experimental dielectric spectrum.

Subrange
Dispersion region
in Fig. 1

Initial approximations
of model parameters

Clarified values

Number Model τ (0), c ∆(0) α(0) τ , c ∆ α

1 I Cole–Cole 1.1 · 103 1.65 · 103 0.5 77.2 2.53 · 103 0.49
2 II Cole–Cole 8.4 · 10−6 10.1 0.05 8.04 · 10−7 9.85 0.017

2 III Cole–Cole 1.5 · 10−6 8.1 0.05 8.41 · 10−8 4.59 0.029

3 IV Debye 1· 10−9 1.84 · 102 – 2.40 · 10−10 1.84 · 102 –

3.2. High-frequency subrange

The high-frequency rise in the dependence ε′′(f), observed in subrange 3,
corresponds to the initial segment of dielectric dispersion caused by Maxwell
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relaxation of free charges in conductive inclusions within a dielectric matrix [35].
This process typically exhibits a narrow distribution in relaxation times and can
be described using the Debye model

ϵ∗3,1

(
f,M

⟨1⟩
3

)
= ϵ

(h)
3,1 +

∆3,1

1 + j2πfτ3,1
, (8)

where M (3) = [∆3,1, τ3,1].
Given the lack of complete experimental data for this dispersion region,

it is advisable to rely on physical concepts and literature data about this re-
laxation process when selecting initial approximations for the parameters in
expression (8). This corresponds to the highest-frequency region (fmax4 ∼ 109

and above [35, 37, 41]), and an initial approximation for the relaxation time
can be estimated as τ (0)3,1 = 1/(2πfmax4). The post-dispersion real part of the

CDP ϵ
(h)
i.j = ϵh can be estimated as the relative dielectric permittivity of the

material with a heterogeneous structure and a larger volume fraction of ZnO
(ε′ ≈ 10) [35, 42].
It should be noted that the parameter ∆(0)

3,1 can be directly determined using

the formula ∆(0)
3,1 = ϵ

(l)
i.j − ϵ

(h)
i.j , where ϵ

(l)
i.j is the pre-dispersion value of the rela-

tive dielectric permittivity, which can be derived directly from the experimental
dependence of the real part of the CDP.
The identification of model (8) for the experimental data of subrange 3 was

carried out in a similar manner to that described for subrange 1, using the
previously described SSM procedure (see Table 1 and Fig. 1).

3.3. Subrange of intermediate frequencies

When processing the data for the dispersion region in the intermediate fre-
quency subrange, where an asymmetric broadened maximum of the imaginary
part of the CDP is observed, the experimental spectral dependence ε′′(f) must
first be corrected according to expression (3). Considering the broadened shape
of this maximum and the physical concept of two relaxation processes present in
this frequency range, the initial values of the relaxation times were determined
using the deconvolution method described in [22].
To apply this method, the corrected experimental dependence in the in-

termediate frequency subrange was represented analytically as ε′′(r), where
r = log (f0/f) and f0 = 1Hz is a constant reference frequency. The Cole–Cole
formula was used as the model for dielectric dispersion in the corresponding
regions.
In this case, the distribution function of relaxation times G(τ) as a function

of the generalized coordinate s = log (τ/τ0), where τ0 = 1/(2πf0) is an arbitrary
value, has the form:
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G(s) =

∞�

−∞

ϵ′′(r)T ′′(s− r)dr. (9)

Here, the function T ′′(r) is defined as

T ′′(r) =
16k

π

∞�

0

W̃ (p) cosh

(
π2p

k

)
cos (2πpr) dr,

which is derived in [22] based on the general expression for the CDP in terms
of a convolution equation with the relaxation time distribution function and its
solution via direct (denoted by a tilde) and inverse Fourier transforms, using
the Kaiser–Bessel digital filtering window:

W̃ (p) =


I0

[
πa

√
1− (p/pm)2

]
I0 [πa]

, |p| ≤ pm,

0, |p| > pm,

where I0(x) =
∞∑
k=0

[
(x/2)k

k!

]2
is the modified Bessel function of the first kind and

of order zero.
For the analysis, the recommended window parameters were used: pm = 3

(window width parameter) and πa = 2 (a is a non-negative real number deter-
mining the window shape) [43].
Figure 2 presents the results of applying the described deconvolution pro-

cedure to the experimental frequency dependence of the imaginary part of the
CDP in the intermediate frequency subrange shown in Fig. 1.

Fig. 2. Relaxation time distribution function obtained for the experimental frequency depen-
dence of the imaginary part of the CDP (Fig. 1) in the intermediate frequency subrange. The

identified peaks correspond to dispersion regions II (1 ) and III (3 ) in Fig. 1.

As seen in Fig. 2, the dependence can be associated with two relaxation pro-
cesses characterized by relaxation times τ (0)2,1 and τ

(0)
2,2, which are subsequently
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used as their initial values (Table 1). The parameters ∆(0)
2,1 and ∆

(0)
2,2 are esti-

mated using the earlier expression τ∆(0)
i,j ∼ 2 · ε′′|

f=1/2π
(0)
i,j

.

The additional parameters α(0)
2,1 and α

(0)
2,2 for the Cole–Cole model are chosen

arbitrarily (using trial methods aimed at improving calculation efficiency).
Refinement of the parameters of the selected approximation models for the

identified dispersion regions is performed by fitting the models to the experi-
mental data using the LSM, which involves minimizing the target function given
by expression (2). The results obtained are shown in Fig. 3 and Table 1.

Fig. 3. Experimental frequency dependence of the imaginary part of the CDP of ZnO-based
varistor ceramics (triangles) and approximations of its individual dispersion regions using se-

lected phenomenological models (dashed lines).

3.4. Model parameters for the entire frequency range

Based on the analysis conducted, the experimental frequency dependence
of the imaginary part of the CDP over the entire investigated range can be
described by four relaxation processes. The appropriate analytical mathematical
model (1) consists of the sum of three dispersion expressions corresponding to
the Cole–Cole model and one Debye formula.
It should be noted that further refinement of the parameters of this additive

model for the entire range of the experimental dielectric spectrum, following
the general algorithm described earlier (Sec. 2), provided estimates of all its
parameters. These values differed only slightly from those obtained earlier when
processing each relaxation process individually in its respective frequency sub-
range. The refined values are presented in Table 1.
The results of applying this processing and preliminary analysis method to

several experimental dielectric spectra of ZnO-based varistor ceramics are shown
in Fig. 4.
The approximation error estimates for the frequency dependencies of the real

and imaginary parts of the CDP, based on formula (4), yielded values v ≤ 10%.
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Fig. 4. Frequency dependencies of the real ε′ and imaginary ε′′ parts of the CDP of
ZnO-based varistor ceramics, fabricated at synthesis temperatures TC , K: 1, 1 ′ – 1173;
2, 2 ′ – 1423; 3, 3 ′ – 1573 (symbols of different shapes), and the results of approximation
using the generalized additive model for the entire investigated range (dashed lines).

4. Conclusions

An algorithm for processing and analyzing complex dielectric spectra over
a wide frequency range has been proposed. The algorithm includes:
– dividing the entire frequency range into several shorter subranges corre-
sponding to separate observable dispersion regions;
– identifying each of these subranges into the experimental spectrum using
one of the well-known elementary phenomenological relaxation models,
sequentially, starting from the extreme dispersion regions and accounting
for their influence on adjacent internal regions;
– refining the parameters of the generalized additive model, which repre-
sents the sum of elementary models for the selected subranges, using the
complete experimental broadband dielectric spectrum and the LSM.
The developed algorithm was tested by processing the frequency dependen-

cies of the CDP of ZnO-based varistor ceramic materials. The results showed
satisfactory agreement with existing physical concepts and demonstrated the ef-
ficiency and potential of this approach for developing computer technologies for
processing and preliminary analysis of experimental dielectric spectra of a wide
range of heterogeneous materials.
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12. Wübbenhorst M., van Turnhout J., Analysis of complex dielectric spectra. I. One-
dimensional derivative techniques and three-dimensional modelling, Journal of Non-
Crystalline Solids, 305(1–3): 40–49, 2002, https://doi.org/10.1016/S0022-3093(02)01086-4.
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