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This paper describes the application of the method of fundamental solutions to the solution of the bound-
ary value problems of the two-dimensional steady heat transfer with heat sources. For interpolation of
an inhomogeneous term in Poisson equation the radial basis functions are used. Three cases of boundary
value problems are solved and five cases of radial basis functions are used. For comparison purposes the
boundary value problems for which exact solution exists were chosen. Application of method of fundamen-
tal solutions with boundary collocation and radial basis function for solution of inhomogeneous boundary
value problems introduces some number of parameters related with these tools. For optimal choosing of
these parameters the genetic algorithm is used. The results of numerical experiences related to optimal
parameters are presented.
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1. INTRODUCTION

Poisson equation is encountered by numerous problems regarding heat conduction at the presence
of heat sources. Classical numerical methods (FDM, FEM) for solution of this equation make use
of some form of discretization. In the last decade research on numerous types of meshfree methods
has made significant progress in science and engineering. One of them is some version of Trefftz
method, namely the version without boundary integration. Trefftz method can be understood as a
method in which differential equation is fulfilled exactly whereas the boundary condition is fulfilled
approximately. There are few possibilities in approximate fulfilment of the boundary condition
within the Trefftz method. Among others one of this is the Boundary Collocation Method (BCM) [21]
in which the boundary conditions are fulfilled in collocation manner. Two basic different sets of
functions, which fulfil exactly differential equations, are used in frame of BCM: T-complete Herrera
functions [15] and fundamental solutions of governing equation [9] (also known as the Method of
Fundamental Solutions — MFS). In the MFS, the solution of a homogeneous governing equation
subject to a nonhomogeneous boundary condition, is approximated by a linear combination of
fundamental solutions of differential equation. In this method one placed the considered domain
with boundary into a large fictitious domain with boundary. The singularities (source points) of
fundamental solutions are placed on  with boundary 9 into a large fictitious domain 2 with
boundary 0f2. The singularities (source points) of fundamental solutions are placed on Of).
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In case of Inhomogeneous Boundary Volume Problem (IBVP) the application of MFS is not so
easy. In literature one can find three different methods of solution of IBVP by MFS. First one was
proposed by Burges and Mahajerin [4] and is based on direct numerical domain integration. In the
second one, proposed by Poullikkas et al. [31] the particular solution is taken to be Newton potential
and difficulties involved in evaluation of domain integration is avoided by the Atkinson method [1].
A third method proposed by Golberg [12] is based on dual reciprocity method. In this method, radial
basis functions are employed to interpolate the inhomogeneous term of given differential equation.
Based on this interpolation, an approximate analytic particular solution, which is a key to the
solution process, can be obtained. This version of Trefftz method for solution of inhomogeneous
boundary volume problem was called in [2] as the particular solution Trefftz method.

The application of particular solution Trefftz method introduces some number of parameters
related with this tool. These parameters can be the following:

1. Number of source points in MFS;

2. Distance between boundary of problem considered and fictitious boundary if they are geometri-
cally similar or coordinates of source points in more general case;

3. Number of collocation points in BCM;
4. Kind and shape parameter of radial basis function for interpolation of inhomogeneous term.

It is well known that the choice of these parameters can either greatly enhance or degrade the
quality of IBVP. Investigation in the optimisation of some of these parameters in not completely
new, but as yet optimal choices were considered separately. For example in papers [6, 18-20, 26—
29| in frame of MFS for solution of homogeneous BVP the investigation of optimal position of
source points was considered. Another examples, not in all cases related with solution of BVP,
are investigation of optimal value of shape parameters in interpolation by radial basis function,
given in papers [5, 10, 11, 13, 14, 16, 33, 35-40]. Because of the “uncertainty principle” [34], the
problem of optimal values of method parameters in frame of MFS and RBF is not trivial task. In
the theory of MFS exists theorem [3] that approximate solution tends to exact solution if radius
of source contour tends to infinity. But when this radius is increased, in the limit, the influence
of a source on one collocation point is indistinguishable from another, and the collocation matrix
becomes nearly singular. Similarly in application of RBF for interpolation if the shape parameter is
increased theoretically the interpolation is more and more accurate [17]. But in such case, as shape
parameter gets large, the shape of basis function becomes flat and is insensitive to the difference in
radial distance; the interpolation matrix becomes more ill-conditioned. Again, we have the curious
result the solution actually gets more accurate until it reaches the breakdown point caused by the
machine roundoff error.

The purpose of this paper is the solution of boundary value problems with 2-D Poisson’s equation
by means of particular solution Trefftz method with optimal choosing method parameters.

We note that once the problem has been formulated as an optimisation problem, then various
optimisation algorithms may be used in order to locate the optimum of the objective function. The
efficiency of a particular optimisation method clearly depends on the form of the objective function.
In the problem considered in this paper, the objective function is maximal local error in satisfaction
of boundary condition and has a complex non-linear structure. Moreover, an analytical expression
for the objective function for every possible solution of the problem is unknown. Therefore genetic
algorithms appear to be very suitable for optimizing the objective fun:tion of the problem since
they do not require knowledge of the gradient of the objective functions, which makes them partic-
ularly suited to optimization problems for which an analytical expression for the fitness function is
unknown.
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2. PARTICULAR SOLUTION TREFFTZ METHOD

The particular solution Trefftz method for 2-D Poisson equation has been well described by many
authors but not in all cases with this name. For the sake of completeness, we outline the basic
methodology of considered method. Consider a problem described by 2D Poisson equation

V2u = b(z,y) in Q (1)
with an inhomogeneous boundary conditions
Bu=glz.y) on 0f) (2)

where b(z,y) and g(x,y) are known functions, B is an operator of boundary conditions. In physical
interpretation for case of heat transfer v is temperature and b(x,y) is function of heat generation.
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Fig. 1. The distributions of collocation, source, and interpolation points

Let {Pi(a:i,y,j)}ﬁll denote the set of M interpolation points in 2, of which {F; (:1:,,:,;1)/,;)},?'_[1l are

interior points and {(z;, y,)}%1 41 are boundary points (see Fig. 1). The right-hand side function in
Eq. (1) is approximated by radial basis functions (RBFs) as

m==1

M K
b(z,y) = ambm(rm) + > Brdr(z,y) 3)
k=1

where Qm(rm) = \2/(1 — Zm)? + (y — ym)? is a RBF, {@k(m,y)}le is a basis for P,,_;, the set
of d-variate polynomials of degree < m — 1, and K = {m+c‘li_1 } is the dimension of P,,_1. The

coefficients «,, and (3 can be found by solving the system of linear equations,

M K

Z am‘;am(rm'i) + Z ﬁk@k(ma y) = b(l‘j, y’i)7 L sisdM, (4)
=1 k=1

M

Z Oé1TL¢k(a}'an ym) =0, hilokeg K (5)
m=1

where r; j = ¥/(z; — )% + (yi — y;)?, and {(zi,:)}M, are the interpolation points on QUOS). The

1=1
approximate particular solutions u, of Eq. (1) can be obtained using coefficients «,, and fj ,

M K
Up = Z Oémﬁm('r'm) e Zﬁkﬁk (33, y)> (6)
ke

m=1
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where
V2i;(z,y) = ¢5(z,y), g (7)
vzak(luy) :()Ek(a‘ayL k=1,2,...,K. (8)

The general solution of the differential equation (1) now can be given as

U = Up+ Up 9)

where uy, is the solution of the boundary value problem in the form

V3i,=0 in Q (10)
and
Bup, = g(x,y) — By on 09Q. (11)

The method of fundamental solutions is used to solve problem (10), meaning that

N
up(z,y) = Z cp In ((@ =2 9311)2 A gy = ?/71)2) (12)

fi=1

where z,, , yn are coordinates of source points. These points are placed on some contour geometrically
similar to contour of boundary (see Fig. 1). Distance between contour of boundary and contour of
sources is the method parameter and equals S. Enforcement of the boundary conditions yields

Z cBln ((SLL i In)2 + (yi — yn)g) = (@i, ;) — Bup(l'i; Yi) (13)

where NC' is the number of collocation points on the boundary. If NC > N the system of equa-
tions (13) is solved in least square sense.

3. RADIAL BASIS FUNCTIONS, THEIR SHAPE PARAMETER, AND THEIR PARTICULAR
SOLUTIONS

During the past two decades radial basis functions have been intensively studied and widely applied
to many areas of science and engineering. Various types of radial basis functions can be used for
interpolation of right-hand side function in Eq. (1). In our numerical experiments we chose some of
these functions, commonly used by another authors and given in Table 1. Here r,, represents the
Euclidean distance of the given point from a fixed point m in the domain.

All considered radial basis functions possess the shape parameters. The quality of interpolation
strongly depends on the values of these parameters. Once one chooses the radial basis function ¢(r;,)
one has to determine (r,,), which is evaluated by integrating Eq. (7).

The governing equation for (ry,) is therefore given by

1 d Qe
= (rdem> = @(’m)- (14)

Tm drm

Expressions for the particular solution for various basis functions are listed in Tables 2 and 3.
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Table 1. Forms of radial basis function used in numerical experiments

Inverted multiquadrics

Name of RBF @(Tm) Shape parameters
Polynomial ao + 1Ty + Qor2, + asry, ag, ay, az, as
Polyharmonic spline function {2;1” b rd gg; ::: ; 8 n
Multiquadrics {/W ¢
Wendtland’s function { (1~ ZT) 1+ 4_:—0’—) A ag

0 for r,, > ag
¢

1

Table 2. Forms of particular solution for radial basis function from Table 1

No Name of RBF

W(rm)

1 | Polynomial

72, (900a0+400a1 7., +225a272, +144asr>,)

3600

2 | Polyharmonic spline function

0
rit?((n+2) Inr,, —2)
(n+2)3

forrzp=0
for 1y #£ 0

3 | Multiquadrics

—%03 In (c c2+r2 + c) -+ 5(4(:2 +12)/c + 12,

5880 T T 14

v org, o 4yl Brt vl :
4 | Wendtland’s function 8 8ag ¥ T T 495, for rim < ao
259a? a2 In(r/ay)
far'r.,, > ag

5 | Inverted multiquadrics

—cln( c+r2 +c)

o,

Table 3. Polynomial functions and their particular solutions

k| ¢(z,y) u(z, y)
G 1(=* +9%)

2 x %(333 + xy?)

g1 .y 5 +yz?)

41 iz 15 (y2? + zy°)

5 > 5 (z + z%y? %)
et donlil e )
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4. OPTIMISATION METHOD BY MEANS OF GENETIC ALGORITHM
The optimization problem of suitable selection of parameters for MF'S and RBF can be written as

max — F(X) (15)
Subject o g ord = 1% %, (16)

where F(X) is the objective function, X is the design variables’ vector, and g;(X) are constraints
defining the searching space and o is the number of constraints. The X vector includes param-
eters of MFS and RBF in following order: number of collocation points — NC, number of source
points — N, distance between boundary and source contour — S, and parameters of RBF: polynomial
coefficients — aq, ay, as, a3, power index of polyharmonic spline function — n, shape parameter of
multiquadrics or inverted multiquadrics — ¢, and radius of Wendtland’s function — . Apart from
design variables the optimization problem has a few of parameters such as: the number of inter-
polation’s points — M, the number of elements of polynomial function — K. The values of these
parameters was selected arbitrarily (K = 6, M = 10). The function F(X) is defined as maximal
relative error in consideration area for the case when the exact solution is known. When the exact
solution is unknown the function F'(X) is defined as sum maximal relative error on the boundary
and residual error (maximal interpolation error in considered case). The constraints g;(X) are rigid
determined by MFS and RBF, so design variables have to have correctly values. The restrictions
were defined as follows:

e The first is determined by mathematical rule that the number of collocation points must be
less (or equal) than the number of source’s points. This condition provides that the system of
equations has clear-cut solution.

e The second concern is the places for source points. The theory of MFS requires that the source’s
points must be outside consideration area. The condition S > 0 assures this restriction.

e The third is defined as NC > 0 and N > 0, because otherwise the number of collocation or
source points will be equal 0 and getting results from MFS will be impossible.

e The fourth constraint concerns the parameters of RBF. These parameters (for example n in thin
plate spline function, or ¢ in multiquadric function) must have suitable values is this way that
the functions ¢ and 4 do not include singularities.

The objective function was defined as

1

V 5max(X)

where dpnax iS maximal error in satisfaction boundary conditions, F is penalty function, which
equals 0 if all constrains and-conditions are fulfilled or 1 in the opposite case, Pyay is value of
fitness function for the actual the best solution. When one of these constraints is not fulfilled, the
calculations are not allowed to continue. For the method which doesn’t consider all constraints the
penalty function decreases value of objective function about value of fitness function for the actual
the best solution. This process leads to deleting these from among individuals which are the worst
adapted. The penalty function E has value 0 when all the constraints are fulfilled. As optimization
method the real-coded genetic algorithm was chosen. More details about genetic algorithm can be
found in [25].

F(X) = Bl S A (17)






