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1. Introduction

While linear analysis has been the primary tool in structural engineering
for a long time, the actual structural behavior is typically nonlinear. A spe-
cial form of nonlinearity is piecewise linearity, where the stiffness of its struc-
ture depends on a current configuration, involving at least two states of different
stiffness. Classic examples are structures with the opening and closing of cracks
or gaps [1, 7, 16], and with suspension cables that can become slackened or
tensioned [5], as long as the separated states remain elastic. As piecewise lin-
ear (PL) elasticity is a special form of nonlinearity, the vibration characteristics
of PL elastic structures under harmonic forcing are nonlinear, typically ending
in chaotic behavior [8, 13]. Still, the periodic responses of nonlinear systems to
harmonic forcing play a crucial role in the analysis of nonlinear vibrations as
they serve as the starting points for further analyses depending on the stability
of said responses. Examples include [14,16].
In [1] the authors formulated an effective method for finding the periodic

steady-state responses of two-state PL elastic structures, where the structure
switches between the two states in both directions exactly once during a period
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of forcing. The multi-degree-of-freedom (MDOF) model in the derived method
experiences a plastic impact during one of the switches, which results in repeti-
tive energy loss. Thus, even though the model is undamped, the plastic impact
introduces an energy-dissipating effect balancing the energy added by the forc-
ing to the system in the periodic motion. A more detailed analysis with finer
discretization reveals that this impact-caused loss becomes negligible as the con-
tinuum limit is approached [17, 18]. The assumption of a perfectly plastic im-
pact, where coefficient of restitution equals 0, is only an idealization for the true
behavior of impacting structures. Actually, the material at the impact surface
experiences partial plastification, similar to what is observed in reinforced con-
crete earthquake-resistant self-centering rocking structures [2]. Assuming one
impact per period of forcing naturally creates a two-state system, while the
method presented in [1] can be enhanced to include more impacts per period.
In this paper, the aim is to characterize this damping using a substitute

viscous damping ratio. For this purpose, a formula will be derived for the calcu-
lation of a structural damping ratio that results in the same energy dissipation
during a period of steady-state response as the energy loss occurring at the plas-
tic impact. Viscous damping is specifically chosen as a substitute because in the
structural engineering practice it is used as a single parameter, i.e., structural
damping ratio.
There are various examples in structural engineering where viscous damping

is used as a substitute for other forms of energy dissipative effects. Plastic defor-
mation (yielding), resulting in hysteretic behavior of the steel materials during
an earthquake, is one such example of that. In an early approximation, lineariza-
tion was suggested by [3], and aimed to create an equivalent single-degree-of-
freedom (SDOF) system with harmonic excitation. The stiffness degradation
of the material was added to this in [4], while the direct displacement-based
design (DDBD) method was suggested in [6] to handle general forcing instead
of harmonic one. One of the steps in the earthquake analysis of structures using
the DDBD method is to calculate an equivalent viscous damping ratio (EVDR)
to account for the damping caused by hysteretic behavior. In a later study [10],
a comparison between different EVDR models was done, and a new optimized
value was proposed through nonlinear regression analysis. Beyond the nonlin-
earity caused by yielding, further possible nonlinearities include friction [14] or
the combination of impact and friction [9]. PL elasticity is the simplest form
of nonlinearity in the sense that each state can be treated as a linear system.
In PL elastic continuum structures, only an infinitesimal mass stops at the

impact; thus, accounting for energy loss requires the inclusion of a proper con-
stitutive law. Related to this, one can find recent studies that consider the
nonsmooth modal analysis of bars in tension and compression, as in [11,12,18].
These studies found periodic motions for a presumed period in each state of
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vibration. In continuum structures, the numerical model itself can be a source
of energy loss: truncated modal analysis neglects higher vibration modes and
their energies. The characterization of that energy loss under free vibration was
studied in [15].
In this study, the classical structural engineering approach with a viscous

damping ratio is applied to characterize the energy dissipation caused by plastic
impact during the dynamic event of PL elastic structures. The novelty here
is that the energy loss due to a single plastic impact is substituted with an
EVDR by dispersing the instantaneous energy loss over a whole vibration period,
a linearization concept that is of relevance to approaches used in structural
engineering applications. The first aspect of the linearization performed is to
treat this nonlinear system as two separate linear systems and utilize modal
analysis to find its periodic motions. The second aspect of the linearization is
to distribute the linear damping force over the whole period of vibration, where
both linear systems undergo the same harmonic forcing as the PL elastic system.
A formula for the EVDR is provided for forced MDOF PL elastic systems and
calculated for each of the periodic solutions. Knowing this formula, the effect
of loading position on the EVDR at different sections of the periodic paths is
studied. Finally, the effect of the selected discrete model on its EVDR is shown.
The outline of the paper is as follows: in Sec. 2, the mechanical model of the

PL elastic systems is revised with the previously introduced method of calculat-
ing the nonlinear periodic responses of such systems. In Sec. 3, the theoretical
background for computing the internal energies of PL elastic systems is sum-
marized, and the concept of linearization is presented to obtain an analytical
formula for the EVDR. In Sec. 4, the application of our derived formula is
demonstrated, where a discretized model of a simple system, a bar in tension
and compression, is presented. Periodic paths and vibrations are calculated, and
then the EVDR is calculated. The effects of vibration mode, forcing position,
and discretization on the evaluated damping ratio are analyzed. Finally, the
results are summarized in Sec. 5.

2. The PL elastic system with two states

2.1. The analyzed PL elastic mechanical models

In the practical structural engineering world, piecewise linearity can appear
in various forms. Opening and closing of cracks in reinforced concrete or masonry
structures are typical examples of that, where closing a crack yields a higher
stiffness in the structure than in the structure with an open crack. Gaps in the
initial stage of construction have the same mechanical role depending on whether
they are open or closed. Slacking of suspension cables has a similar effect as well:
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while a cable cannot resist compressive forces, its contribution to the structure’s
stiffness is absent in the slacked state.
In this research, the analysis is restricted to two-state systems only with N

masses, and the impact of one mass during vibration is assumed to be perfectly
plastic. State I corresponds to the configuration with the last mass in contact
(constrained), hence the number of active DOFs in this state is N I = N − 1,
whereas state II has all masses free, giving N II = N DOFs. The switch from
state I to state II occurs when the contact force drops to zero (gap opens), and
the switch from state II to I occurs when the gap closes and the mass impacts,
at which point its velocity is set to zero (plastic impact). Furthermore, there
is no prestress in the current model: the unloaded state of the system can be
considered to belong to both of the states, i.e., the impacting surfaces are in
contact with zero force.
With harmonic forcing, the matrix differential equation of motion in state α,

where α can be I or II, is:

Mαẍα(t) +Kαxα(t) = qα
0 cos (ωt− ϕ). (1)

In the above equations, Mα and Kα are the mass and stiffness matrices in
the α state, xα(t), ẍα(t) and qα

0 are the vectors of displacements, accelerations
and forcing amplitudes, respectively, which belong to state α and have a size
of Nα-by-1. The symbols ω and ϕ are the forcing frequency and its phase an-
gle, respectively. In the current analysis, harmonic forcing is applied to assume
a worst-case scenario for the system, and the excitation is allowed on the masses
moving in both states, i.e., any forcing on the impacting mass is excluded.

2.2. Modal analysis of the PL elastic model

The solutions of the differential equations of motion are performed using
modal analysis. The displacement of the structure in state α is written as a linear
combination of the eigenvectors:

xα = Vαηα, (2)

where Vα is the Nα-by-Nα modal matrix of the mass normalized eigenvectors,
α can be I or II, and ηα is the Nα-by-1 vector of modal coordinates. In the
modal space, the modal force is represented by the projection of the forcing
vector over the mode shapes for each state:

fα0 = Vα⊤qα
0 . (3)

At certain time instants during the vibration, the system changes its state
depending on the conditions around the boundary and its interaction with the
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contact surface. The unilateral contact can be formulated as the one-dimensional
form of the Signorini conditions [17].
The system remains in state I as long as there is a compressive reaction

force at the contact surface, and the sign of the reaction force can be obtained
from the spring force in the spring connecting the mass in contact, which is only
affected by the displacement of them. Thus, the condition on the reaction force
can be represented by the following inequality:

hI⊤xI ≥ 0. (4)

The vector hI is the N I -th unit vector, ensuring that the force in the last spring
will be in compression in order to maintain a positive reaction force. Similarly,
the system remains in state II as long as there is a gap between the contact
surfaces. Generally, this can be represented by the following inequality:

hII⊤xII ≥ 0. (5)

The vector hII is the opposite of the N II -th unit vector, making sure that the
last DOF does not penetrate the wall. Here, we note that Eqs. (4) and (5) are
not used to decide the current state of motion, but only to check if the system
remains in the currently assumed state. Specifically, in state II, the constraint in
Eq. (5) must be true, whereas Eq. (4) is irrelevant until the switch from state II
to I, the hI⊤xI product, even if only formally, could be negative, as well.
The system is assumed to switch between states at the time instant t = ts.

The system switches from state I to state II at ts = T I . The transformation of
the displacements and velocities at this switch can be written as:

xI = XIxII , vI = YIvII , (6)

where XI and YI matrices represent the relationship between the displacements
and velocities of the DOFs in the two states. Substituting Eq. (2) into Eq. (6)
yields:

VIηI(ts) = YVIIηII (ts), VI η̇I(ts) = YVII η̇II (ts). (7)

Using the normalization and orthogonality of the eigenvectors, multiplication
of Eq. (7) from the left by VI⊤MI yields the switching of the modal coordinates
and velocities from state II to state I:

ηI(ts) = VI⊤MIYVIIηII (ts), η̇I(ts) = VI⊤MIYVII η̇II (ts). (8)

For brevity, the following matrices are introduced:

PII = VI⊤MIXIVII , QII = VI⊤MIYIVII , (9)
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which represent the projection from one modal space to another. Therefore, the
switch of the modal displacements and velocities from state II to state I can be
written in matrix form as:

ηI(ts) = PIIηII (ts), η̇I(ts) = QII η̇II (ts). (10)

Conversely, to describe the switch from state I to state II, a similar procedure
can be followed, except that the I and II indices of the vectors and matrices must
be exchanged.

2.3. Periodic modes of the PL elastic system with two states

The method proposed for the calculation of periodic vibrations in [1] is briefly
explained in this section. The periodic responses searched for with this method
are those, in which during one period of forcing, T = 2π/ω, and for a certain
forcing phase ϕ, the system first spends a yet unspecified T I time in state I,
performs a switch to state II, spends the T II = T − T I time in state II, and
then performs a switch back to state I.
The natural approach to find such responses includes finding the initial

(modal) displacements and velocities, the forcing period T , and the forcing
phase ϕ. Such a relatively large number of parameters creates a high-dimensional
parameter space, where the scanning involves such a large computational de-
mand that only path-following methods can be used efficiently. Furthermore,
finding a good starting point for path-following must be done in the same space.
Another difficulty with this approach is predicting sufficiently accurate initial
conditions at the beginning to find one or more periodic paths.
The proposed method is different in the following way:
� First, the main parameters are T I , T II and ϕ, thus the period of vibration
is consequently T = T I + T II , and ϕ is the phase of the forcing such that
at t = 0, the system enters state I.

� Second, a linear system of equations is constructed to obtain the initial
conditions that generate a periodic response for any T I , T II and ϕ triplet
with the assumption that the system remains in its designated state. In
addition to the harmonic behavior of the vibration modes, the switching
formulae of Eq. (10) (and its I –II exchanged version) can be used.

� Third, the switch should happen at the desired times. This will lead to
formulating two error functions that give the solutions in the scanned 3D
parameter space on 1D manifolds.

� Finally, a time-history analysis is performed to filter out solutions from
the 1D manifold where no premature switches occur.
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The relatively low number of assumed parameters T I , T II and ϕ serves as a gen-
eral representation space that can be scanned with reasonable computational
effort. For computational details of the above steps, the reader is referred to [1].

3. Calculation of the EVDR

3.1. Kinetic energy of the PL elastic system with two states during
one period

At the time instant t = T I + T II , the system experiences a plastic impact
at the contact surface, causing one mass to stop and the system to switch from
state II back to state I. Since the kinetic energy is directly related to the veloc-
ity, a part of it is associated with the motion of the stopping DOF, is lost in
this incident, while the potential energy passes to the next period of vibration
without any loss.
The kinetic energy of the system in state α is calculated from the velocities

of the DOFs or the modes as:

Eα
K(t) =

1

2
ẋα⊤(t)Mαẋα(t) =

1

2
η̇α⊤(t)Vα⊤MαVαη̇α(t). (11)

As a result of the mass normalization of the mode shapes, the matrix triple
product Vα⊤MαVα forms identity matrices; therefore, we can get to the kinetic
energy as the sum of the modal kinetic energies in state α:

Eα
K(t) =

1

2

Nα∑
j=1

η̇α2j (t). (12)

Similarly, the internal potential energy (originating from the stiffness matrix)
will be:

Eα
P (t) =

1

2

Nα∑
j=1

ωα
0j

2ηα2j (t). (13)

The plastic impact at t = T causes an energy loss, which can be calculated
from the change in kinetic energy:

∆PL = EII
K (T )− EI

K(T ) =
1

2

N II∑
j=1

η̇II 2j (T )− 1

2

NI∑
j=1

η̇I2j (0). (14)

(Note: due to the periodicity, η̇αj (t) = η̇αj (t+ T ), so the subtracted second sum
is the same as at t = T ). In the next subsection, a method for how this energy
loss can be distributed over all modes of the periodic vibration using a viscous
damping coefficient is proposed.
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3.2. Equivalent viscous damping ratio for the forced PL elastic system
with two states

As mentioned earlier, viscous damping is widely used in civil engineering
practice to account for energy losses during nonlinear responses in dynamically
loaded structures. In our nonlinear system, the linear combination of the linear
vibration modes in Eq. (2) is utilized to find the periodic responses. We can also
employ the piecewise linearity to define equivalent linear counterparts by assum-
ing that both systems undergo harmonic forcing with the same T = T I + T II

period and phase angle ϕ as the solution triplets for the PL elastic system. Apart
from the near-to-resonant cases, a small viscous damping ratio slightly modi-
fies the undamped response (amplitude and phase). Using this, the velocities
of the damped system are approximated with the velocities of the undamped
response. The energy loss is then calculated piecewise as that of a linear system
with a constant viscous damping ratio in both states for each mode. In this way,
linearity can still be kept in the sense that we can disperse the damping force
along the whole period using simple mechanics and find a single VDR as our
ultimate goal.
During the modal analysis of MDOF systems, each mode behaves as an

SDOF oscillator. So, a formula for estimating the energy loss of an SDOF system
with a unit mass and an ω0 natural circular frequency is needed. The viscous
damping force is linearly proportional to the velocity of the system, which can
be expressed as:

η̇(t) = ψ1 + ψ2 + ψ3, (15)

where:

ψ1 = −ω0a sin (ω0t), ψ2 = ω0b cos (ω0t), (16)

ψ3 =
q0
ω2
0

1

1− ω2

ω2
0

ω (sinϕ cos (ωt)− cosϕ sin (ωt)). (17)

Here, ω is the forcing frequency and ω0 is the natural circular frequency of
the SDOF. The term ψ3 is the particular solution of the harmonically forced
vibration, while ψ1 + ψ2 is the free vibrational part. Thus, a and b are the
constants used to fulfill the initial conditions, and their formulae are given in
Appendix 1. (Note: for the modal analysis of the PL system, the modal initial
conditions will originate from the switch to a current state.) The amplitude of the
particular response consists of the product of a static displacement, a coefficient
of resonance and the time-dependent part.
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Assuming that ξ is the damping ratio, the damping force in the current
SDOF system is 2ω0ξη̇(t). Its energy dissipation during a time interval T ∗ is
written as:

ED =

�

T ∗

2ω0ξ η̇
2(t)dt. (18)

Substituting Eqs. (16) and (17) into Eq. (18) and writing it in a compact form
yields:

ED = 2ω0ξΨ, (19)

where

Ψ =

�

T ∗

η̇(t)2dt =

�

T ∗

[
ψ2
1 + ψ2

2 + ψ2
3 + 2 (ψ1ψ2 + ψ2ψ3 + ψ3ψ1)

]
dt. (20)

The analytical results of the integration of the ψ2 functions and their products
are detailed in Appendix 2.
In a PL MDOF system, for each mode, Eqs. (15)–(20) must be modified

according to the current α value and the j index of the mode. In state I, the
T ∗ integration domain will be between 0 and T I . In state II, the T ∗ integration
domain will be between T I and T . Finally, for the MDOF PL elastic system,
the summation of the modes is taken for the Ψα functions in each state as:

∆d = 2ξ

NI∑
j=1

ΨI
jω

I
0j +

N II∑
j=1

ΨII
j ω

II
0j

. (21)

The equivalent damping ratio is obtained from Eqs. (14) and (21), i.e., solving
∆d = ∆PL for ξ yields:

ξeq =
∆PL

2

[
NI∑
j=1

ΨI
jω

I
0j +

N II∑
j=1

ΨII
j ω

II
0j

]. (22)

Once the periodic paths of the PL elastic structure are available, this formula
is used to calculate ξeq for these paths.
This approach assumes that ξeq is small, so that the difference between the

undamped and damped motions is negligible for the first order. In our results,
ξeq indeed comes out on the order of a few percent, validating this assumption
a posteriori. For larger damping values, a more involved iterative approach might
be required to update the velocity profile.
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For the practical application of Eq. (22), the following approach is recom-
mended. With certain simple load positions, the periodic paths of the structure
can be obtained. Then, using Eq. (22), the corresponding equivalent viscous
damping ratio can be calculated for each mode. For the analysis of the PL
elastic structure with a general loading, the linear elastic model can be used
with ξeq chosen from the obtained range of the periodic results. In the following
examples, these steps mentioned above are applied to the mass-spring model
introduced in Fig. 1.

4. Examples: Forced discrete model of a PL elastic bar in tension
and compression

In this section, the application of the derived formula in Eq. (22) is demon-
strated through a simple example. The applied structure is a mass-spring model
with N degrees of freedom. All DOFs have the same mass of m, and they are
serially connected by the springs of the same stiffness k. One end of the model
is constrained by a rigid wall, while the other end has a unilateral contact, see
Fig. 1a. This unilateral contact divides the motion into two linear states of stiff-
ness. The first state is the sticking state, herein after called state I, where the
last mass is in contact with the wall, so the number of masses contributing to
the equation of motion is N I = N − 1 (see Fig. 1b). The second state is the
free-flight state, herein after called state II, where the last mass is free from
contact, so the number of masses is N II = N (see Fig. 1c).

a)

unilateral contact

x1(t) x2(t)
q1(t) q2(t)

xN I (t) xN II (t)
qN I (t)

b) x1(t) x2(t)
q1(t) q2(t)

xN I (t)
qN I (t)
0

c) x1(t) x2(t)
q1(t) q2(t)

xN I (t)
qN I (t)

0xN II (t)

Fig. 1. The PL elastic system: a) system at equilibrium, b) state I, and c) state II.

In our examples, theMI andKI matrices are the mass and stiffness matrices,
respectively, for state I and have a size of N I -by-N I :
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MI =


m

m
. . .

m

, KI =


2k −k

−k 2k
. . .

. . . . . . −k
−k 2k

. (23)

The matricesMII and KII are the mass and stiffness matrices, respectively, for
state II and have a size of N II -by-N II :

MII =


m

m
. . .

m
m

, KII =


2k −k

−k 2k
. . .

. . . . . . −k
−k 2k −k

−k k

. (24)

In state I, the reaction force R acting on the last mass (in contact with
the wall) cannot be a tension; in state II, the last mass cannot penetrate the
wall, i.e., its displacement cannot be positive. Furthermore, at least one of these
two variables must be zero. These constraints result in two inequalities and
one equation:

R ≤ 0, xN II ≤ 0, RxN II = 0. (25)

However, in the proposed form of analysis, it is sufficient to maintain one in-
equality at a time, as the closed or open state of the gap is secured in the
numerical models of states I and II. Thus, the applied conditions will represent
the gap opening: switching from state I to II, where the hI vector of Eq. (4)
is the N I -th unit vector; or the gap closing: switching from state II to I, where
the vector hII in Eq. (5) is the opposite of the N II -th unit vector.
In the numerical examples, the values m = 1 and k = 1 will be used. Chang-

ing these parameters would affect the time scale, but the ratios of the numerical
values in the found solutions remain the same.

4.1. Periodic vibrations, energy loss and equivalent viscous damping
ratios

For our first example, N = 5 is chosen, and the harmonic forcing of unit
amplitude acts on the first DOF (i.e., qα01 = 1), while the other DOFs are
not excited. (Note: scaling the amplitude of the forcing would scale the response
at the same rate, but the time remains unaffected due to the PL elastic nature of
the structure.)
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The periodic modes were calculated by scanning the global representation
space (GRS) of (T I , T II , ϕ) according to the method described in Subsec. 2.3.
The time period in each state ranged from zero to half of the fundamental period
of the relevant state, and the phase angle (ϕ) varied from π to 2π. The 3D GRS
was discretized on a 200× 200× 50 grid. After filtering out the solution candi-
dates that undergo premature switches, two separate curves of periodic modes,
shown in Figs. 2a and 2b, (an axonometric and a planar view, respectively)
were obtained. Along these paths lie those T I , T II and ϕ triplets that lead to
vibrations that fulfill the periodicity and switching conditions of the method.
The isolated positioning of these two curves illustrates the robustness of the
proposed scanning method. The first segment is near the base period of state I
(10.166 in this example), while the second segment is near half of the base period
of state II (half of 22.075 in this example). A sample point is taken randomly
from each path (shown as red and green dots in Fig. 2b) to demonstrate those
nonlinear periodic vibrations.

a) b)

Fig. 2. Solution points of a system with N = 5 and the first mass forced:
a) in the three-dimensional parameter space, b) in the T I − T II plane.

The responses of each DOF at the sample points are shown in Fig. 3, plotted
over approximately two of their respective periods (the starting points of the
periods are marked by vertical, red, dashed lines). Figure 3a shows the diagrams
of the red-marked point in Fig. 2b, with a period T = 9.9273, while Fig. 3b shows
the diagrams of the green-marked point, with a period T = 12.277. The I-to-II
switch can be observed, where the fifth DOF starts moving at t = T I .
Once the periodic modes are available, the kinetic energy, internal potential

energy and their sum during the vibration can be evaluated. These energies were
calculated for the sample points marked with the green and red dots in Fig. 2b
using Eqs. (12) and (13), and are shown in Fig. 4.
Figure 4a shows the time-histories of the energies for the solution marked

with the red dot. The total energy is not constant due to the forcing. The
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a) b)

Fig. 3. Nonlinear periodic responses of the system at coordinates:
a) T I = 1.7748, T II = 8.1525, ϕ = 3.5495 (red dot, vertical dashed line at T = 9.9273);
b) T I = 2.3876, T II = 9.8894, ϕ = 4.8050 (green dot, vertical dashed line at T = 12.277).

a) b)

Fig. 4. Mechanical energy at the sample point at: a) red dot in Fig. 2b (vertical dashed line
at T = 9.9273), b) green dot in Fig. 2b (vertical dashed line at T = 12.277).

system switches from state II to state I at the period’s end (marked with the
dashed line), where a drop in kinetic energy occurs due to the sudden stoppage
of x5. (In Fig. 3a, its slope becomes zero at the start of the next period.) Please
note that the internal potential energy does not undergo such sudden changes.
Similarly, Fig. 4b shows the time histories of the energies for the solution marked
with the green dot. In this case, energy has a higher share of kinetic energy, and
the last mass contributes more, so a drop in energy is of higher rate.
Next, the energy loss was calculated for every solution point in Fig. 2. In

Fig. 5a, the dissipated energies of the PL elastic system are shown as a function of
the period of forcing T and the phase of the forcing ϕ by the blue curves. The na-
ture of the vibration modes is similar along the isolated branches of the solution
points, and the dissipated energy is longer in the cases where the kinetic energy
of the stopping DOF is higher before the impact. However, the conversion of this
energy loss to a damping ratio involves the amplitude of the response as well.
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a) b)

Fig. 5. a) Energy loss of the PL system ∆PL as a function of the total period of forcing
and phase angle; b) equivalent viscous damping ratio as a function of T and ϕ.

Finally, Fig. 5b shows the relationship between the forcing parameters T and
ϕ for both periodic paths and the obtained ξeq (see Eq. (22)). The magnitudes
are small and a maximum does not exceed the 5–10% value typically assumed
in the civil engineering practice for the structural damping ratio. For better
understanding and to distinguish between the different orders of magnitude of
the segments, the damping ratio values are presented separately for the first
and the second path in Figs. 6a and 6b.

a) b)

Fig. 6. Equivalent viscous damping ratio for: a) periodic path 1, b) periodic path 2.

Along the first path, not only are the energy losses smaller, but they are also
associated with a lower impact velocity, so their equivalent viscous damping
ratios (shown in Fig. 6a) are smaller than those of the second path (shown in
Fig. 6b). The reason behind this phenomenon lies in the higher amplitudes of
the vibration in the modes of the second path. This specifically yields a zero
damping at the T = 10.167 case: this forcing is resonant in the state I, as the
increasing amplitude in the first mode makes the lost energy negligible, while
the amplitude of the stopping mass changes its sign.
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What also can be concluded from Fig. 6b, for example, for the solution point
at the green dot, is that if a linear system of N = 5 is assumed with a damping
ratio around 0.052 under a forcing frequency of ω = 2π/12.277 = 0.512, then
the energy loss will be equal to the value of ∆PL shown in the top right corner
of Fig. 5a. This value can also be seen in Fig. 4b at the end of the period, which
is around 1.05.

4.2. Effect of the loading position on ξeq

In this subsection, the effect of the position of the excitation force on the
response and the equivalent viscous damping is analyzed on the same model
used in the previous subsection with N = 5. A unit amplitude harmonic forcing
is applied to the first, second, third and fourth DOFs, while the other DOFs
are left unloaded, and the analyses are performed to find the periodic paths
and the equivalent viscous damping ratios. It was found that scanning the GRS
resulted in the same parameter triplets as those in Fig. 2, meaning that, in the
GRS, the periodic solutions are independent of the loading position. The reason
behind this similarity in the periodic paths of certain models is out of the scope
of this paper, but likely can be explained in terms of traveling waves. While
the GRS positions of the periodic modes coincide, different load cases result in
different initial conditions and, thus, in different vibrations. Diagrams of Fig. 7
show the time histories of one single DOF under different load cases over one
period. Figures 7a and 7b correspond to the periodic modes marked by the red
and green dots, respectively. The second index in the diagrams corresponds to
the DOF (in the diagrams of the 5th DOF the 0 − T I segment remains zero).
Finally, the colors represent the index of the forced DOF (the load case), a thick
line indicates the response where the DOF itself is forced.
Next, the equivalent damping ratios are calculated for the found solution

points. Figure 8a shows the resulting ξeq values for the first path of periodic
modes. It can be seen that there are no significant differences in the values,
which are already small, and the near-resonance phenomenon of vanishing ξeq
persists. On the contrary, Fig. 8b shows the ξeq values for the periodic modes on
the second path, which show a variation on a wider range. A maximum value
occurs when the DOF near the middle of the structure is forced.
If the serially connected mass-spring model is considered as a discretized

model of a bar in tension and compression, a general positioning of the load can
be modeled as follows. Instead of using a single force on a DOF, the position-
ing between two adjacent DOFs can be shared. For example, a q1,0 = 0.75,
q0,2 = 0.25 load combination means that the first quarter point of the seg-
ment between the first and second DOF is excited. (Here the reader is re-
minded that the actual amplitude of the forcing vanishes in the damping ratio.)
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a1) b1)

a2) b2)

a3) b3)

a4) b4)

a5) b5)

Fig. 7. Nonlinear periodic responses of the system for each mass for different loading scenarios
at: a) periodic mode from path 1 (red dot) and b) periodic mode from path 2 (green dot). The
color legend is as follows: only qα01 = 1 (blue), only qα02 = 1 (red), only qα03 = 1 (orange) and
only qα04 = 1 (violet), with the forced mass with a thicker line width for each load case.
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a) b)

Fig. 8. Equivalent viscous damping ratio for different unit exciting force positions along:
a) periodic path 1, b) periodic path 2.

The similarities of the solution paths in the GRS remain for the load combina-
tions as well. Thus, the equivalent damping ratios of the same solution point
can be compared in the GRS for different load positions. Figure 9c shows the
obtained values, marked as red points, where a single node is excited (the red
lines are polygonal approximations of the curves in Fig. 8b). From the dia-
gram, it can be concluded that combining the simple load cases, where only one
DOF is excited, does not result in an extreme increase in the damping ratio:
in the excitation of one DOF, the maximum damping ratio is 0.1185, while in
the combinations, the maximum is 0.121. Although linear interpolation may un-
derestimate the values between the red points, the order of magnitude of the
excess damping is way below the damping ratio of the cases with single-node
excitation. So, in a practical application, it is a sufficient approximation to ana-
lyze the equivalent damping based on the excitation of certain DOFs, and there
is no need to check all possible combinations.

4.3. Effect of the discretization on ξeq

In this subsection, the effect of discretization is analyzed. For the analysis
of the discretized model of the bar in tension and compression, the mass m and
the stiffness k should be tuned accordingly, depending on the number of DOFs.
However, the scaling of theM and K matrices changes the time scale only; the
damping ratio remains the same. So, the second periodic paths in the GRS of
MDOF models with N = 3, N = 4, N = 5, and N = 6 are compared, i.e., the
segments near half of the base period of state I. (In the analyzed models, these
base periods are T 3

0 = 14.12, T 4
0 = 18.09, T 5

0 = 22.07, T 6
0 = 26.06, respectively.)

Results are shown in Figs. 9a–d, where: the calculated viscous damping ratios
are shown as a function of the period of the forcing and the (interpolated)
position of the forcing. In the N = 3, N = 5, N = 6 models, the segments are
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a) b)

c) d)

Fig. 9. Equivalent viscous damping ratio for different positions of the excitation force. Red
dots represent modes where a single node is forced, and black dots represent modes where

a combination is forced: a) N = 3, b) N = 4, c) N = 5, d) N = 6.

slightly above half of the said base period; in the N = 4 model, the segments
are slightly below half of the base period.
Comparing the diagrams, it can be concluded that the extent of the possible

periods decreases as a finer discretization (a higher number of DOFs) is applied.
As a limit, it could shrink to a single point, meaning that the continuum bar
would have a periodic response to a single harmonic frequency only.
In general, it is expected that the magnitude of the calculated damping ratio

is decreasing, as the discretization becomes finer, as the share of the stopping
mass and its kinetic energy is decreasing, in the continuum there would be no
energy loss with the current assumption. This can be seen in the transition from
N = 5 to N = 6, where the maximum decreases from 0.121 to 0.111. Further
discretization would result in damping ratios below the value of 0.1. The reader is
reminded here that structural engineering practice typically summarizes energy
dissipation into one single structural damping ratio in the range of 0.05–0.1,
which is the order of magnitude of the contribution from the impact of the PL
system.
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For cases with a low number of DOFs, due to the coarse discretization, the
MDOF model can not follow the actual vibration accurately, so this effect cannot
unfold in its full extent yet. This disturbance could lead to a low-amplitude
vibration of the last mass, as in the case of N = 3 (Fig. 9a), where the obtained
damping ratio (with a maximum of 0.0418) is lower than it would be with
a finer discretization. The other directional disturbance, with a high-amplitude
vibration of the last mass, occurs in the case of N = 4 (Fig. 9b) where the
domain of the periodic path moves below half of the base period (in all the other
cases it is above that), and forcing the third mass could lead to a vibration
mode dominated by the motion (and stop) of the fourth mass. The resulting
maximal damping ratio would be above 0.5, but this is rather a side effect of
the insufficient discretization than a usable result. For this reason, the diagram
Fig. 9b is limited at 0.045.
The following generalization of our findings is recommended. On a suffi-

ciently fine discretized model, periodic paths can be computed with forcing
a single DOF. Then, the calculation can be repeated in the obtained domains
with other DOFs forced, and the damping ratios can be evaluated. From the
resulting values, a maximum can be taken as an upper limit for a time-history
analysis. It should be reminded that a plastic impact was assumed in our model;
so, the obtained damping ratio can be considered an upper limit, as an inelastic
impact results in a lower amount of dissipated energy.

5. Conclusion

In the present work, a formula for the equivalent viscous damping ratio was
derived to characterize the energy dissipation caused by purely plastic impact in
the forced PL elastic systems with two states. The formula is restricted to vibra-
tion modes where the response during a period of forcing consists of a given time
spent in one state and the rest in the other state. This allows for the applica-
tion of modal analysis for the calculation of the response and dissipated energy
in a substitute system with an assumed viscous damping ratio. An example of
a discretized bar in tension and compression was presented, and the values of ξeq
were shown as a function of the forcing period. The results were presented for
each periodic path. The ξeq values appeared to fall in the range of the damping
ratio typical for engineering structures or were negligible under certain circum-
stances.
The effect of the loading position on the ξeq values was presented. The high-

est values appeared when the point load was applied near the middle of the
structure. For example, for N = 5 and N = 6 cases, ξeq,max = 0.121 and 0.111,
respectively, and these maxima occurred between the 2nd and the 3rd DOFs
for N = 5 case, and between the 3rd and the 4th for N = 6. In conclusion,
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for practical applications, it is sufficient to analyze the equivalent damping by
forcing of certain DOFs, and therefore eliminating the need to check all possible
combinations.

Appendix 1. Amplitude of free vibration terms

The free vibration amplitude mentioned in Eq. (16) is given by:

aα =
[
ηα(ts)− ηαf0 cosϕ cos (ωts)− ηαf0 sinϕ sin (ωts)

]
cos (ωα

0 ts)

−
[
η̇α(ts)

ωα
0

+
ω

ωα
0

ηαf0 cosϕ sin (ωts)− ηαf0 sinϕ cos (ωts)

]
sin (ωα

0 ts), (26)

bα =
[
ηα(ts)− ηαf0 cosϕ cos (ωts)− ηαf0 sinϕ sin (ωts)

]
sin (ωα

0 ts)

+

[
η̇α(ts)

ωα
0

+
ω

ωα
0

ηαf0 cosϕ sin (ωts)− ηαf0 sinϕ cos (ωts)

]
cos (ωα

0 ts), (27)

where ηα(ts) and η̇α(ts) are the initial conditions (displacement and velocity
at t = ts is the time instance of the switch), and ηαf0 is the amplitude of the
particular solution.

Appendix 2. Integrated terms of dissipated energy

The primitive functions of the quadratic and product terms in Eq. (20) are:

�

Tα

ψα2
1 = ωα2

0 aα2
[
t

2
− sin (2tωα

0 )

4ωα
0

]α
, (28)
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, (29)
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