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MHD flow and heat transfer of a Bingham fluid
in an eccentric annulus with the Hall effect
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The steady laminar flow and heat transfer of an incompressible, electrically conducting, non-Newtonian
Bingham fluid in an eccentric annulus are studied in the presence of an external uniform magnetic field.
The inner cylinder is subject to a constant heat flux while the outer cylinder is adiabatic and, the viscous
and Joule dissipations are taken into consideration. The governing momentum and energy equations are
solved numerically using the finite difference approximations. The velocity, the temperature, the volumetric
flow rate and the average Nusselt number are computed for various values of the physical parameters.

NOMENCLATURE

B, magnetic field

Br Brinkman number

Cp specific heat

Dy, hydraulic diameter of the duct

d distance between centers of inner and outer cylinder
e eccentricity

= external magnetic force

Ha Hartmann number

J current density

k thermal conductivity

m Hall parameter

Nu, average Nusselt number

P pressure

Q volumetric flow rate

Q dimensionless volumetric flow rate

Ry radius of inner cylinder

Ry radius of outer cylinder

Re Reynolds number

Rep, magnetic Reynolds number

S radius ratio

z temperature

y dimensionless temperature

B dimensionless fluid bulk mean temperature
T dimensionless temperature at the inner wall
; - dimensionless average wall temperature

U axial velocity
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Uq average axial velocity
i dimensionless axial velocity
B0 % rectangular coordinates

Greek Symbols

B Hall factor

0 angle

¢, m bipolar coordinates

A(¢, An uniform step sizes in bipolar coordinates
(1, (2 values of ¢ at inner and outer surfaces of the annulus
I apparent viscosity

o plastic viscosity of Bingham fluid

7} dimensionless apparent viscosity

P density

o electric conductivity

T yield stress of Bingham fluid

™D dimensionless yield stress of Bingham fluid

1. INTRODUCTION

Many of the fluids used for industrial purposes are non-Newtonian such as pastes, slurries, polymer
solutions and melts, plastics, pulps and emulsions in every day chemical engineering practice. In
particular, many of these materials exhibit shear-thinning behavior and in addition possess a yield
stress below which the fluid either will not flow or will flow as an un-sheared plug (for low stress
values the material will not deform, but beyond some critical value it flows as an inelastic non-
Newtonian fluid). The Bingham model is one of the simplest models that describes materials with
yield stress 79 and most widely model for the above materials. It is characterized by linear relation
between shear stress and shear rate above the yield stress. The problem of the flow and heat
transfer of non-Newtonian fluids has important applications in the flow of drilling fluids and cement
slurries and in the design of coolant channels for power transformers, nuclear reactors, and the
design of compact heat exchangers. Many researchers have studied the flow of a Bingham fluid
in an eccentric annulus [4-6, 11-13]. Guckes [5] studied the flow of a power law and Bingham
fluids in an eccentric annulus numerically using a finite difference technique. Further results were
obtained for a power law fluid, Bingham material and Suterby fluids in a narrow eccentric annulus
by Uner et al. [12] approximately by slit approximation method. Luo and Peden [6] carried out an
analytical solution of power law and Bingham plastic fluids by representing the eccentric annulus
as an infinite number of concentric annuli with variable outer radii. The analysis of the flow of
a Bingham material in narrow eccentric annulus has been reported by Walton and Bittleston [13]
using a perturbation technique and also a finite element method. A variational technique has been
used for the evaluation of the characteristics of the flow of viscoplastic liquids in an eccentric
annulus by Fortova et al. [4]. An analytical solution for small eccentricities has been presented by
Szabo and Hassager [11] for Bingham fluids. They have verified the solution using a finite element
method.

The problem of non-Newtonian fluids flow and heat transfer in the presence of an external mag-
netic field is of great interest in many engineering applications such as aerospace technology, turbo-
machinery, MHD power generators, MHD pumps, heat exchangers, underground cables, electronics,
telecommunications, petroleum engineering and chemical engineering. Saranin [7] has examined
a model problem of the flow of an electrically conducting, Newtonian fluid situated between coaxial
cylinders heated to various temperatures and exposed to an external magnetic field with considera-
tion given to the thermoelectric effects. Neglecting the Hall current, the problem of MHD flow and
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heat transfer of a Casson fluid in an eccentric annulus has been studied by [2, 8] numerically using
a finite difference method.

In this paper, we study the effect of an external uniform magnetic field on the steady, laminar,
fully developed flow and heat transfer of an electrically conducting Bingham fluid in an eccentric
annulus. The Hall effect is considered while the induced magnetic field is neglected. The externally
applied magnetic field is directed perpendicular to the cylinders and a uniform heat flux is applied
to the inner cylinder while the outer cylinder is kept adiabatic. The momentum equation and the
energy equation including the viscous and Joule dissipation terms are solved numerically using the
method of finite differences. The influence of the model parameter, magnetic field and the Hall
current on the velocity and temperature fields are reported.

2. DESCRIPTION OF THE PROBLEM

The geometry of the problem is shown in Fig. 1. R; and Ry are the radii of the inner and outer
cylinders respectively and “d” is the distance between the centers. The two horizontal cylinders have
infinite extensions in the axial direction; z-direction. The annulus is characterized by two parameters
namely the eccentricity “e” and the radius ratio “S” defined, respectively, by e = d/(R2 — R1) and
S = Ry /Ry . The fluid is assumed to be incompressible, electrically conducting, non-Newtonian with
Bingham model. The fluid flows between the two cylinders in the axial direction with velocity u
by the action of a constant pressure gradient. The flow is assumed to be laminar, steady and
fully developed with uniform pressure over the cross section of the annulus. An external uniform
magnetic field By is applied in the direction perpendicular to the flow in the y-direction and is
assumed to be unaltered by considering very small magnetic Reynolds number (Re,, < 1) and then
neglecting the induced magnetic field [3, 9]. Since the current trend for the application of MHD is
towards a strong magnetic field, the influence of the electromagnetic force is noticeable [3]. Under
these conditions, the Hall current is important and it has a marked effect on the magnitude and
direction of the current density and consequently on the magnetic force term. Therefore, the Hall
effect is taken into consideration. The inner cylinder is subject to a uniform heat flux ¢” while the
outer cylinder is adiabatic. From the geometry of the problem, it is clear that for all quantities
are independent of the z-coordinate apart from the pressure gradient which is assumed to have
a constant value.
The fluid motion is governed by the Navier-Stokes equation in the z-direction,
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Fig. 1. The geometry of the eccentric annulus
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where p is the apparent viscosity of Bingham fluid and is given by [5],

70
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Here, p, is the plastic viscosity of the model and 7y is the yield value. f, is the z-component of the

electromagnetic Lorentz force given by J x B,, where J is the current density directed along the
z-direction and is defined by the generalized Ohm’s law (3, 9] in the form

(2)

K= po +

J=0’[VXBO—ﬂ(JXBO)] (3)

where o is the electric conductivity of the fluid and 3 is the Hall factor [9]. Equation (3) may be

solved in J to yield
oB2

1+ m2

JxBg=— (uk) (4)
where m is the Hall parameter and m = ofBj. Equation (4) tells that the current density J is
proportional to the velocity u which preserves the symmetry conditions between the upper and
lower halves of the annulus. Thus, the Navier-Stokes equation (1) reads

_ Op 0 ( Ou 0 ([ Ou oB2
0"‘5*&(“%)%—@,(1‘6@,)‘—*1+mz“- ©)
The energy equation with viscous and Joule dissipations is given by
Pt 57 = " \ 822 Oy? H\\ oz Ay 14+m?2’

where T is the temperature of the fluid. p, ¢, and k are, respectively, the density, the specific heat
capacity and the thermal conductivity of the fluid. The last two terms in the right-hand-side of the
above equation represent the viscous and Joule dissipations respectively.

The fluid motion is governed by the no-slip conditions at the inner and outer walls of the annulus
and the symmetry conditions between the upper and lower halves of the annulus. The heat flux at
the inner wall is given a constant value while its value is zero at the outer wall. These conditions
are expressed as,

Inner wall: u =0, k—T = constant,
on
oT
t 11: = _— =
Outer wa % =0, s 0, (7
Ou OT

Symmetry lines: =30s

on — on
where 6% denotes the normal derivative.

Under the conditions of thermally and hydrodynamically fully developed state of laminar flow
with heated surface kept at uniform heat flux both in the axial as well as peripheral directions, the
axial temperature gradient can be written as [10],

AU ®
0z PCpltly (R% — R%) ;

where u, is the average velocity over the cross-section of the annulus.



MHD flow and heat transfer in a Bingham fluid 29

Fig. 2. Bipolar coordinate system

Using the Cartesian coordinate system in describing an eccentric annular geometry can be very
cumbersome. Alternatively, the bipolar coordinate system shown in Fig. 2, that consists of two
orthogonal systems of circles ¢ and 7 is used which provides an excellent simplification [5]. Then,
Egs. (1) and (3) using the bipolar transformations take, respectively, the form

vw\2/ 08 [ Ou o ( ou\\ _8p  oBu

(2) () 5 45)) =t T 0
aT v\ /82T O°T w\2 [ [0u\? [Ou)? B2

TS =k(;;) (aTz*W)*“(a;) (a—’é> +(a—§§) - T (10)

where 1 = cosh{ — cosn and a; = R; sinh{; = Rysinh (3. Equation (2) becomes

B = po +

(11)

N ORIl

The boundary conditions (7) for the velocity become

u=0 at (=( and at (= (o,

3_71_0 at n=0 andat n=m.
and for the temperature, the boundary conditions (7) take the form,
oT  aiq %! 9F:- i
13
oT oT
57—7—0 at 77—0, 6_77—0 at ==t
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By introducing the following non-dimensional variables and parameters:

= u e T =
PR T P
~dz Lo
B2R?
Ha is the Hartmann number defined as Ha? = 2—-0-"2 i
HoDp,
(_92)2 R}
d o
Bris the Brinkman number, Br = ~ £ .
q/,Dh

Tp is the yield stress, 7p =

where Dp, is the hydraulic diameter = 2(Ry — R;), Egs. (9), (10) and (11), respectively, become

i = . 12 2 . 12
o = s o (%) () | o e, 0
ks Q is the volumetric flow rate given by
7psinh (2 2 i
l¢|\/
and
Q= 2/ /;2 Smh2 2 acdn: (17)

The boundary conditions (12) and (13) take, respectively, the non-dimensional form

=0 at (= and at ¢ = (s,

3 18
6u=0 at n=0 and at n=, (18)

an

and
or- sinh (o g o .
B_C_2(C0Shcl—c05n)(l_s) at (=¢, a_C_O at C—<2,

or -
— =0 at =0 andat n=m.
on

3. NUMERICAL SOLUTION

The flow is described by Eq. (14) which in conjunction with the definition of /i in Eq. (16) represents
a non-linear partial differential equation which has to be solved numerically under the boundary
conditions (18). Equation (15) with the boundary conditions (19) determine the temperature of
the fluid. The values of the velocity component #,0btained from the numerical solution of Eq. (14),
when substituted in the right hand-side of the non-homogeneous energy equation (15), make it too
difficult to solve analytically. Then Eqgs. (14) and (15) are solved numerically with the appropriate
boundary conditions using the method of finite differences.
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The annulus region is mapped by a grid of mesh points (¢; , 7;). A¢ and An represent the uniform
step lengths in the ¢ and n direction respectively. Using central differences [1], Eqs. (14) and (15)
take, respectively, the form of difference equations

An Oy i i i
Ac (uz_- i1t Byl z+1,a> = (/J’i,j—%ui»j—l + “i,j+%uiyj+1)

An o ac Ha? sinh?(, o
(AC( 1B )+ An (#zg—— + Bl ) +ACA”WT U j
% smh CzACA (20)
i
and
A AC = - A /o'y T
AZ (Lo + Tin) + A_1<7 (Tij-1+Tij) — 2 (-A—Z + A—g) T
S Ha? _, \ sinh?(, o\ 2 o\ 2
. Uj.j —Briij || 57 = .
B (((1 0% By maths) B (ac),-,ﬁ (an),-,j

(21)

The problem of considering the apparent viscosity can be solved using an iterative procedure.
The initial value for the viscosity is assumed at each grid point and then Eq. (20) with the differences
form of the boundary condition (18), are used to calculate the unknown velocity values. Making
use of these values, a new value of the apparent viscosity is obtained from the difference form of
Eq. (16). The process is repeated up till the criteria of convergence
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is satisfied. Then Eq. (21) with the difference form of the boundary condition (19) are used to
solve for the temperature distribution. The system of linear equations is solved by the Successive
Over-Relaxation method [1]. The convergence is achieved by taking 55 x 55 mesh points for both
hydrodynamic and thermal parts. The average Nusselt number Nu, at the inner wall is given by

Nuy, = =——m—— 22
.y (22)
where T, is the average temperature at the inner wall given in the form
= sinh (2 / 4 < 8
. = d 23
_ 7S Jo cosh(; —cosn G )

and T}, is the mean fluid temperature given as

o 2 smh2 C2 ¢ 7
iy dn.
/ /Cl cosh{ — cosn)? d¢dn 56

The above defined integrals in Egs. (17), (23) and (24) are evaluated numerically using Simpson’s
1/3 rule [1]. Then the average Nusselt number can be estimated from Eq. (22).







