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When solving complex boundary value problems, the primary advantage of the Trefftz method is that Tr­
efftz functions a priori satisfy the governing differential equations. For the treatment of three-dimensional 
isotropic elasticity problems, it is proposed that the bi-harmonic solutions in Boussinesq's method can be 
expressed as half-space Fourier series to bypass the difficulties of integration. A total of 29 Trefftz terms for 
each component of the displacement vectors are derived from the general solutions of the elasticity system. 
Numerical assessments on the proposed formulations are performed through two examples (a cubic and 
a cylindrical body). Results are compared with those from the method of fundamental solutions (MFS) 
and the commercial finite element method (FEM) software STRAND 7, suggesting that Trefftz functions 
can provide pseudo-stability, faster convergence and reduced error margins . 

1. INTRODUCTION 

The solutions for three-dimensional isotropic elasticity problems are of great importance when more 
precise stress analysis is required in three-dimensional bodies where two-dimensional or axisymmet­
ric analyses are not feasible [8]. In addition, it is suggested that the three-dimensional elasticity 
solutions could have useful applications in fracture mechanics such as solving problems involving 
voids, inclusions and cracks in three-dimensional spaces [4]. 

Engineering approaches to the elasticity problems are based on the classical continuum theory, 
in which a material with a continuous geometric volume contains infinitesimal segments, and repre­
sents their average behaviour [3]. The outcomes of this are the governing equilibrium equations in 
differential forms together with the elastic properties, which can be used to seek the displacements 
in Lame's equations or the stresses solutions in Beltrami- Michell equations. Boussinesq showed 
that Lame's equations could be reduced to bi-harmonic equations which present the three compo­
nents of displacement Ul , U2 and U3 as three bi-harmonic functions. Later, Papkovich showed that 
Boussinesq's solution could be simplified and presented in four harmonic functions [12]. Piltner [10] 
developed the complex-valued functions method, using a set of displacement trial functions as an 
alternative to the bi-harmonic functions approach for solving three-dimensional elasticity problems. 
Wang and Huang [14] developed the classical potential functions method to solve three-dimensional 
transversely isotropic piezoelectric problems, while many other researchers employed polynomials 
as an alternative solution. For example, Barber [1] used polynomials to approximate the analytical 
solution for the prismatic bar. 

However, analytical solutions for these differential equations in three-dimensional spaces are al­
ways difficult to obtain and are available only for a few problems with simple geometries and bound­
ary conditions such as axisymmetric bodies, half-spaces and layers. In addition to the development 
of general solutions for three-dimensional elasticity, numerical approaches such as MFS and FEM 
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7. SUMMARY 

7.1. Conclusion 

Trefftz functions are derived to numerically solve three-dimensional isotropic elasticity problems. 
The derived Trefftz functions are verified by the indirect Trefftz method on cubic and cylindrical 
models. Results suggest that when comparing to the MFS and FEM, the use of Trefftz functions 
show pseudo-stability, faster convergence and smaller error bounds even when using few Trefftz 
function terms. 

7.2. Extensions 

The work presented in this paper has made the several contributions to numerical analysis of 
both practical and theoretical values. As the Trefftz functions avoid the singularity problems that 
can emerge with fundamental solutions, results suggest that the derived Trefftz functions are suit­
able for applying to the Hybrid-Trefftz FEM and the Trefftz Boundary Element Method (T-BEM) 
to solve complex three-dimensional elasticity problems. In addition, the Trefftz functions for the 
three-dimensional isotropic elasticity problems provide an alternative approach to solving three­
dimensional engineering problems. These approaches have applications for stress analysis involving 
voids, inclusions and three-dimensional cracks, potentially giving with more precise results with less 
computation effort. 
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