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A survey of three forms (strong, weak and variational) of mathematical models is presented using expressive
diagrams initiated in [3,10]. The primary and intermediate variables, governing field equations, constraint
equations and variables specified by boundary conditions are components of the graphic representation
of various FE (finite element) formulations. The attention is focused on linearly elastic plate element
QUAD [9] for Mindlin-Reissner theory and shell elements EAS4-ANS, EAS7-ANS [1] based on CBRST
(Continuum Based Resultant Shell Theory). In both cases the mixed FE models with the EAS (enhanced
assumed strain) and ANS (assumed natural strain) concepts are used.

1. INTRODUCTION

The first step of finite element (FE) computer simulation is an idealization the basic idea of which
consists in the mathematical modelling of a physical system. There are three mathematical forms of
description of relevant boundary value problems (BVP) in linear elasticity: (i) a strong form (SF)
recorded as a system of differential and algebraic equations, complemented by boundary conditions,
(ii) a weak form (WF) defined by weighted residual integral equations, (iii) a variational form
(VF) presented by appropriate functionals with their stationarity conditions. In view of both the
theoretical and computational aspects, the relationships and transformations between these forms
are essential [3]. The three mathematical forms (SF, WF, VF) can be converted into one another.
The so-called Euler equations ensuing from the stationarity conditions of a particular functional
correspond to specified differential or algebraic equations of the strong formulation. In many cases
Green’s theorem is used to perform integration by parts and to replace one form by an alternative
statement. On the basis of integral residuals, having replaced weight functions by the variations of
relevant variables, the components of functional stationarity condition are obtained.

Taking into account the discretization process and one-, two- or three-field FE approximation,
the appropriate integral form can be transformed into a matrix algebraic equation system. The
three alternative approaches may be used as the basis for the formulation of different FE types. All
forms (strong, weak and variational) are presented in [3] by schemes, introduced by a mathematician
E. Tonti, which are a graphic representation of the different approaches. A very complete description
of the physical behaviour of thin plate structures was obtained [3] by the application of the strong
form of field equations of the Kirchhoff plate theory together with weak formulations connected
with one- and two-field variational principles. In various diagrams the corresponding equations can
be found at the same point, following their interpretation. This is important for understanding both
the relations between the variables describing the problem and the correspondence between various
formulations as well. What the diagrams show clearly are the relations between all variables and
equations in algebraic, differential or integral forms. For instance, with the Tonti diagrams the field
equations for elastostatics, electrostatics or magnetostatics can be presented in a convenient graphic
form.
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The present paper is devoted to the application of graphic diagrams similar to Tonti [3] and
Wiberg [10], regarding certain formulations of boundary value problems (BVP) related to two
structure types:

(i) thin and moderately thick plate structures in which transverse shear effects are included
(Mindlin-Reissner model),

(ii) thin and moderately thick shell structures with membrane, bending and transverse shear states.

The description of different formulations provided by relevant equations or in graphic diagrams
can be treated as a starting point to the presentation of FE modelling also in a diagram. It is
worth emphasizing that the FE description of plate/shell structures can be improved substantially
by using finite elements based on the EAS (enhanced assumed strain) and ANS (assumed natural
strain) methods [1, 9, 11]. The relations between shell theories and the formulation of degenerated
shell finite elements are discussed in [4]. Paper [5] surveys FE models for the analysis of moderately
thick shells on the basis of earlier works, while paper [6] is devoted to the presentation of energy
functionals with the employment of conceptual diagrams for one-, two- and three-field and hybrid
models. The main aim of the present paper is to enhance understanding of the EAS concept and the
ANS method. The description of the EAS method is preceded by and confronted with general two-
and three-field formulations (Sections 2-4). In the two-field formulation of the EAS method, beside
the displacement approximation and strains compatible with it, an additional enhanced strain field
is used. There is also a three-field EAS concept with the approximation of displacement, enhanced
assumed strain and stress fields.

To visualize all details of the EAS formulation the graphic representation of basic formulae
is shown in the paper (cf. Section 3.4) on new diagrams following Tonti’s approach. A detailed
description of two FEs chosen from literature,

(i) Mindlin-Reissner plate element QUAD [5],
(ii) plate/shell elements EAS4-ANS, EAS7-ANS [1],

is presented (cf. Sections 5 and 6).

The matrices and vectors for the two selected FEs, defined by relevant formulae, are illustrated
in corresponding equations in the diagrams (cf. Sections 5.3.3 and 6.2-6.5). The interpretation
of equations is simplified because analogous relations occupy the same place in all the diagrams
corresponding to different approaches.

2. THREE-FIELD FORMULATION (u—o —¢)

To visualize various approaches: (i) strong formulation, (ii) weighted residual method, (iii) varia-
tional principle, (iv) FE modelling, given by corresponding equations written below, four diagrams
are shown in Figs. 1-4. The displacement, strain and stress fields are considered as three master (pri-
mary) fields, the relationships written as differential equations (with operator matrices), algebraic
matrix equations or integral statements. In the diagrams strong and weak links are introduced. The
strong form states the conditions that must be met at every material point, whereas the weak form
states the conditions that must be satisfied only in an integral sense. Following discretization, in the
three-field FE model three sets of degrees of freedom and three matrix equations are distinguished.

2.1. Strong formulation for elasticity problem

The general form of the three-field formulation for elasticity is given by the following set of equa-
tions, where the widely known abbreviations are used: Kinematic (KE), Constitutive (CE) and
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Balance (equilibrium) (BE) Equations, Kinematic (KBCs) and Force static (FBCs) Boundary Con-
ditions,

KE: e = Lu, m 42 (1)
CE: a5 D6y in £, (2)
BE: LTo+p=0, in'®, (3)
KB(s: .n=n, on 02, (4)
FBCs: t=no=t, on 042. (5)

The three fields of displacements u, strains € and stresses o in the above set of equations, assumed
in this formulation as master variables, together with the relations between them are shown in the
expanded diagram in Fig. 1. Each strong connection corresponds to each equation and is drawn as
a solid line.

KBC's : (4)

u=1

(3

KE: (1) |1
e =Lu

CE: ('2) FBCs: (5)

o =De t=no =t

Fig. 1. Expanded Tonti diagram for elasticity problem according to strong formulation

2.2. Weak formulation

The investigation of an approximate solution of the BVP is performed within a weak formulation
of this problem. Below two approaches related to the strong formulation, presented in the previous
section, are discussed.

2.2.1. Weighted Residual Method
As an alternative to the strong formulation it is possible to define two weak link residuals
rxg = Lu — ¢, rcg = De — o,

associated with kinematic and constitutive equations. Taking into account ,work-conjugate”’ the
appropriate weight functions

wkg = 00, weEg = 0,

the integrated residuals are written as
Rip = / {50’T(Lu - 5)} d2=0; (6)
7]

Rcg = /Q{aeT(Ds—a)}dn =0. (7)
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Additionally, the virtual work principle (VWP) is represented by the equation
Wint + 6Wegt = / {6eTo}d2 - / {6uTp}dn - / {6uTt}don =o0. (8)
(04 0 082

The equation is valid for virtual deformation (virtual displacement satisfying constraint du = 0
on 02, and virtual strain connected with the virtual displacement by kinematic relation de =
Ldu) and for the real stress field represented by o and t. The virtual work statement is the weak
form of the equilibrium equations and is valid for both linear and nonlinear constitutive relations.
The corresponding diagram (Fig. 2) shows weakened connections related to the weighted residual
method. The kinematic boundary conditions are omitted in Fig. 2.

The weighted residual variational approach can often be treated as a starting point for the
generalization of FE concepts.

VWP : (8) [,{6Ta}dr — [, {uTp}dr—
— fya, {8uTE}doR = 0

Wi

KE : (6) Hl
Rkg = fn {56T(Lu-—é')}dn =0

t

CE - (7) g FBCs
Rcg = ff) {JET(DE = a')} d@ =0

Fig. 2. Weighted residual method for three-field formulation (u — o — €)

2.2.2. Hu—Washizu principle

The Hu-Washizu variational functional is referred to three primary fields u, o, € (which are defined
in {2 and free from any constraints) and additionally to tractions t introduced on 942, [11]

1
Igwlu, o, | t) = Lt — Iot = / {EETDE o Lu)} d= / {qu)} dn
Q Q

_ [ (uTiyasn - / (t7(u - &)} do. (9)
8925 Oy

The stationarity condition for the functional Igyw ,

Olgw 0lgw Olgw Olgw .,
= du + o do + 9e de + 5 6t =0, (10)

with the use of Green’s theorem leads to the so-called Euler equations, which stand in 2 and 042,
or 02, assuming a free choice of du,do,de in 2, du on 92 and it on 042, :

0lgw(u,o,e,t] =

ANéu: LTo+p=0 (a) in®, t=t (b)) ondR,, no=t (c) ond,,
Ndo: e =Lu, (d) in £,

Nde: o =De (e) in £,

Adt: u=#8 (f) ondf2,,

with du =0 on 82, and do = 0 on 92, .
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Fig. 3. Weak form diagram for Hu-Washizu principle (u — o — €)

All relations describing the BVP result from the stationarity condition 6Izw = 0, and are shown
in Fig. 3.

It is worth emphasizing that the variational principle §/gw = 0 can be formulated by the addition
of relevant integrated residuals (Section 2.2.1), in which weight functions are replaced by variations
of appropriate fields as above (for example wx g = do, wog = 0, Wgpc = 0t or wrpc = du) [3].

2.3. Displacement—stress—strain FE model

FE modelling is treated as a weak formulation in which matrix equations describe the interconnec-
tions between appropriate fields, represented by the vectors of degrees of freedom (DOFs). The FE
models diagrams (Fig. 4) illustrate both the approximated fields and vectors of DOFs, treated as
master unknowns, introduced in FE approximation.

The equations of a three-field FE model are related to the approximation of three primary fields

u = N,qy, o = Nyqg, € = Neqe (11)

and to the Hu—Washizu functional.

E(N,,N,,L) @
!Nu

u P
KE:(14) BE : (15)

FBCs fi(N,,t)
E(N,,N,,L

Fig. 4. Three-field FE model (u — o — ¢)



436 M. Radwanska

Having expressed the field quantity in terms of assumed modes and their associated DOFs, and
following the integrations, the functional expression gy becomes an algebraic function of a finite
number of DOFs

1 s %
Inw(au, 90, 9] = 502 Ade +9; Cay + 4z Equ — g, (£ + ). (12)

Calculating the variations § I gy with respect to the unknown parameters, according to the standard
procedure

oI ol ol
ol gw B, o Vi e 54, qs + o, oq, 0

results in the following system of three equations

Ndg.: CE: Aq.+Cq,+0q, =0, (13)
Adqo: KE: CTq.+0q, +Eq,. =0, (14)
Adqu: BE: 0Tq.+ETq, +0q, = P + ff, (15)

written additionally in a matrix form

A C 0 qe 0
ct o0 B qQ | = 0
0 ET 0 Qu A L

The following matrices and vectors are used above:
y arb Fol /Q {NTDN.}de,

C=0, = —/n {NTN,}dQ,

E Sy =/Q {NT(LN,)} d@,

£, :f5>+fj=/ {Nfﬁ}drz+/ (N7t} don.
Qe [210]

e,s

For the sake of simplicity, the kinematic boundary conditions are omitted in the equations. In the
diagrams describing this FE model (Fig. 4) the dotted links represent the relations in which the
matrices used in the calculations of FE matrices appear. The connection between variables and
vectors of DOFs used in their approximation are marked by arrows with full heads. Inclusion of
each DOFs vector in relevant FE matrix equations is drawn as an arrow with empty head, next to
the matrix by which this DOFs vector is multiplied.

3. THREE-FIELD FORMULATION WITH ENHANCED STRAIN (u— 0 — £gy)

The main idea of the EAS formulation [1, 11] is that the strain approximation is split into two
terms: (i) displacement-gradient part, (ii) enhanced strain part

e==6€y ¥ €ern =Lu+ecn: (16)

As in Sec. 2.2, the two variants of weak formulation are presented briefly below.
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3.1. Weighted residual formulation
The weighted residual method is invoked by:

(i) the following weak link residual,
rxe+ce = D(Lu+é€en) — 0, (17)
with weight function
W = 0€en

and integral residual related to the couple of kinematic and constitutive equations
RCE+KE = /Q {6, [D(Lu+ €en) — 0]} d2 =0, (18)
(i) integral orthogonality condition, ensuing from the EAS formulation
Iorr = /0 {60T€ecn}d2 =0, (19)
(iii) virtual work statement
/Q {6(Lu)Ta}ds2 - /n {6uTp}dn - /(9 - {6uTt}don = 0. (20)

The above relations are shown in Fig. 5 as links between relevant unknown and prescribed
variables.

VWP: [, {§(Lu)To}d2 - [, {uTp}d-
— Joq, {5uTt}d02 =0 (20)

CE+KE: :
Rop+ki = [ {6€T, [D(Lu+ i%en) —ol}de=0 (18)

FBCs
IORT = f{) {60'TEen} dR =0 (19)

Fig. 5. Weighted residual method for three field EAS formulation (u—0 — €en)






