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Some continuous stress mixed formulations and inf-sup test
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The most frequent motivation for the use of mixed methods is their robustness in the presence of certain
limiting and extreme situations. At variance, the main goal of the present paper is to reconsider the
use of mixed formulation as a tool for wider application, i.e., to study the stability of the proposed
procedure treating problems in elasticity otherwise well suited for the solution by the usual displacement
method.Computational procedure for the inf-sup test is outlined, and the results are given.

1. INTRODUCTION

Mixed finite element methods, in the mechanics of solids, are based on formulations having also
stresses and /or strains as fundamental variables, at variance with the classical (primal) finite element
method where fundamental unknowns are only displacements. There are opinions [1] that mixed
methods have some serious drawbacks. For instance, a fact that discrete mixed system involves
more degrees of freedom than a primal one, and hence the unacceptable execution time for the
same mesh, is considered as one of main disadvantages of mixed methods. However it has been
already shown [3, 4] that the present mixed model is about two orders of magnitude faster than
classical finite element analysis for the same accuracy.

A short overview of the underlying theory can be found in [1], and a detailed explanation in [10].
From the practical point of view, primal mixed formulation looks to be the most attractive one.
This scheme can be easily combined with the classical finite elements. Primal mixed formulation,
using continuous stress spaces, has been successfully applied in [13] and [3]. The next two steps
in the development of a model were the introduction of stress constraints as essential boundary
conditions [5], and stabilization of primal mixed elements by hierarchic interpolation of stresses [6].
The accuracy of the formulation has been studied in [7], and efficiency in [8].

In this paper we consider the stability of some mixed schemes more rigorously, by the use of
numerical inf-sup test [2, 10, 11]. We limit our attention to the practically important problem with
the continuous displacement and, where appropriate, also the continuous stress spaces.

2. FIELD EQUATIONS

Let us consider a complete system of the field equations in the linear elasticity, where
divT+ f=0 in Q, (1)
2e(u) = Vul + Vu in Q, (2)
T —Ce(u) =0 in Q, (3)
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T -n—p=0 on 0%, (4)
u—w=0 on 09, (5)

are the equations of motion, strain—displacement and stress—strain relationships, boundary trac-
tion conditions and geometric boundary conditions respectively.In these expressions, T is the stress
tensor, f the vector of the body forces, e is the strain tensor, u the displacement vector, C the
elasticity tensor, p the vector of the boundary traction’s, w the vector of the prescribed displace-
ments. Finally, € is an open, bounded domain of the elastic body, n is the unit normal vector to
the boundary 99; 9€2; and 09, are the portions of Q2 where the stresses or the displacements are
prescribed, respectively.

3. WEAK FORM OF THE FIELD EQUATIONS

Let us suppose that both boundary conditions (4) and (5) are essential, and hence exactly satisfied
by the trial functions of a problem. Then we need to consider only the weak forms of Egs. (1)—(3).

3.1. The equations of equilibrium

By the use of the Galerkine procedure, from Eq. (1) follows

/Qv-dideQ:—/v-fdQ | (6)

Q

where v is taken from the space Loy of all square integrable vector fields.

3.2. The strain displacement and the stress-strain relationships

We will consider the standard case, i.e. invertible constitutive equations (3), when one can write
e(u)=A:T (7)

where A is the elastic compliance tensor. From the comparison of (2) and (7) it follows that
A:T:%(VuT+vU). (8)

If the test functions S are taken from the space T2 of all square integrable symmetric tensor fields,
the weak solution of (8) can be determined by the simple expression

/S:(A:T—Vu)sz(). 9)
Q

3.3. Weak formulation of a mixed problem

By the simple summation of (6) and (9) one obtains a new and far-reaching expression (10), which
allows asymmetric (primal-dual mixed) weak formulation of a mixed problem, associated with the
mixed (Reissner’s) variational principle:

Find T € H(div) satisfying Tn|sq, = p and u € (H')" such that u|sq, = w and

/(S’:A:T—~S:Vu+v-divT)dQ:—/v-fdQ (10)
Q Q

for all S € (L2)™*™ and all v € (Lg)™.
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In this expression, H(div) is the space of all symmetric tensorfields which are square integrable and
have square integrable divergence [1], while (H!)™ is the space of all vector fields which are square
integrable and have square integrable gradient.

By the use of the divergence theorem over the second integral in the above expression, we obtain
the well known [1] symmetric (dual mixed) weak formulation for the mixed problem:

Find T' € H(div) satisfying Tn|sq, = p and u € (L3)" such that

/(S:A:T+div5-u+'v-divT) dQ:—/
Q

v-fdQ+/ (Sn) - wdoQ (11)
Q 0Ny

for all § € H(div) satisfying Sn|sq, = 0 and all v € (L)".

Dual formulation is frequently elaborated by mathematicians, but not very popular amongst
the finite element practitioners, at least for the two reasons. First, both the stresses T and their
variations S are taken from H(div), the space unfamiliar for an average finite element user, and
second, the use of the discontinuous displacements from the space (L2)" and natural displacement
boundary conditions is awkward for the same people.

At variance with the preceding case, application of the divergence theorem over the third term of
(10) gives a more popular (especially amongst the engineering-oriented scientists [15]) primal mixed
form of a mixed problem:

Find T € (L3)"*™ and u € (H')" such that u|gq, = w and

/(S:A:T—S:Vu—V'v:T)sz—/v-fdQ—/ v - pdoQ (12)
Q Q a9
for all S € (L2)"*" and v € (H')™ such that v|sq, = 0.

If the constitutive equations are locally satisfied (see (3) and (7)) the above equation straight-
forwardly reduces to the primal (displacement) problem:

Find u € (H')" and such that u|sq, = w and
/e(v):C:e(u)dQ:/v-fdQ+/ v - pdoQ (13)
Q Q a9

for all v € (H')™ such that v|aq,, = 0.

4. FINITE ELEMENT APPROXIMATIONS OF THE FIELD EQUATIONS
4.1. Classical mixed approach

We let Cp, be the partitioning of {2 into elements €; and define the finite element sets and subspaces
for the displacement vector, the stress tensor and the appropriate weight functions respectively as

N {u € (Hl(Q))" | ulp, =w, ulg, = \Ifg’u,[{, VQ; € Ch}

e {’U = (HI(Q))n | ’vlagu =10, 'UlQi = \115’01(, VQ,; € Ch}

Th 5= {T = (Lz Q))nx" | i n|agt =p, TlQi — \I/TLTL, Vﬂi & Ch}
)

(14)
(
Sh = {S € (L2AAW))™" | S-mlogn, =0, Slo, =Tsr 8L, VQ; €Ch}

In these expressions ux and T are the nodal values of the displacement vector u and stress
tensor T respectively. Accordingly, \Ilg and Ury, are the corresponding values of the interpolation
functions, connecting the displacements and stresses at an arbitrary point in ; (the body of an
element), and the nodal values of these quantities. The complete analogy holds for the displacement
and stress variations (weight functions) v and S respectively.
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4.2. Continous stress and displacement mixed approach

The stresses and stress variations here are taken from a smaller space, the same as in (11) or even
more restricted T € (H)"*" Cc H(div) C T?, i.e.

T, = {T € (HQ)™" | Tlo,=Y7r,T" Ve€ECH}, (15)
Sy = {8 € (H(Q))** | Sln,=Vsn8Y, Y€y}, (16)

Technically, the boundary traction conditions are treated as the natural ones (identically as in
the displacement method), while at the interfaces the stress components are disconnected (again as
in the displacement method). From the point of view of known finite element techniques, the part of
a mesh limited by the boundaries and interfaces of a body under consideration, can be understood
as a large composite mixed hybrid element, having continuous stress and displacement continuity
at the boundaries.

The advantage of the described approach is in a fact that for the displacements and stresses one
can use interpolation functions of the same type, and that for an average finite element user the
stress continuity, where appropriate, is an obvious and attractive property of a model.

4.3. Satisfaction of the boundary traction conditions

In this paper we consider the situation when stresses satisfy also the boundary traction conditions.
Although this approach is not necessary from the point of view of the variational principle (12),
where the stress boundary conditions are satisfied as the natural ones, we will see that, in the finite
element equations (26), one can separate known and unknown nodal stress values, and hence also
satisfy the stress boundary conditions as the essential ones, i.e. equilibrate the boundary traction’s
(components of the stress vector).

Hence (only) at the boundaries and interfaces we allow that our T' € H! behaves as T € H(div),
instead of T' € T? from the preceding case. Finally, the stress and its variation subspaces will be

T -nlog, =p, Tlo, = Vrp(U)TE, VY €Ch} (17)

Ty = {T € (L2)"*™(Q
g S-nlsg, =0, Slg,= ‘I’SL(Qi)SL’ Ve € Ch} (18)

) |

Sh = {5 € (L)™"(®) |
As it has been already mentioned, where the stress boundary conditions were satisfied in an

iterative manner, it has been shown that such an approach can significantly improve results.

4.4. Compact matrix form of the finite element equations

As it has been shown in [5], the finite element equations based on (12) can be written in a symbolic
matrix form as

A -D t 0
Bl ML Py &
In this expressions t and u are the column matrices of the stress and displacement components

nodal values. The members of the matrices A and D and of the vectors (column matrices) f and p
(discretized body and surface forces) are, respectively,

AAu'qut = Z A Qk’ \I/SN g?/\)u g?A)U Aabcd g(cl"),; gEiI‘)t \I'TLQ% dQ2 (20)
e i

r
D= Z/Q QN Usn Ui, 9lry, géAgg dQ (21)
e 1
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=3 [ ddea v a0 (22)
e 1
e -5 / gsM1 Qi B p* dOQ (23)
3 ta
where
k !
(K)m (K)mn 0z 0z
g(L)s == 51919 BQT(K)H ay(L)s ) (24)
azk 97
a ] ab
Imys = 9" B gD (25)
k l
(K) " K 32 az
g =y )qpa_éb 927’ (26)

are the Euclidean shifters. In this paper we will consider isotropic elastic examples where the com-
pliance tensor components are of the form

1
Agbed = ﬁ [(1 o V) (gcagdb + gcbgda) K 2Vgabgcd] (27)

In the above expressions 2 (i,4,k,l = 1,2,3) are the global Cartesian coordinates, while
z(E)n (m,n,p,q = 1,2,3) and yL)s (r,s,t,u,v = 1,2,3) are local (nodal) coordinates, used for
determination of the nodal displacements and stresses respectively. Commonly used notions, £
(a,b,c,d = 1,2,3) are taken for the local (element) coordinates, usualy convected (parametric,
isoparametric). Further, gE)mn and g% are the components of the contravariant fundamental met-
ric tensors, the first one with respect to ()" and the second to ¢b. Computation of these quantities
is described in detail per instance in [6]. Furthermore, UX = 0UX /8¢, Also, Agpeq are the com-
ponents of the elastic compliance tensor A, while f* and p? are the body forces and boundary
traction’s, respectively. Integration is performed over the domain §; of each element, or over the
part of the boundary surface 0Q;; where the traction are given, while summation is over all the
e elements of a system. Finally, Q’I},I is a connectivity operator between global nodes and element
nodes.

Because the tensorial character of (12) is fully respected, one can easily choose at each global
node different coordinate systems for the stresses and/or displacements, for the most convenient
application of boundary conditions and interpretation of output results.

It has been shown in [5] that (14) can be decomposed for unknown (variable) and known (pre-
scribed) values of the stresses and displacements denoted by the indices v and p, respectively,

A,, -D, to | | —Aw Dy tp 0
T 7 T B : (28)
s 7 o 0 u, Dpv 0 u, f, +pp
In these expressions the nodal stresses 775t and displacements Uk components are consecutively
ordered in the column matrices t and u respectively.

4.5. Triangular elements

In this subsection, and next all displacement degrees of freedom at node, i.e., u, or {u1,us} are
considered to be active and the displacement node is denoted by circle. The stress nodes with all
three stress components 7% or {T!, T2 T22} active are denoted by the rectangular triangle. If
only one stress component is active, the stress node is denoted by the appropriate dash, ie, —
{T",0,0}, \ {0,7"2,0}, | {0,0,7%2}. At the midside nodes it has been taken that T"'' component
is parallel to the boundary, while 722 is orthogonal to it. The expressions for the interpolation
functions, corresponding to the element nodes are given in Appendix A.
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1. Triangular element TC 3/4 (MINI element [1])

3
T = 3" 0,12 + U 1P

1=1
2. TC 3/6

6
Taﬁ — Z \I;ij';aﬁ

=1

3. TC 3/6r

6
Taﬂ — Z \I,vazOlﬂ

1=1

(29)

(31)

This expresion is finally the same as (30). However, from Fig. 3 it is evident that at midside nodes
only the stress component parallel to the boundary is retained, and hence three components 7*#
at each of nodes 4, 5, and 6 are mutually linearly dependent.

4.6. Quadrilateral elements
1. QC 4/5
4
T8 = S 012 4 weTg?
i=1
2. QC 4/7
4 11
T8 — Z \I,iTiaﬂ + Z \I/jTjaﬂ
i=1 3=9
3. QC4/Tr
4
T =3 T + UeTy! + Uy T
=1

4
T =" U,T}? + UoTy?

=1

4
T2 =3 WT2 + WoT32 + 0T}

i1

4. QC 4/9

9
Taﬂ p— Z \IliTviaﬂ

=1



Continuous stress mixed formulations and inf-sup test 147

o
N
e

Fig. 1. Element TC 3/4

n
31N
b 9
g
N N N—I
1 4 - 1 2
Fig. 3. Element TC 3/6r Fig. 4. Element QC 4/5
n n
4 3 4 3
11 11
o 10 gne-
3 10 § 5 3

QI
|

Fig. 5. Element QC 4/7 Fig. 6. Element QC 4/7r

j 9k 561_> 8| 9 i6§

N
il

E
]

1 5 2 1 2

Fig. 7. Element QC 4/9 Fig. 8. Element QC 4/9r
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5. QC 4/9r

9 i
2y Y (36)

=1

This expresion is finally the same as (35). However, from Fig. 8 it is evident that at midside nodes
only the stress component parallel to the boundary is retained, and hence three components 7%%
at each of nodes 5, 6, 7, and 8 are mutually linearly dependent.

5. SOME ALGEBRAIC IMPLICATIONS OF THE BREZZI CONDITIONS (INF—SUP TEST)

Let start from the classical FE formulation (13), leading to the matrix equation
Ku=r, (37)

where K is the stiffness matriz of the problem and r the equivalent nodal forces. The elements of
the stiffness matrix K of the classical primal formulation are given by

KA = 520 [ gfm uh, coet wls, O a0 (38)
e 1
where for the isotropic elastic material in plane stress problems
E
abed __ ab cd _ ac bd ad be
C RS TET] [21/9 g +(1 u)(g 9%+ 9%g )] (39)

This system is well-posed provided the bilinear form vI'Kv is coercive, i.e.
vIKv 2q|lv|*; v >0 (40)
For the classical FE method energy norm is a natural norm, and hence

viKv vIKv

vIZ = vTKv

and (40) holds with v =1 [2].
From (12), it follows the matrix system

1

At = Du, (41)
DTt =r. (42)

Equation (41) will be well posed if
s As > alls||?. (43)

The natural stress norm for the primal mixed method is also the energy norm, by the virtue of the
principle (12) and hence

sTAs sTAs

TolF ~ #¥As = &

and (43) holds with a = 1. Hence for the primal-mixed procedure the first Brezzi condition (43) is
always satisfied.
Now one can solve (41) for ¢ and substitute the result into (42) to get

DA 'Du=r. (44)
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This system will be well-posed if
vIDTA™'Dv > g|lv|*. (45)

It is easy to show [9] that

TpT
Por, i (v'Dis)
v D" A7'Dv = sup TAs
and vice versa [2]. Hence (44) is equivalent to
(vI'DTs) 2
Y. - Blvll®, (46)

the discrete LBB (second Brezzi) condition. For the primal mixed method (12) the natural displace-
ment norm is also the energy norm, and hence from (44) it follows that

vIDTA-1Dv
vIKv '

The fraction on the right side has evidently the form of the Rayleigh quotient, and hence 7 is
the minimal eigenvalue of the of the generalized problem

B = inf (47)

DTA"'Dx = uKx. (48)

6. NUMERICAL RESULTS

For the purpose of stability analysis in this paper we consider the problem of a thin uniformly
loaded ring (Lamé, problem — Figs. 9, 10). The results shown in the Figs. 11, 12 indicate that the
elements analyzed can be stable, with the exception of QC 4/5. As concerns TC 3 /4 MINT element
this result is not unexpected, the stability of this element has been proven [11]. However the proof
of stability for the elements of Taylor-Hood type, in our case TC 3/6 and QC 4/9 is lacking. The

D
o %1, y1
p=10 E,
E1 x2’ y2
2 C xi pt

A Ao P

el

40 40

Fig. 9. Lamé problem — quadrilateral elements Fig. 10. Lamé problem — triangular elements
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Fig. 11. INF-SUP test — triangular elements (Lamé problem)
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Fig. 12. INF-SUP test — quadrilateral elements (Lamé problem)
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present numerical inf-sup tests show that we can expect stable behavior of those elements. Even
the reduced versions of those elements, TC 3/6r and QC 4/9r, respectively, are stable from the
point of view of the numerical inf-sup test. The number of the degrees of freedom of those elements
is comparable to that of MINI element (QC 3/4). However from the point of view of the solution
procedures bubble nodes are more favorable than midside ones, and in that sense we considered the
quadrilateral QC 4/7, as well as its restriction QC 4/7r.

In Figs. 13 and 14 are shown results for the stress convegence, for very coarse mesh considered
Lamé problem.

7. CONCLUDING REMARKS

In this paper the simplest triangular and quadrilateral continous (plane) stress candidates for stable
mixed elements are described. The stability of those elements has been checked by the numerical
inf-sup test. It has been pointed out that we can expect the stable behavior for the elements of
Taylor-Hood type, and for some of their restrictions. Also very interesting is element of the bubble
type QC 4/7 and its reduced version QC 4/7r in some sense an analog of MINI element amongst
quadrilaterals. Finally, let us mention once more that simplest continous stress elements satysfying
the numerical inf-sup test, besides the certainly stable MINI element are TC 3/6r, QC 4/9r and
QC 4/7r described in the present paper.

APPENDIX A. HIERARCHIC SHAPE FUNCTIONS

In the process of construction and modification of a trial space the use of hierarchic shape functions
is extremely useful, because these allow great flexibility in the addition and removal of the hierarchic
(midside, and central nodes), or the particular components at those nodes.

For triangular elements:

‘1/1:1_5'—777 ‘I’4=4§(1—f“77),
¥y =¢, W5 = 41,
Ty =1, We = an(1 — € — ), (49)
U7 =27(1 - £ —n)n
and for rectangular elements
¥y =1/4(1 - £)(1 — ), U5 =1/2(1 - €%)(1 - ), Ty = (1-€%)(1 -7,
2—1/4(1+§)( - ), We = 1/2(1 + &) (1 —n?), U0 =€(1 - €*)(1 - 7?), (50)
=1/4(1+£)(1 +n), U7 =1/2(1 - €*)(1+n), Ty =n(l - €)(1 —n?).
\114 =1/4(1 - £)(1 +n), Tg =1/2(1 - €)(1 -7,
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