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This paper presents the application of affine numbers to determine the time of con-
crete cover cracking in reinforced concrete elements from the initiation of the reinforcement
corrosion. This issue is crucial for evaluating sustainability and durability of reinforced
concrete structures. The proposed general approach has been used to forecast displace-
ments and crack propagation versus time in reinforced concrete elements subjected to
corrosion tests. The affine approach equations describing changes caused by the forma-
tion of corrosion products are defined and the corresponding tensor of the volumetric
strain rate is formulated. The time of cover cracking has been analysed using the Finite
Element Method (FEM) and the Monte Carlo (MC) method to verify the correctness of
calculations.
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1. Introduction

Chloride ions and carbon dioxide present in the environment and the effects
of direct current leaks from electric tractions cause the corrosion of rebars in
concrete and degradation of reinforced concrete structures [31]. These issues are
crucial for evaluating sustainable development and the durability of reinforced
concrete structures. Greater thickness of reinforced concrete cover has a posi-
tive impact on the initiation time of reinforcement corrosion. But, on the other
hand, it causes a series of negative effects on the environment, such as increased
emission of carbon dioxide [7].

The analysis of the life cycle of structures exposed to corrosion shows it can be
divided into four characteristic phases [33]: initiation of reinforcement corrosion
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(in) (transport of aggressive substances), propagation (p) (activation – filling
voids in the increased porosity interface transition zone (ITZ) in a concrete
structure in the absence or increase of mechanical impacts and local degradation
of contact region), cover cracking (crack) (caused by an increment of products of
reinforcement corrosion) and the accelerated degradation of the structure (ad),
[6, 32, 33]. Indices (0) and (cr) are related respectively to activation time and
critical time, Fig. 1.

Fig. 1. The evolution of durability of structures over their lifetime.

When considering the durability of a structure, it is crucial to determine the
time of degradation tD after which the acceptable width of cracks is achieved.
In this case, the degradation time is regarded as the sum of the propagation
time tp and the cracking time tcrack . Among other aspects considered in the pa-
per, the effect of reinforcement corrosion on the degradation time of the cover is
discussed with respect to the hierarchical design of structures, whose impact on
the environment and total life cycle costs are considered [33]. This approach is
important, taking into account the building information modelling (BIM) tech-
nologies used to design structures. It also forces the formation of mathematical
models to forecast the behaviour of a structure during its life cycle.

This paper focuses on the second and third stages (propagation and cover
cracking) of the life cycle. The first stage (initiation of corrosion) refers to the
transport of mass, aggressive substances, moisture, and heat into concrete.
The scientific literature, inter alia [15, 22, 23, 28, 30], describes in detail this
stage.

The stages of propagation and cracking refer to the process of destruction of
the concrete structure from the moment of activating the corrosive cells on the
reinforcement surface. As a result of the initiated electrode process [1, 9, 10],
voids in the transition zone [4] and adjacent concrete are filled with corrosion
products. Pressure also increases due to the impact of corrosion products on the
concrete. Consequently, the concrete cover is cracked. Many models demonstrat-
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ing concrete cracking due to corrosion are described in the scientific literature.
They include both the analytical approach [16, 25, 35] and the complex ap-
proach, in which FEM is applied [14, 24]. Uncertainty of parameters defining
the corrosion process is the main difficulty related to the analysis of corrosion
degradation due to reinforcement corrosion in concrete at the propagation stage.
The application of methods based on the probabilistic approach [2, 26] is com-
plex due to problems with determining the function of the density of probability
parameters defining corrosion.

The approach based on interval analysis is an alternative mathematical de-
scription of corrosion problems subject to uncertainty, which usually does not
contain probabilistic elements [21]. This method is burdened with an error re-
lated to the overestimation of results. Affine numbers in calculations is another
approach close to the interval analysis, but without overestimation issues [29].

This paper presents the use of affine numbers to determine the time of con-
crete cover damage in reinforced concrete elements from the moment of initiating
reinforcement corrosion (formation of a corrosion cell). The proposed approach is
used to forecast displacement fields and cracks and the propagation of the crack
width in a reinforced concrete element subjected to corrosion resulting from the
impact of the environment. The interval analysis with the affine approach and
INTLAB libraries [27] are used to define equations describing changes caused
by the formation of corrosion products, and to formulate the corresponding ten-
sor of the volumetric strain rate. The time of cover cracking is analysed with
FEM for upper sup

(
εV
)
and lower inf

(
εV
)
bounds of increments of the tensor

of corrosion volumetric strain, which was of affine type. The Monte Carlo (MC)
method is used to verify the correctness of calculations [19].

2. Basic algebraic operations on affine
and interval numbers

The main problem concerning the cover durability is the uncertainty of pa-
rameters describing the discussed physical and chemical process. Uncertainties
are related to, inter alia, the chemical composition of corrosion products, the mi-
crostructure of the interface transition zone (transition layer with the increased
porosity, the so-called ITZ [4]) and electric current in the electrochemical cell.
It is very difficult to determine the probability density function for the majority
of parameters used to forecast the durability of reinforced concrete elements.
Therefore, affine number XA was suggested for the description of problems con-
cerning the durability of reinforced concrete elements subjected to corrosion of
the reinforcement

X
A

= X0 +X1ε1 + ...+Xnεn, (1)
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where εi is the noise symbol, whose values are changing within the [−1, 1] in-
terval, X0 is the central value, and values of Xi (i > 0) are respectively called
partial deviations from that value [5, 11–13, 27]. Arbitrary affine number XA

can be written as an interval number XI
= [x−, x+], x− < x+, x− = inf

(
X
I
)
,

x+ = sup
(
X
I
)
using the relationships [5, 11]

X
A

= X0 +
n∑
i=1

Xiεi ≡ [X0 −∆X,X0 + ∆X ] , ∆X =
n∑
i=1

|Xi| , (2)

where ∆X is the total number of deviations of affine expression. The inverse
approach results in averaging deviations Xi from the affine number.

Arbitrary interval number XI
= [x−, x+] [8] can be converted into affine

number XA using the following relationship [5, 11]:

X
A

= X0 +Xmεm, X0 = 0.5
(
x+ + x−

)
, Xm = 0.5(x+ − x−), (3)

where m is the noise symbol (in Eq. (3) we do not sum over m).
Basic operations on interval numbers present the following relationships [21]:

X
I ± Y I

=
[
x− ± y−, x+ ± y+

]
, (4)

X
I · Y I

= [min
(
x−y−, x−y+, x+y−, x+y+,

max
(
x−y−, x−y+, x+y−, x+y+

)]
, (5)

X
I
/Y

I
= [x−, x+] · [1/y+, 1/y−]. (6)

Basic operation on affine numbers were described, inter alia, in the papers
[5, 11–13, 27, 29]:

X
A ± Y A

= X0 ± Y0 +

n∑
i=1

(Xi ± Yi)εi, (7)

X
A · Y A

= X0 · Y0 +

n∑
i=1

(X0Yi +XiY0) εi +

n∑
i=1

Xiεi ·
n∑
i=1

Yiεi, (8)

X
A
/Y

A
= X

A ·
(
Y
A
)−1 ∼= X

A
Z
A
. (9)

The function Z
A

= 1/Y
A in Eq. (9) can be determined as described in

papers [18, 27] using the Chebyshev approximation. Using INTLAB libraries for
calculations, the result of the multiplication is regarded as the common part of
actions performed in accordance with (5) and (8), by which the result can never
be worse than ordinary interval arithmetic [27].
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3. Impact of corrosion products on cover concrete
using affine and interval approach

The mechanical impact of corrosion products on concrete cover cannot be
considered as the initiation of reinforcement corrosion. At the initial stage of
corrosion, when the activation time t0 was achieved and voids in the ITZ were
filled [4], the expansion of corrosion products into micro-cracks that propagate
in the transition zone between steel and concrete can be observed (the so-called
CAR – corrosion accommodation region) and their transport into deeper regions
of concrete cover can take place [20]. The kinetics of such changes related to
the impact of some corrosion products on concrete could be expressed with the
equation describing the rate of change of effective volume of corrosion products
V̇eff , which includes those corrosion products that have a mechanical impact on
the concrete cover [34]

V̇eff = V̇ekw − V̇por−V̇ tran , V̇ekw = V̇R − V̇Fe2+ ,

VFe2+ =
mFe2+

ρFe2+
, ṁFe2+ = kI = kAsi.

(10)

In Eq. (10), V̇por is the rate of change in volume of the corrosion products
brought into newly created empty spaces and micro-cracks formed in the ITZ
at the interface of a rebar and the concrete cover, V̇tran is the rate of change
in volume of corrosion products penetrating into deeper layers of concrete, cf.
Fig. 2, V̇Fe2+ is the rate of change in volume of corrosion loss, ṁFe2+ is the rate of
change in the mass of iron ions (Faraday’s law), mFe2+ is the mass of iron ions,
ρFe2+ is the density of iron ions, k is the electrochemical equivalent of iron, As
is the corroded area of a rebar, i is the density of the corrosion current and
I is current intensity. The changes occurring in the cover can be schematically
shown in the way presented in Fig. 2 where: 1) cover of concrete, 2) empty pore

a) b)

Fig. 2. Kinetics of the reinforcement corrosion processes in the concrete cover: a) inactive
corrosion process, b) active corrosion process of the reinforcement (description in the text).
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spaces, 3) reinforcing steel, 4) corrosion products, 5) corrosion cavity filled with
the volume of corrosion products changing with the velocity V̇Fe2+ , 6) microcrack
volumes filled with corrosion products in the ITZ layer changing with the rate
V̇por , 7) volume of corrosion products transferred through the pores into the
deeper layers of concrete with the rate V̇tran .

It is difficult to unambiguously determine V̇por and V̇tran . However, they can
be defined as functions of the formation rate of equivalent volume V̇ekw and an
additional variable β which specifies the intensity of the impact of the corrosion
process on the cover structure [34]

V̇eff = (1− β)V̇ ekw , V̇ekw = ψI, βV̇ekw = V̇por + V̇tran , (11)

ψ =

(
α−1ϑ− 1

)
k

%Fe2+
, α = mFe2+m

−1
R , ϑ = %Fe2+%

−1
R , (12)

where %R is the density of corrosion products, mR is the mass of corrosion prod-
ucts, and α and ϑ are the adopted parameters depending on the chemical com-
position of corrosion products [25].

In fact, parameters describing the process of developing a damage in the cover
are not of a deterministic type. Parameters describing the chemical composition
of corrosion products α, ϑ [25], porosity γwp, the width of the transition zone
wwp and the electrochemical equivalent of iron k are assumed to be uncertain
(interval) parameters. As a consequence of the above assumption also physical
quantities regarded as deterministic parameters of the volume of porous space
V por and the volume of the transition zone V wp [4] changed their nature:

V por = εwpV wp ⇒ V por =
[
V −por , V

+
por

]
, (13)

V wp = wwpπD ⇒ V wp =
[
V −wp , V

+
wp

]
, (14)

where D is the diameter of the rebar. Taking into account the relationship (11)
it is possible to develop an equation based on the concept of affine numbers
to describe a change in the effective volume of corrosion products using the
interval/affine approach

V̇ eff = (1− β)ωV̇ ekw , (15)

where the parameter ω in Eq. (15) includes the effect of uncertainty on the
initiation time and the method of the mechanical impact of corrosion products
on concrete.

The beginning of the impact of corrosion products on the concrete cover can
be observed after the time t−0 when voids V −por are filled with the equivalent
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volume of corrosion products V +
ekw . The considered interval numbers provide

three possible situations: no interaction t < t−0 , V
+

ekw < V −por , ω = [0, 0], the
unconditional interaction between corrosion products and the cover are observed
t > t+0 , V

+
por < V −ekw , ω = [1, 1], and an intermediate situation different from the

above situations, in which both cases are possible, is t−0 ≤ t ≤ t+0 , ω = [0, 1],
Fig. 3a. The relationship describing the parameter ω can be summarised with
the following equation:

ω =


[0, 0] , t < t−0 , V +

ekw < V
−
por
,

[0, 1] , t−0 ≤ t ≤ t
+
0 , V −por ≤ V +

ekw ∧ V
−

ekw ≤ V
+

por ,

[1, 1] , t > t+0 , V +
por < V −ekw .

(16)

a) b)

Fig. 3. Evolution of ω and β parameters over the function of the formation time of corrosion
products: a) the range of variability of the interval parameter ω depending on limit values
V −

por , V +
por , V −

ekw and V +
ekw , b) the range of variability of the function β describing changes in

the intensity of the impact of corrosion products on cover concrete.

For the purpose of simplifying the discussion, the function β in (15) was
assumed to be deterministic. This function reflects the three phases of interaction
between corrosion products and the concrete cover, Fig. 3b. The first phase
occurred for t ≤ t−0 where t−0 was the lower bound of the interval determining the
activation time t0 = [t−0 t

+
0 ] of the mechanical impact of corrosion products on the

concrete cover β = 1, no interaction with the concrete cover. The activation time
was identified with the time required for filling voids V +

ekw = V +
ekw (t−0 ) = V −por

(V −ekw = V −ekw (t+0 ) = V +
por ). Because of the activation time, understood as the

interval variable, it makes the process of determining the parameter β more
complicated, and the assumption was made in the present paper that t−0 ≈ t

+
0 ≈

t0, ∆t0 = t+0 − t
−
0 � ∆tcr = tcr − t0, where tcr is the critical time specifying

the condition under which the whole volume of corrosion products exerted an
impact on the cover of concrete β = 0, Fig. 3b. Another impact phase of corrosion
products on the concrete cover is the interval t−0 = t0 ≤ t ≤ tcr, between the
activation time t0 and critical time tcr, β ∈ (0, 1). During this phase, there
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can be observed a gradual increase in the impact of spreading corrosion on the
concrete cover. Micro-cracks propagated around the rebar and pores become
connected as a result of the formation of micro-cracks. The critical time can
be experimentally determined and in some papers identified with the critical
volume of corrosion products Vcr or Vcar (corrosion accommodation region) [20].
However, using the term Vcar is not precise and this value is difficult to determine
experimentally. The final, third stage took place for t > tcr (β = 0), and the
formation of resulting corrosion products had a significant impact on concrete
cover V̇ eff = V̇ ekw . The β function can be described by the relationship [20, 34]

β =


1, t < t0 ≈ t−0 , V +

ekw < V −por ,

(tcr − t)/(tcr − t0), t0 ≈ t−0 ≤ t ≤ tcr, V −por ≤ V +
ekw ∧ V

−
ekw ≤ Vcr,

0, t > tcr, V −ekw > Vcr.

(17)

In the case of deterministic description, the volumetric strain in the cover
resulting from the corrosion propagation could be defined by analysis of the rate
of change of the first invariant of volumetric strain tensor İεV ,

İεV ≈
V̇eff

V0
= ε̇V11+ε̇V22 + ε̇V33, (18)

where V0 is the initial volume; however, ε̇Vkk is a component of the rate of volu-
metric strain tensor caused by products of corrosion, and k is the index (k = 3
relates to the direction parallel to the rebar’s axis).

In the analysis of the reinforcement corrosion process, in the deterministic
variant we can consider three situations [36]. The first is for t ≤ t0. The increase
in volumetric strains caused by corrosion products in the time range of the cor-
rosion process is isotropic ε̇V11 = ε̇V22 = ε̇V33 = ε̇V . Another intermediate case takes
place for t0 ≤ t ≤ tcr, where we can see compacting of the corrosion products in
the ITZ layer, ε̇V11 = ε̇V22 = ε̇V ; however, the value ε̇V33 ∈

(
0, ε̇V

)
. The last situa-

tion is for t > tcr. We assume that in this period of time the layer of corrosion
products is compacted, which prevents the formation of corrosion deformations
along the axis of the reinforcing bar ε̇V33 = 0, ε̇V11 = ε̇V22 = ε̇V . Increments in
the volume of corrosion products could only be observed in the plane perpen-
dicular to the rebar axis. In the affine/interval description, the above-mentioned
consideration can be shown in the form of the equations:

• The initial stage, t ≤ tcr

ε̇
V
αβ =

λ(1− β)ω

η

(
α−1ϑ− 1

)
k

%Fe2+V0
Iδαβ,

I = Asi, ε̇
V
33 = βε̇

V
αβ, α, β = 1, 2,

(19)
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η = 3β + 2(1− β); (20)

• Active corrosive damage of the cover, for t > tcr

ε̇
V
αβ =

λω

2

(
α−1ϑ− 1

)
k

%Fe2+V0
Iδαβ, ε̇

V
33 = 0, I = Asi. (21)

The parameter η used in Eqs (20)–(22) takes into account the effect of the
expansion of corrosion products in the transition zone. The parameter λ, which
can generally be regarded as the interval parameter, can represent the situation
observed, inter alia, during tests on accelerated corrosion when some corrosion
products are washed out into the solution without producing any mechanical
effects.

4. Application of affine numbers to evaluate the durability
of reinforced concrete subjected to corrosion

The reinforced concrete element with dimensions of 800× 100× 160 mm, re-
inforced with the steel rebar φ20, was subjected to numerical analysis. The ana-
lysis included an isolated part of the structure with the length of 80 mm, which
with the MES mesh is illustrated in Fig. 4.

Fig. 4. The reinforced concrete element exposed to the environment and the impact of rein-
forcement corrosion: a) analysed element, b) numerical FEM model analysed in the paper.

The reinforced concrete element was assumed to be exposed to chloride ions
(of the defined concentration CCl−) and the effects of temperature T and relative
humidity h variable over time, which are interval values (functions (22) and (23)
simplified and based on the paper [3]).

h = havg − 0.5
(
hmin − hmax

)
sin(2πt), havg = 0.5

(
hmin + hmax

)
, (22)

T = T avg + 0.5
(
Tmin − Tmax

)
sin(2πt), T avg = 0.5

(
Tmin + Tmax

)
, (23)
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where Tmax, Tmin are interval variables defining the maximum and minimum
values of the air temperature within a year, hmax and hmin are interval va-
riables defining the maximum and minimum values of relative humidity within
a year. The interval functions of the density of corrosion current i and electrical
resistance of concrete R were determined using the modified empirical functions
(i = i(ts) for t ≤ 14 days, ts = 14 days) [3, 16, 17]:

i = 0.9259
(

8.37 + 0.618 ln
(

1.69Cmc − 3034T
−1

− 105−6R+ 2.25t−0.215
))
, (24)

R = 90.537h
−7.2548 [

1 + exp
(
5− 50

(
1− h

))]
, (25)

where t is the exposure time in years, and the remaining values are interval
values: i is corrosion current density µA/cm2, Cmc is chloride concentration
on the reinforcement surface kg/m3 (Cmc = mcemCCl−), mcem is the cement
content in the concrete kg/m3, CCl− is the concentration of chloride ions on the
reinforcement surface %cem, T is the temperature at the reinforcement surfaceK,
R is the electrical resistance of concrete Ω, and h is relative humidity 1.

Due to the lack of experimental data, extreme parameters of the numerical
range X = 〈X−, X+〉, cf. Eqs (2) and (3), were determined from the following
relationship:

X− = X0 −∆X0, X+ = X0 + ∆X0, ∆X0 = 0.5ηX0, (26)

where X0 is the mean value, ∆X is the deviation from the mean value, and η is
percentage deviation (this paper presents analyses made for minor deviations of
5% and 10%). In the case of parameters describing the function of temperature
at the reinforcement surface and relative humidity, a range of numerical inter-
vals specifying affine numbers Tmax, Tmin, hmax, hmin was calculated using the
formula (26), as for other variables; however, the deviation ∆X0 was determined
as a percentage of the mean value Tavg and havg, see, e.g., (22), (23). The results
obtained were verified with the MC method [19]. Calculations using the MC
method were made for 500 samples. The effects of chloride ions, temperature
and relative humidity were analysed every hour over five years. Mean values, de-
viations from the mean value, infima X− = inf(X) and suprema X+ = sup(X)
of parameters used in the calculations are compared in Table 1.

Changes in infima and suprema of interval functions, which restrained the
infimum and supremum of temperature at the element surface inf(T ) and sup(T )
respectively, and of relative humidity inf(h) and sup(h) using the affine approach,
are illustrated in Fig. 5. They refer to uncertainties η = 5% and 10% and are
marked with numbers 1 and 2 for the temperature, and numbers 4 and 5 for
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Table 1. Comparison of average values, percentage deviations of environmental parameters
and intervals describing the environmental data Tmax, Tmin, hmax, hmin and chloride content

in reinforced concrete element CCl− .

Parameter X0 Xavg ∆X5% ∆X10% X5% X10%

Temperature, Tmax [◦C] 25 15 0.375 0.75 [24.63, 25.38] [24.25, 25.75]
Temperature, Tmin [◦C] 5 15 0.375 0.75 [14.63, 15.38] [14.25, 15.75]

Humidity, hmax [1] 0.9 0.75 0.01875 0.0375 [0.88, 0.92] [0.86, 0.94]
Humidity, hmin [1] 0.6 0.75 0.01875 0.0375 [0.58, 0.62] [0.56, 0.64]

Chloride content, CCl− [% of c.m.] 0.4 – 0.02 0.04 [0.39, 0.41] [0.38, 0.42]
Cement mass, mcem [kg/m3] 350 – 17.5 35 [341.25, 358.75] [332.5, 367.5]

a) b)

Fig. 5. Changes in the function of temperature T at the rebar surface and relative humidity
h calculated on the basis of the affine approach and the MC method: a) 5% uncertainty of the
model parameters, b) 10% uncertainty of the model parameters (description in the text).

relative humidity. The changes in temperature and relative humidity determined
by the MC method are marked with numbers 3 and 6, respectively. The functions
defining changes in infima and suprema of the function of corrosion current
density inf(i) and sup(i), marked with numbers 1 and 2, and electrical resistance
of concrete inf(R) and sup(R) marked with numbers 4 and 5 respectively, for
uncertainties analysed in the paper are illustrated in Fig. 6. The results obtained

a) b)

Fig. 6. Changes in the function of corrosion current density i and electrical resistance of
concrete R calculated on the basis of the affine approach and the MCmethod: a) 5% uncertainty
of the model parameters, b) 10% uncertainty of the model parameters (description in the text).
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with the MC simulation for the corrosion current density and electrical resistance
of concrete were marked with numbers 3 and 6, respectively.

For calculations, the mixture of Fe(OH)2 and Fe(OH)3 hydroxides was treated
as corrosion products formed on the reinforcement surface. Parameters α and ϑ
hydroxides (12) were based on the paper [25]: for iron (III) hydroxide, αFe(OH)3 =
0.523, ϑFe(OH)3 = 2.09, and iron (II) hydroxide, αFe(OH)2 = 0.622, ϑFe(OH)2 =

2.24. The density of iron ions equal to %Fe2+ = 7850 kg/m3 was used in calcu-
lations.

Parameters describing the chemical composition of corrosion products α and
ϑ, defining porosity γwp, and the width of the transition layer wwp (10)–(13), as
well as the electrochemical equivalent of iron k (reinforcing steel rebar – com-
position of iron and other admixtures), were considered as uncertain parameters
(Table 2).

Table 2. Comparison of average values and percentage deviations of material parameters.

Parameter X0 ∆X5% ∆X10% X5% X10%

Parameter, α · 102 [1] 57.25 1.43 2.8625 [55.82, 58.68] [54.39, 60.11]
Parameter, ϑ · 102 [1] 216.5 5.41 10.825 [211.09, 221.91] [205.68, 227.33]

The porosity of transition zone,
γ · 102 [1]

55 1.38 2.75 [53.63, 56.38] [52.25, 57.75]

The width of transition zone,
wws · 104 [cm]

75 1.88 3.75 [73.13, 76.88] [71.25, 78.75]

The electrochemical equivalent
of iron, k · 104 [g/µA year]

91.2 2.28 4.56 [88.92, 93.48] [86.64, 95.76]

The computer analysis of cracking and deformation of the concrete specimen
was performed using the ATENA software. The Rankine model for elastic-plastic
material with damage was used in the area under tension, whereas in other cases
it was the Menetrey–Willam model (the material model was defined in the soft-
ware as CC3DNonLinCementitious2). The following material parameters were
used in calculations for concrete: Young’s modulus Ec = 38.5 GPa, Poisson’s
ratio νc = 0.2, average compressive strength of concrete fcm = 57.2 MPa, ave-
rage tensile strength of concrete fctm = 4 MPa, and cracking energy Gf =
0.151 kN/m. Steel reinforcement was specified as elastic and plastic material
with hardening: Young’s modulus Es = 200 GPa, Poisson’s ratio vs = 0.3,
yield strength of steel fy = 550 MPa, and hardening modulus ET = 104 MPa.
The interface material was characterised by the parameters: normal stiffness
knn = 2 · 108 MN/m3, tangential stiffness ktt = 2 · 108 MN/m3, cohesion coeffi-
cient c = 3 MPa, friction coefficient φ = 0.1, and tension strength ft = 1 MPa.
In the analysis, the role of the interface layer was to stabilise the calculations.
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The calculations performed were based on relationship (15) and provided the
record of changes in the equivalent volume V ekw and effective volume V eff of
corrosion products that have impact on the concrete cover. The results from cal-
culations using the affine approach were compared with the results obtained from
the MC method. The results of the above-mentioned analysis for the distribution
of equivalent volumes V ekw are shown in Figs 7a and 7b respectively for the 5%
and 10% uncertainty of the results and in Fig. 8 for distribution of the effective
volume V eff for the same level of uncertainty. Numbers 1 and 2 in Figs 7 and 8
were assigned to changes in infima inf(i) and suprema sup(i) of corrosion cur-
rent density determined in accordance with the affine approach, and number 3
denoted the distribution of corrosion current density i calculated using the MC
method as in Fig. 6. Numbers 4 and 5 were assigned to the infimum inf(V ekw )
and supremum sup(V ekw ) of equivalent volume, and the infimum inf(V eff ) and
supremum sup(V eff ) of the effective volume of corrosion products as shown in
Fig. 8. The distribution of the equivalent and effective volume, whose values were
determined using the MC method, are marked with number 6 in both figures.

a) b)

Fig. 7. Changes in the function of equivalent volume of corrosion products Vekw depending
on the corrosion current density i and time calculated on the basis of the affine approach and
the MC method: a) 5% uncertainty of the model parameters, b) 10% uncertainty of the model

parameters (description in the text).

a) b)

Fig. 8. Changes in the function of equivalent volume of corrosion products Veff depending on
the corrosion current density i and time calculated on the basis of the affine approach and the
MC method: a) 5% uncertainty of the model parameters, b) 10% uncertainty of the model

parameters (description in the text).
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The results of the calculation of the extension of AB element edge, ∆LAB,
and the width of cracks wcr at point C in the reinforced concrete element were
analysed in the next stage. To evaluate the width of the cracks and displacement
field in the reinforced concrete element, the specimen was deemed to be exposed
to volumetric strains caused by corrosion products accumulated on the rebar
surface.

Strains defined by relationships (19)–(21) were applied to the rebar in a way
similar to thermal loads specified in the theory of thermal stresses, in order to
map the state of strains caused by deposition of corrosion products on the re-
bar side surface. The total increment of strain caused by deposition of corrosion
products on the rebar side surface was divided into ten parts. To simplify calcu-
lations, increments of strains in the plane perpendicular to the rebar axis were
used as loading during the total duration of corrosion. The loading was equiva-
lent to the increments in volumetric strains for infimum inf(∆εV ) and supremum
sup(∆εV ) bounds of the coordinates of increments of volumetric strain tensors.
The graphical images showing the evolution of increments for corrosion volume
strain tensor over time using affine numbers, bounds inf(∆εV ) and sup(∆εV )
in the plane perpendicular to the bar axis and the respective set of solutions
obtained by using the MC method, are shown in Figs 9a and 9b respectively for
5% and 10% deviations. As in Fig. 6, numbers 1, 2, 3 in Fig. 9 designated the va-
lues of corrosion current density determined by the affine approach and the MC
method. The values of suprema and infima for increments of volumetric strain
coordinators determined using the affine approach inf(∆εV ) and sup(∆εV ) were
designated with numbers 4 and 5, and the distribution of increments ∆εV de-
termined by the MC method was designated with number 6.

a) b)

Fig. 9. Changes in the function of increments of volumetric strain inf
(
∆εV

)
and sup

(
∆εV

)
caused by an increment in corrosion products dependent on the corrosion current density i and
time calculated on the basis of the affine approach and the MC method: a) 5% uncertainty of
the model parameters, b) 10% uncertainty of the model parameters (description in the text).

The mechanical process of corrosion product degradation was simulated by
considering equivalent increments of volumetric strain by analogy to the ana-
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lysis of thermal stresses. The effect of corrosion products on the cover concrete
was taken into account by exerting volumetric strains in the plane perpendic-
ular to the rebar axis in accordance with the loading scheme shown in Fig. 9.
Calculations were made which gave boundary (maximum and minimum) curves
restraining a set of solutions for the crack width min(wcr) and max(wcr) of the
element adjacent to the point C and extension of the edge AB, min(∆LAB)
and max (∆LAB) in the reinforced concrete element (Fig. 4). For that particu-
lar case, these calculations could be associated with the mean width of cracks
in the element along the AB edge. Boundary envelopes of the extension of the
element edge obtained on the basis of the assumption of 5% and 10% uncer-
tainty of material parameters min(∆LAB) and max (∆LAB) are designated by
numbers 1 and 2 in Figs 10a and 10b. The obtained effects including volumetric
strains determined by the MC method min(∆LAB) and max(∆LAB) are desig-
nated by numbers 3 and 4. Crack widths wcr in the finite element located near
point C in the function of time and corrosion current density are illustrated in
Figs 11a and 11b respectively for the uncertainties η = 5% and 10%. Bound-

a) b)

Fig. 10. Changes in minimum and maximum length of the element edge ∆LAB in the function
of time for boundary increments of volumetric strains inf(∆εV ) and sup(∆εV ) determined on
the basis of the affine approach and the MC method assuming the parameter uncertainty of

a) 5%, b) 10% (description in the text).

a) b)

Fig. 11. Changes in minimum and maximum width of cracks wcr in the finite element adjacent
to point C as a function of time for boundary increments of volumetric strains inf(∆εV ) and
sup(∆εV ) determined on the basis of the affine approach and the MC method assuming the

parameter uncertainty of a) 5%, b) 10% (description in the text).



280 T. Krykowski

ary values of crack width for volumetric strain increments determined by the
affine approach were designated by numbers 3 and 4 respectively for min(wcr)
and max(wcr). Boundary values of crack width determined by the MC method
were designated by numbers 1 and 2 respectively for min(wcr) and max(wcr).
Figure 11 also illustrates values for degradation time tD, after which damage to
concrete cover was observed. Degradation times were determined for the crite-
rion of crack width wcr = 0.2 mm. Boundary times for the cover degradation by
other criteria of crack width, determined for boundary increments of volumetric
strain in accordance with the affine approach and the MC method, are compared
in Table 3.

Table 3. Degradation times for reinforced concrete cover depending on the adopted method
of calculations (the affine approach of the MC method), the criterion of allowable cracks wlim

dop

and relative errors for time calculations.

Allowable
crack
[mm]

Deviation
(uncertainty∗)

[%]

Time of degradation
[month]

Relative error [%]

δt,α =

∣∣∣tMCD,α−tAff
D,α

∣∣∣
tMC
D,α

· 100

wlim
dop η tMC

D,in tMC
D,max tAff

D,min tAff
D,max

δt,min δt,max

0.1 5 8.25 9.5 8 10 3 5
0.2 5 12 15.5 11.5 18 4 16
0.3 5 19 23 17 27 11 17
0.4 5 25 33 22.5 38.5 10 17
0.5 5 33 45 30 53 9 18
0.1 10 8 12 7 10.5 13 13
0.2 10 12 19 10 22 17 16
0.3 10 17 29 14 35 18 21
0.4 10 22.5 42.5 19 51 16 20
0.5 10 30 57.5 23.5 69 20 20

∗ Uncertainty percentage (5% or 10%) for material parameters.

Maps of damage and crack width in the analysed element at the end of
the calculation procedure, after time t = 5 years, are shown in Figs 12a–d.
Maps presented in Figs 12a and 12b refer to the situation in which increments
of strain tensors components ∆εV were determined at η = 5% uncertainty of
the material parameters inf(∆εV ) and sup(∆εV ), respectively. Maps of damage
shown in Figs 12c and 12d refer to the uncertainty of material parameters η =
10%, respectively for inf(∆εV ) and sup(∆εV ). Increments of strain tensors were
calculated in accordance with the affine approach, cf. Fig. 9.
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a) b)

c) d)

Fig. 12. The graphical images of a cracked concrete specimen at time t = 5 years (step no. =
100) resulting from the impact of corrosion volumetric strains ∆εV (affine formulation) for the
different uncertainties of material parameters η: a) η = 5%, inf(∆εV ), b) uncertainty η = 5%,

sup(∆εV ), c) η = 10%, inf(∆εV ), d) uncertainty η = 10%, sup(∆εV ).

5. Conclusions

The modern approach to the design process of reinforced concrete structures
assumes the crucial role of not only the safety issues, the durability and economic
aspects, but also the investment impact on the environment and the society.
The specified time of the service life texp of the designed structure understood
as the sum of initiation times tin and the degradation time tD of the element cover
caused by reinforcement corrosion is very important in the approach described
in [33] on the hierarchical life-cycle design approach for designing reinforced
concrete structures. The assessment of the durability of such structures can be
troublesome due to the uncertainty of parameters used in the calculations and
their effect on the service life, initiation and degradation of the structure (Fig. 1).

The algorithm developed in this paper uses affine numbers to assess the effect
of reinforcement corrosion processes on the evolution of damage to the cover of
reinforced concrete elements, taking into account minor uncertainties of material
parameters. The obtained infima and suprema of equivalent volume inf(V ekw ) and
sup(V ekw ) and effective volume inf(V eff ) and sup(V eff ), and infima inf(∆εV )
and suprema sup(∆εV ) of coordinates of the tensor for volumetric strain in-
crements of the plane perpendicular to the rebar axis, calculated taking into
account the affine approach and the MC method, are close and the results do
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not show a tendency for excessive overestimation of the solution (the number of
calculation steps ncs = 43 800, frequency ∆t = 1 h, total time t = 5 years).

The analysis of the results for uncertainty η = 5% indicates a satisfactory
correlation of the calculated results with those determined by the MC method.
The relative error δt of degradation time tD for the boundary widths of cracks
wlim
cr for a 5-year process and time step ∆t = 1 h was within the range of 3–18%

for boundary widths wlim
cr , i.e., within the range of 0.1–0.5 mm. For greater un-

certainties of η = 10%, the relative error in estimating the degradation time of
the cover for the boundary width wlim

cr within the range of 0.1–0.5 mm, changed
in the interval between 13% and 20%, which should be regarded as the satisfac-
tory approximation of the final solution.

According to the author, the proposed approach provides a satisfactory de-
scription of the behaviour of structures over time. This approach can also be
used to determine time intervals in which a cover can be damaged, the so-called
degradation time – tD of the structure (after taking into account problems re-
lated to mass transport, moisture and heat, problems on structure, the behaviour
throughout its service life (texp) can be described). A key element of this approach
is also an intuitive method of describing the behaviour of model variables and
obtained solutions such as numerical intervals x = [x−, x+]. As probabilistic eva-
luation has limited possibilities for this type of issues, model parameters can be
intuitively (based on expert evaluations) defined.
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